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1 Introduction

An almost contact structure on a (2n + 1)-

dimensional smooth manifold M is a triplet

(φ, ξ, η), where φ is a (1, 1)-tensor, ξ a global vector

field and η a 1-form, such that

φ(ξ) = 0, η ◦ φ = 0, (1)

η(ξ) = 1, φ2 = −Id+ η ⊗ ξ,

and φ has rank 2n. A Riemannian metric g on M

is said to be compatible with the almost contact

structure (φ, ξ, η) if

g(φX,φY ) = g(X,Y )− η(X)η(Y ).

(2)

A smooth manifold M, equipped with an almost

contact structure (φ, ξ, η) and a compatible Rie-

mannian metric g, will be called an almost contact

metric manifold. Remark that, by (1) and (2)

η(X) = g(ξ,X),

for any compatible metric.

A (2n + 1)-dimensional differentiable mani-

fold M2n+1 is called a contact manifold if there ex-

ists a globally defined 1-form η such that (dη)n∧η ̸=
0. On a contact manifold there exists a unique

global vector field ξ satisfying

dη(ξ,X) = 0, η(ξ) = 1,

for all X ∈ TM2n+1 .

Next, if the compatible Riemannian metric g satis-

fies

dη(X,Y ) = g(X,φY ),

then η is a contact form on M , ξ the associ-

ated Reeb vector field, g an associated metric, and

∗Speaker
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(M,φ, ξ, η, g) is called a contact metric manifold.

Denoting by L and R Lie differentiation

and the curvature tensor respectively, we define on

M2n+1 the (1, 1)-tensor field h by

h =
1

2
Lξφ. (3)

The tensor field h satisfy

hξ = 0, hφ = −φh.

In this paper we recall some basic formula

and discuss which case of the classification of three-

dimensional homogeneous contact manifolds satis-

fies in (k, µ) condition, then the main interest is

in the non-Sasakian contact metric manifolds with

this curvature property.

2 Preliminaries

Let (M2n+1, φ, η, ξ, g) be a contact metric mani-

fold. Consider

R(X,Y )ξ =k(η(Y )X − η(X)Y ) (4)

+ µ(η(Y )hX − η(X)hY ),

for constants k and µ. a contact metric manifold

satisfying this condition is called a (k, µ)-manifold.

If k and µ be smooth functions, we call M a gen-

eralized (k, µ)-manifold.

If on a (k, µ)-manifold, µ = 0, the contact

metric manifold is said to be one for which ξ be-

longs to the k-nullity distribution.

Clearly, Sasakian spaces belong to this class

(k = 1 and h = 0), R(X,Y )ξ = η(Y )X − η(X)Y.

3 Homogeneous (k, µ)-manifold

Let G denote a three-dimensional Lie group and g

a left-invariant Riemannian metric on G. As shown

in [5], G is unimodular if and only if the linear map

L(x× y) = [x, y], x, y ∈ g,

is self-adjoint, where × denotes the cross prod-

uct operation. Consequently, if (G, g) is a three-

dimensional unimodular Riemannian Lie group,

then its Lie algebra g admits an orthonormal basis

{e1, e2, e3}, such that

[e1, e2] = λ3e3, [e2, e3] = λ1e1, , [e3, e1] = λ2e2.

Let (φ, ξ, η) be a left-invariant almost contact met-

ric structure on a unimodular Riemannian Lie

group (G, g). The vector field ξ is a unit geodesic

vector. Geodesic vector fields on three-dimensional

unimodular Riemannian Lie groups were classified

in [4]. The possible cases are the following.

(i) If all λi are distinct, then the only geodesic

unit vector fields are ±ei, i = 1, 2, 3 (see The-

orem 3.1 in [4]).

(ii) If at least two among λ1, λ2 and λ3 coincide,

then all unit vector fields in g are geodesic

(see Remark in [4]). Indeed, such Rieman-

nian Lie groups are naturally reductive (The-

orem 6.5 of [7]) and so, all their geodesics are

homogeneous.

Between the two cases above, just the first

case will be a (k, µ)-space.

Case (i). Let (φ, ξ, η, g) be a left-invariant al-

most contact metric structure. Then, ξ = ±ei, for

some i = 1, 2, 3. Thus, up to isomorphisms the gen-

eral form of a left-invariant contact metric structure

is given by

[ξ, e] = λσ3φe, [e, φe] = λσ1ξ, , [φe, ξ] = λσ2e,

(5)

where σ is a permutation of indices 1, 2, 3.

According to Koszul formula we have:

∇eξ =
λσ2 − λσ1 − λσ3

2
φe,

∇ξe =
λσ2 − λσ1 + λσ3

2
φe,

∇ξξ = 0, ∇ξφe =
λσ2 + λσ3 − λσ1

2
e,

∇φeξ =
λσ1 + λσ2 − λσ3

2
e.

2

4
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By computing R we have:

R(e, ξ)ξ =(
λσ3λσ1 + λσ3λσ2 − λσ1λσ2

2

+
λ2
σ2

+ λ2
σ1

− 3λ2
σ3

4
)e,

R(φe, ξ)ξ =(
λσ1λσ2 + λσ2λσ3 − λσ1λσ3

2

+
λσ1

2 + λσ3

2 − 3λσ2

2

4
)φe,

R(e, φe)ξ =0,

on the other hand by (3):

he =
λσ3 − λσ2

2
e, hφe =

λδ2 − λδ3

2
φe.

Finally we deduce:

k =
λ2
σ1

− λ2
σ2

− λ2
σ3

+ 2λσ3λσ3

4
,

µ =
λ2
σ3

− λ2
σ2

+ λσ1λσ2 − λσ3λσ1

λσ2
− λσ3

,

so this case is a (k, µ)-space.

Theorem 3.1. Let (φ, ξ, η, g) be a left-invariant

almost contact metric structure on a three-

dimensional unimodular Lie group, as described by

(5). Then

the following properties are equivalent:

(i) λσ2 = λσ3 ;

(ii) (φ, ξ, η, g) is normal;

(iii) (φ, ξ, η, g) is trans-Sasakian. In this

case,ᾱ =
λσ1

2
, β̄ = 0 . Thus, the structure

is α-Sasakian, and cosymplectic if and only

if λσ1 = 0;

(iv) (φ, ξ, η, g) is quasi-Sasakian;

(v) ξ is a Killing vector field, that is,Lξg = 0,

whereL denotes the Lie derivative;

(vi) Lξφ = 0;

(vii) Lie group is a (k, µ)-space.

Proof. It is shown by a straightforward calculation

that, if λσ2 = λσ3 , we have the necessary condition

for manifold to be a (k, µ)-manifod with k = 1
4λ

2
σ2

and µ = arbitrary. So it is clear by [2] that the five

next conditions are satisfied.

According to classification of three-

dimensional non-unimodular case in [2] and review

them, just the second case is (k, µ)-space.

In this case from Milnor’s classification of

three-dimensional non-unimodular Riemannian Lie

groups obtained in [5], If G is such a group

ξ = cos θe2 + sin θe3.

In this case, an orthonormal basis (and so, a φ-

basis) of ker η is given by

{E1 := e1, E2 := − sin θe2 + cos θe3}. We then eas-

ily obtain [2]:

[ξ, E1] =(βcos2θ + (δ − α)sinθcosθ − γsin2θ)E2

− (αcos2θ + (β + γ)sinθcosθ + δsin2θ)ξ,

[ξ, E2] =0,

[E1, E2] =(δcos2θ − (β + γ)sinθcosθ + αsin2θ)E2

− (γcos2θ + (δ − α)sinθcosθ − βsin2θ)ξ.

(6)

From [2] we must have [ξ, E1] ∈ kerη , that is,

αcos2θ + (β + γ)sinθcosθ + δsin2θ = 0. (7)

We put

A := δcos2θ − (β + γ)sinθcosθ + αsin2θ,

B := −(γcos2θ + (δ − α)sinθcosθ − βsin2θ),

C := βcos2θ + (δ − α)sinθcosθ − γsin2θ.

As usual, up to isomorphisms we can take e = E1,

φe = E2. Then, (φ, ξ, η) is described by

[ξ, e] = Cφe, [ξ, φe] = 0, [e, φe] = Aφe+Bξ,

with A ̸= 0.

In this case, η is a contact form if and only

if B ̸= 0.

By Calculating Curvature R, we obtain:

R(e, ξ)ξ = (
1

4
B2 − 3

4
C2 +

1

2
BC)e,

R(φe, ξ)ξ =
1

4
(C −B)

2
φe,

R(e, φe)ξ = ACe,

3
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which implies k = B2

4 , µ = arbitrary , C = 0

and B ̸= 0.

So we have the following Theorem.

Theorem 3.2. Let (φ, ξ, η, g) be a left-invariant

almost contact metric structure on a three-

dimensional non-unimodular Lie group, as de-

scribed by (6). Then the following properties are

equivalent:

(i) C = 0;

(ii) (φ, ξ, η, g) is normal;

(iii) (φ, ξ, η, g) is quasi-Sasakian;

(iv)ξ is a Killing vector field;

(v) Lξφ = 0;

(vi)In this case, Lie group is (k, µ)-manifold.

3.1 Non-Sasakian case

If (M,η, g) is a simply connected three-dimensional

homogeneous contact Riemannian manifold, then

M = G is a Lie group and the contact metric struc-

ture (η, g, ξ, φ) is left-invariant [3].

According to classification of three-

dimensional homogeneous contact Riemannian

structures, in Non-Sasakian case, if G is non-

unimodular, its Lie algebra is given by

[e1, e2] = αe2 + 2ξ, [e1, ξ] = γe2, [e2, ξ] = 0,

where α ̸= 0.

By Koszul formula we have:

∇ξe1 =
1

2
(−2− γ)e2, ∇e1ξ =

1

2
(−2 + γ)e2,

∇e2ξ =
1

2
(2 + γ)e1, ∇ξξ = 0,

∇ξe2 =
1

2
(2 + γ)e1, ∇e1e1 = 0,

∇e2e2 = αe1,

and from (3), he1 = −1

2
γe1, he2 =

1

2
γe2.

By curvature formula

R(e1, ξ)ξ = (1− 3

4
γ2 − γ)e1,

R(e2, ξ)ξ =
1

4
(2 + γ)2e2,

R(e1, e2)ξ = −αγe1,

from (4), G is a (k, µ)-manifold with

γ = 0, k = 1, µ = arbitrary.
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1 INTRODUCTION

In decade 80 Barbosa and do Carmo proved that

spheres are the only stable critical points of the

area function associated to volume-preserving vari-

ations. These results has been followed by many

people and extended to hypersurfaces with con-

stant mean or scalar curvature. The natural ex-

tension of mean and scalar curvature for hypersur-

faces of dimension n is the higher order mean curva-

ture. Recently, some people have studied the stabil-

ity of hypersurfaces with constant (specially zero)

r−th mean curvature in Riemannian space forms as

spheres and hyperbolic spaces ([2, 3, 4, 1, 5]). We

study the notion of r-stability to spacelike hyper-

surfaces of the Robertson-Walker space-time em-

phasizing on the anti de Sitter space with consid-

ering some conditions on their higher order mean

curvature.

Here, we recall some basic preliminaries from

[1, 2, 5]. By Rm
p , we mean the vector space Rm with

metric < x, y >:= −Σp
i=1xiyi + Σj>pxjyj . Espe-

cially, Rm
0 = Rm, and Rm

1 is the Minkowski space.

For r > 0 and q = 0, 1,

Sn+1
q (r) = {y ∈ Rn+2

q | < y, y >= r2}
denotes the sphere (for q = 0) and de Sitter space

(for q = 1) of radius r and curvature 1/r2, and

Hn+1
q (−r) = {y ∈ Rn+2

q+1 | < y, y >= −r2}
denotes the hyperbolic space (for q = 0) and anti-

de Sitter space (for q = 1) of radius r and cur-

vature −1/r2. The simply connected space form

M̃n+1
q (c) of curvature c and index q is Rn+1

q for

c = 0, Sn+1
q = Sn+1

q (1) for c = 1 and Hn+1
q =

∗Corresponding Author
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Hn+1
q (−1) for c = −1. When q = 0, we take

a component of Hn+1
0 . The Weingarten formula

for a spacelike hypersurface x : Mn → M̃n+1
q (c) is

∇̄V W = ∇V W−ϵ < SV,W > N, for V,W ∈ χ(M)

where, ϵ = 2q−1, q ∈ {0, 1} and S is the shape op-

erator of M associated to a unit normal vector field

N on M with < N,N >= −ϵ. Since M is space-

like, S can be diagonalized. Denote its eigenvalues

( the principal curvatures of M ) by the functions

κ1, ..., κn on M , define the elementary symmetric

function as sj :=
∑

1≤i1<...<ij≤n κi1 ...κij and the

j-th mean curvature of M by (nj )Hj = (−ϵ)jsj .

The hypersurface Mn in Rn+1
p is called j-minimal

if its (j + 1)th mean curvature Hj+1 is identically

zero.

In particular, H1 = −ϵ(1/n)tr(S) and H =

H1N are respectively the mean curvature and the

mean curvature vector of M . The relation between

the scalar curvature of M and H2 as tr(Ric) =

n(n − 1)(c − ϵH2). In general, Hj is extrinsic (re-

spectively, intrinsic) when j is an odd (respectively,

an even) number, since the sign of Hj depends on

the chosen orientation only in the odd case.

Proposion 1.1. Let x : Mn → M̃n+1
q (c) ( where

n ≥ 2) be a connected spacelike hypersurface iso-

metrically immersed into an standard Riemannian

or Lorentzian space form, c ∈ {−1, 0, 1} and q ∈
{0, 1}. Let κ1, ..., κn be the principal curvatures of

M and Hr be the r-mean curvature of M . Then we

have:

(i) For 0 < r < n, H2
r ≥ Hr−1Hr+1. If

r = 1 or if r > 1 and Hr+1 ̸= 0, then the equality

happens iff κ1 = ... = κn;

(ii) H1 ≥ (H2)
1/2 ≥ ... ≥ (Hk)

1/k if Hi > 0

for i = 1, ..., k.

For a spacelike hypersurface M in the space

form M̃n+1
q (c), we introduce the Newton transfor-

mations Pj : χ(M) → χ(M), associated with the

shape operator S, inductively by

P0 = I, Pj = (−ϵ)jsjI + ϵS ◦ Pj−1(j = 1, ..., n),

where I is the identity on χ(M). It can be seen

that Pj has an explicit formula

Pj = (−ϵ)jΣj
l=0(−1)lsj−lS

l =
∑j

l=0(
n
j−l)ϵ

lHj−lS
l,

where, H0 = 1 and S0 = I. According to the char-

acteristic polynomial of S, QS(t) = det(tI − S) =∑n
l=0(−1)n−lsn−lt

l, the Cayley-Hamilton theorem

gives Pn = 0.

Let e1, ..., en be a local orthonormal tan-

gent frame on M that diagonalizes S and Pj as

Sei = κiei and Pjei = µi,jei, for i = 1, 2, ..., n,

where µi,j = (−ϵ)jΣi1<...<ij ,il ̸=iκi1 ...κij , (for j =

0, 1, ..., n− 1). Using this and the useful identity

ϵκiµi,j = µi,j+1−(−ϵ)j+1sj+1 = µi,j+1−(nj+1)Hj+1,

(1)

and the notation cj = (n−j)(nj ) = (j+1)(nj+1), the

following properties of Pk may be obtained easily:

tr(Pj) = (−ϵ)j(n−j)sj = cjHj , (2)

tr(S◦Pj) = (−ϵ)j(j+1)sj+1 = −ϵcjHj+1, (3)

tr(S2◦Pj) = (nj+1)[nH1Hj+1−(n−j−1)Hj+2], (4)

tr(Pj ◦∇XS) = −ϵ(nj+1) < grad(Hj+1), X > . (5)

Proposion 1.2. Let x : Mn → M̃n+1
q (c) ( where

n ≥ 2) be a connected spacelike hypersurface iso-

metrically immersed into an standard Riemannian

or Lorentzian space form, c ∈ {−1, 0, 1} and q ∈
{0, 1}. Let {e1, ..., en} and κ1, ..., κn be as in Propo-

sition 1.1, and Pk be the k−th Newton map. If at

a point p ∈ M , Hk(p) = 0 and Hk+1(p) ̸= 0, then

Pk−1 is definite at p.

Now, we define the notion of variation, the

linearized operator Lj , r-stability and the index of

r-stability.

Definition 1.3. Let x : Mn → M̃n+1
q (c) be a

compact connected orientable spacelike hypersur-

face isometrically immersed into an standard Rie-

mannian or Lorentzian space form, c ∈ {−1, 0, 1}
and q ∈ {0, 1}. A map X : (−ϵ, ϵ) × Mn →
M̃n+1

q (c) is called a variation of Mn if it satisfies

the following properties:

(1) For each t ∈ (−ϵ, ϵ) the map Xt : M
n →

M̃n+1
q (c) by rule Xt(p) := X(t, p), is an immer-

sion.
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(2) X0 = x and for every t ∈ (−ϵ, ϵ),

Xt|bd(M) = x|bd(M).

Definition 1.4. The linearized operator of the

(j + 1)-th mean curvature of M , Lj : C∞(M) →
C∞(M) is defined by the formula Lj(f) := tr(Pj ◦
∇2f), where ∇2f is given by < ∇2f(X), Y >=

Hess(f)(X,Y ).

Among many interesting properties of Lj , we

point that for a normal variation of M with varia-

tional field dXt

dt (t)|t=0 = fN, we have the equality
d
dtsj+1|t=0 = Ljf + (s1sj+1 − (j + 2)sj+2)f +

c(n− j)sjf,

where Lj is the principal part of the linearized oper-

ator associated to sj+1. For convenience, we define

the operator Jj as:

Jj := Lj + (s1sj+1 − (j + 2)sj+2)I + c(n− j)sjI,

as well as a bilinear symmetric form Bj can be de-

fined by Bj(f, g) := −
∫
M

gJjfdM.

Definition 1.5. Let x : Mn → M̄q
n+1

(c) be as

in Definition 1.3 with condition that Hr+1 is con-

stant. Mn is called r-stable if Br(f, f) ≥ 0 for all

f ∈ C∞
c (M).

2 Main results

Lemma 2.1. Let x : Mn → Hn+1
1 be a connected

orientable spacelike hypersurface isometrically im-

mersed into the Lorentzian hyperbolic space and

X : Mn× (−ϵ, ϵ) → Hn+1
1 be a normal variation of

x. Then we have ∂sk+1

∂t = (−1)k+1(Lkf−tr(Pk)f−
tr(S2Pr)f).

Lemma 2.2. Let x : Mn → Hn+1
1 be a connected

orientable spacelike hypersurface isometrically im-

mersed into the Lorentzian hyperbolic space and

X : Mn× (−ϵ, ϵ) → Hn+1
1 be a normal variation of

x. Then we have ∂sk+1

∂t = (−1)k+1(Lkf−tr(Pk)f−
tr(S2Pr)f).

Here is some of our results on the stability

and index of r-stability of spacelike hypersurfaces

in the standard Lorentzian space forms.

Theorem 2.3. Let x : Mn → Hn+1
1 be a connected

time-oriented spacelike hypersurface isometrically

immersed into anti-de Sitter space. Then, the fol-

lowing statements are equivalent:

(1) x has constant scalar curvature;

(2) For all volume-preserving variations,
d
dt

∫
M

nH0(t)dMt = 0;

(3) For all variations dJ(t)
dt |t=0 = 0.

Theorem 2.4. Let x : Mn → Hn+1
1 be a connected

spacelike hypersurface isometrically immersed into

anti-de Sitter space with gauss map N. Let Y be

the variational vector field of M and g :< Y,N >.

Then M is stable if and only if α := −1
2 n2(n −

1)(1+R)H0 −n(n− 1)H − 3s3 be an eigenvalue of

L1g.

Similar results have been gotten about the

closed connected timelike hypersurfaces of the de

Sitter space Sn+1
1 and anti de Sitter space Hn+1

1 .
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On the Image of Gauss Map
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Abstract: In this paper, we are supposed to investigate some properties of the integral curves of some

vector fields X which their restriction to an n−surface S is tangent to S. Then as applications of the Theory

of ODE, we obtain some necessary and sufficient conditions to determine the relationship between the shape

of an n−surface S and the image of its Gauss map in the following cases: (i) The image is a point, (ii) The

image lies in an n−plane a1x1+ · · ·+an+1xn+1 = 0, (iii) The image lies in an n−plane x1 = c for 0 < |c| < 1,

(iv) The image lies in an n−dimensional right circular cone. Finally we show that that although the image

of the Gauss map of an n−surface, in general is not an m−surface for any m ∈ N , but for every open subset

U of the n−dimensional unit sphere Sn, there exists an n−surface S whose spherical image is U .

Keywords: Applications to differential and integral equations, Shape Theory, Vector Field.

1 INTRODUCTION

By an n−surface in U (simply n−surface) we meant

a nonempty set S = f−1(c) where f : U → R is a

smooth map defined on an open set U ⊆ Rn+1 and

c ∈ R such that ∇f(q) ̸= 0 for all q ∈ S. An ori-

ented n−surface is an n−surface S together with a

smooth unit normal vector field N on S [1]. The

function N : S → Rn+1 associated with the vector

field N by N(p) = (p,N(p)) which maps S into the

unit sphere Sn ⊂ Rn+1 is called the Gauss map

[1]. A well known Theorem shows that if S be a

compact connected oriented n−surface in Rn+1 ex-

hibited as a level set f−1(c) of a smooth function

f : Rn+1 → R with ∇f(p) ̸= 0 for all p ∈ S, then

the Gauss map, maps S onto the unit sphere Sn

[1]. Also it is proved that there exists a conformal

non-minimal immersion from a simply-connected

surface in Rn+1 with a given Gauss map, if and

only if a set of differential equations depending on

the conformal structure and the Gauss map is sat-

isfied [2]-[3]-[4]. The Gauss map of a minimal sur-

face in the Euclidean space R3 is a conformal map.

This fact has deep consequences in the behavior

of these surfaces and has allowed a massive pres-

ence of complex variable techniques in the classical

theory of minimal surfaces. For example the Gauss

map of a non-flat complete minimal surface must be

dense in the unit sphere S2[6]. Furthermore there

are some inequalities which estimate the curvature

of all minimal surfaces whose Gauss map omits a

fixed geodesic disc in S2 [7]. In this study we in-

vestigate some properties of the image of the Gauss

map of n−surfaces as some applications of the the-

ory of differential equations. The paper is based on

the following Theorem which is a consequence of

the fundamental theorem of existence and unique-

ness of solutions of systems of first order differential

equations and asserts the existence and uniqueness

of integral curves on n−surfaces [5]-[9]. Some ap-

∗Corresponding Author
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plications of this Theorem for introducing a gener-

alization of tangent vector fields on n−surfaces has

done earlier [8].

Theorem 1.1. [10] Let S be an n−surface, let X

be a smooth tangent vector field on S and p ∈ S.

Then there exists an open interval I containing 0

and a parameterized curve α : I → S such that,

1. α(0) = p,

2. α̇(t) = X(α(t)) for all t ∈ I,

3. If β : Ĩ → S is any other parameterized curve

in S satisfying (1) and (2), then Ĩ ⊆ I and

β(t) = α(t) for all t ∈ Ĩ.

Theorem 1.2. Let S = f−1(c) be an n−surface

and X be a smooth vector field on U whose re-

striction to S is a tangent vector field on S. If

α : I → U is any integral curve of X such that

α(t0) ∈ S for some t0 ∈ I, then α(t) ∈ S for all

t ∈ I.

2 MAIN RESULTS

Let a = (a1, ..., an+1) ∈ Rn+1, a ̸= 0. By an

n−plane we meant the set

P = {(x1, ..., xn+1)|a1x1 + · · ·+ an+1xn+1 = c}

for some c ∈ R. Evidently, the image of the Gauss

map of an n−plane is a single point. In the follow-

ing, we establish a converse for this fact.

Theorem 2.1. Let the image of the Gauss map of

an n−surface S be a single point v and B be an

open ball which is contained in U . Let p ∈ B ∩ S

and H = {x ∈ Rn+1|x ·v = p ·v}. Then B∩H ⊆ S.

Proof. Let x0 ∈ B ∩ H, w = x0 − p and consider

the constant vector field X(q) = (q, w). X is a

smooth vector field on U whose restriction to S is

tangent to S and its integral curve through x0 is

α(t) = (t + 1)x0 − tp with t ∈ I for some open in-

terval I containing {−1, 0}. Since α(−1) = p, then

Theorem 1.2 asserts that α(t) ∈ S for all t ∈ R.

Therefore x0 = α(0) ∈ S and B ∩H ⊆ S.

Theorem 2.2. Let the image of the Gauss map of

an arc wise connected n−surface S be a single point

v. Let p ∈ S and H = {x ∈ Rn+1|x · v = p · v} be

an n−plane through p. Then S ⊆ H.

Proof. Let x0 ∈ S and α : [t1, t2] → S be a con-

tinuous map such that α(t1) = p, α(t2) = x0. Let

α(t1) · v < α(t2) · v and consider the open subset

O = {x ∈ Rn+1|α(t1) · v < x · v < α(t2) · v}

Thus O is an infinite union of n−planes

Hα(t0) = {x ∈ Rn+1|x · v = α(t0) · v}

for some t0 with t1 < t0 < t2. Let B ⊆ U is an

open ball containing α(t0) and x1 ∈ Hα(t0)∩B . Let

X be the constant vector field X(q) = (q, w) with

w = x1 − α(t0) defined on B. A similar argument

as in the proof of Theorem 2.1 shows that x1 ∈ S.

Therefore O∩B ⊆ S which is impossible. Similarly

α(t1) · v > α(t2) · v tends to a contradiction.

Corollary 2.3. The image of the Gauss map of an

arc wise connected n−surface S is a single point if

and only if S is a part of an n−plane.

Theorem 2.4. Let S be an n−surface, a =

(a1, ..., an+1) ∈ Rn+1, a ̸= 0 and

H = {(x1, ..., xn+1)|a1x1 + · · ·+ an+1xn+1 = 0}

be an n−plane. If p ∈ S and there is an open in-

terval I about 0 such that p+ ta ∈ S for all t ∈ I,

then the spherical image of S is contained in the

n−plane H.

Proof. Let S be an n−surface such that for any

p ∈ S and an open interval I about 0, p + ta ∈ S

for all t ∈ I. Let N be the Gauss map of S. Then

N⊥α′(t) for any smooth map α : I → S and t ∈ I.

Consider the map α(t) = p+ ta, then α′(t) = a and

N ·a = 0, therefore a1N1+ · · ·+an+1Nn+1 = 0 and

N is contained in the n−plane H.
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Theorem 2.5. Let a = (a1, ..., an+1) ∈ Rn+1, a ̸=
0 and S be an n−surface. If the image of the Gauss

map of S is contained in the n−plane

H = {(x1, ..., xn+1)|a1x1 + · · ·+ an+1xn+1 = 0}

Then there is an open interval I about 0 such that

p+ ta ∈ S for all t ∈ I.

Proof. Let N , the image of the Gauss map of S

is contained in the n−plane H, i.e., a · N = 0.

Consider the constant vector field X(q) = (q, a) for

a = (a1, ..., an+1). The integral curve of X through

p ∈ S is α(t) = ta+ p, t ∈ I for some open interval

I about 0. The restriction of X to S is tangent to

S and α(0) = p ∈ S. So Theorem 1.2 implies that

α(t) ∈ S for all t ∈ I.

Corollary 2.6. Let a = (a1, ..., an+1) ∈ Rn+1, a ̸=
0 and S be an n−surface. Then the image of

the Gauss map of S is contained in the n−plane

H = {(x1, ..., xn+1)|a1x1 + · · ·+ an+1xn+1 = 0}, if
and only if there exists an open interval I about 0

such that p+ ta ∈ S for all t ∈ I.

Example 2.7. Let U = {(x, y, z) ∈ R3||z| > 2},
f : U → R be defined by f(x, y, z) = (y2 − x2 −
z2)(x2 + y2 − 1) and S = f−1(0). Then S is a

non connected 2−surface which is a union of two

disjoint connected 2−surfaces. The image of the

Gauss map of S is the union of the circle

(x2 + y2 − 1)2 + z2 = 0

and the two following disjoint circles

(x2 + y2 + z2 − 1)2 + (2y2 − 1)2 = 0

Since these circles intersect each other in the points

(± 1√
2
,± 1√

2
, 0), the image of the Gauss map of an

n−surface for some n ∈ N , however, generally not

an m−surface for any m ∈ N .

Lemma 2.8. For any open subset U of the

n−sphere Sn, there exists an n−surface S whose

image of its Gauss map is U .

Proof. Let O be an open subset of Rn+1 such that

U = O ∩ S. Clearly S = f−1(0) for f defined

by f(x1, ..., xn+1) = x2
1 + · · · + x2

n+1 − 1. Define

g : U → R by g = f |O, then U = g−1(0) is an

n−surface with the required property.

3 APPLICATIONS

Let ℓ be the half line in R2 with equation x2 =

ρx1 + θ for some ρ, θ ∈ R such that x2 > 0. Define

the function f : R×R+ ×
(n−1)times︷ ︸︸ ︷

R× · · · ×R → R by

f(x1, x2, ..., xn+1) =
√
x2
2 + · · ·+ x2

n+1 − ρx1 − θ

for n ≥ 2. Let Sℓ = f−1(0) and

yi =
xi√

ρ2 + 1
√

x2
2 + · · ·+ x2

n+1

for 2 ≤ i ≤ n + 1. It can be seen that Sℓ is

an n−surface of revolution obtained by rotating ℓ

about the x1 axis with unit normal

N(x1, x2, ..., xn+1) = (
−ρ√
ρ2 + 1

, y2, ..., yn+1)

So the image of the Gauss map of Sℓ, i.e., the circle

x2
2 + · · ·+ x2

n+1 =
1

ρ2 + 1
, x1 =

−ρ√
ρ2 + 1

lies in the plane x1 = −ρ√
ρ2+1

, 0 < |ρ|√
ρ2+1

< 1.

Conversely, let C be the graph of a smooth map

g : R → R+ and f : R×R+ ×
(n−1)times︷ ︸︸ ︷

R× · · · ×R → R be

defined by

f(x1, x2, ..., xn+1) =
√
x2
2 + · · ·+ x2

n+1 − g(x1)

Let SC = f−1(0) be the n−surface of revolution

obtained by rotating C about the x1 axis such that

the image of the Gauss map of SC lies in some plane

x1 = b with 0 < |b| < 1. Let zi =
xi√

x2
2+...+x2

n+1

for

2 ≤ i ≤ n+ 1. Since the unit normal of SC is

N(x1, x2, ..., xn+1) = (
−g′(x1)√

(g′(x1))2 + 1

,
z2√

(g′(x1))2 + 1
, ...,

zn+1√
(g′(x1))2 + 1

)
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it follows that −g′(x1)√
(g′(x1))2+1

= b and hence g′(x1) =

±b√
1−b2

. Thus g(x1) = ρx1 + θ for some constants

ρ, θ ∈ R. Also it can be seen that the image of

the Gauss map of Sℓ lies in the n−dimensional

right circular cone x2
1 = ρ2(x2

2 + · · · + x2
n+1).

Conversely if the image of the Gauss map of SC

lies in an n−dimensional right circular cone x2
1 =

ρ2(x2
2+ · · ·+x2

n+1) with some constant ρ ∈ R, then

a simple calculation shows that g′(x1) = ±ρ and so

g(x1) = ±ρx1 + θ for some θ ∈ R.

Corollary 3.1. Let g : R → R+ be a smooth map

and f : R × R+ → R be defined by f(x1, x2) =

x2 − g(x1). Let the image of the Gauss map of

the n−surface of revolution obtained by rotating the

curve C = f−1(0) about the x1 axis is denoted by

IG(SC). Then the following statements are equiva-

lent:

1. IG(SC) lies in the plane x1 = b with 0 < |b| <
1;

2. IG(SC) lies in the n−dimensional right cir-

cular cone x2
1 = ρ2(x2

2+ · · ·+x2
n+1) with some

constant ρ ∈ R;

3. SC is an n−dimensional right circular cone.

Corollary 3.2. With any smooth map g : R → R+

and f : R×R+ → R which is defined by f(x1, x2) =

x2 − g(x1), IG(SC) lies in the n−dimensional per-

forated sphere Sn − {±1, 0, · · ·, 0}.

Corollary 3.3. There exists an n−surface of rev-

olution S whose image of the Gauss map is exactly

Sn − {±1, 0, · · ·, 0}.
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1 INTRODUCTION

A Riemannian metric on a flat manifold is called a

Hessian metric if it is locally expressed by the Hes-

sian of functions. Typical examples of these mani-

folds include regular convex cones, and the space of

all positive definite real symmetric matrices. The

first Hessian structures was studied by Koszul [4],

then Vinberg consider these metrics on convex cone

[8] and S.Y. Cheng and S.T. Yau use Hessian met-

rics to solve Monges-Ampere equations [3]. The

geometry of Hessian manifolds is very similar and

near to Kählerian manifolds. In fact, relations of

these two kind of manifolds was motivation of defin-

ing a flow on Hessian manifolds similar to Kähler

Ricci flow.

In the following, after some preliminaries we

present a complete introduction to Hessian man-

ifolds and define our flow and obtain some condi-

tions on which the flow is convergent. Similar to

other flows on Riemannain manifolds, this flow is

an evolution equation which can be used in order

to deform initial metric into a suitable metric that

can specify the topology and geometry of underly-

ing manifold.

2 Preliminaries

let Mn be an n-dimensional C∞ manifold and TM

denote the tangent bundle of M , with projection

map π : M → TM . If (x1, x2, · · · , xn) are local

coordinates on M , we set

qi := xioπ, qn+i := dxi,

then (q1, · · · , qn, qn+1, · · · , q2n) form local coordi-

nates on 2n-dimensional manifold TM .

Definition 2.1. Let X be a vector field on M , it’s

vertical lift XV is a vector field on TM defined by

XV := ω(X)oπ ω ∈ A1(M),

where ω is a 1-form on M , that is regarded as a

function on TM here.
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2.1 The lifts in local coordinates

Definition 2.2. Let D be a linear connection on

M , horizontal lift of vector field X, XH is a vector

field on TM defined by

XH(ω) = Dω
X .

Remark 2.3. The span of horizontal lifts at

t = (p, v) ∈ TM is called the horizontal subspace

H(p,v) of TtTM at point (p, v).

Remark 2.4. The span of vertical lifts at

t = (p, v) ∈ TM is called the vertical subspace

V(p,v) of TtTM at point (p, v).

Definition 2.5. If V be a neighborhood of p ∈ M
such that exp is a diffeomorphism of a neighbor-

hood V ′ of 0 in TpM onto V ,(normal neighbor-

hood), then τ : π−1(V )→ TpM be a C∞ map which

translate each Y ∈ π−1(V ) in a parallel manner

from q = π(Y ) to p along the unique geodesic in V

from q to p, and for u ∈ TpM the R−u be a map

defined by

R−u : TpM −→ TpM,

v → v − u,

the connection map

K(p,u) : T(p,u)TM −→ TpM,

of connection D is defined by

K(X) := d(expoτoR−u)(X),

for all X ∈ T(p,u)TM .

We show that the horizontal subspace H(p,u)

is the kernel of connection map at (p, u), i.e.

K(XV ) = 0, K(XH) = Xπ,∀X ∈ T(p,u)TM .

Theorem 2.6. The tangent space T(p,u)TM of

tangent bundle TM at point (p, u) is the direct sum

of it’s vertical and horizontal subspaces, i.e.

T(p,u)TM = H(p,u) ⊕ V(p,u).

[1].

Remark 2.7. For each tangent vector Z ∈
T(p,u)TM we can write

Z = XH +XV ,

where X,Y are determined by X = dπ(Z) and

Y = K(Z).

2.1 The lifts in local coordinates

Let (x1, · · · , xn) and (q1, · · · , qn, qn+1 · · · , q2n) be

local coordinates on M and TM respectively. Then

for a point p ∈ M , { ∂
∂xi }p for i = 1, · · · , n form a

base for tangent space TpM and{ ∂
∂qi }(p,u) is a base

for T(p,u)TM at point (p, u). Using local expres-

sions for vertical and horizontal lifts we have

(
∂

∂xi
)H =

∂

∂qi
−

n∑
j,k=1

(Γkijoπ)qn+j ∂

∂qn+k
, (1)

(
∂

∂xi
)V =

∂

∂qn+i
. (2)

2.2 The almost complex structure

on TM

Let J : TTM −→ TTM be a linear endomorphism

of the tangent bundle of TM characterized by

dπ(JX) = −K(X), and K(JX) = dπ(X),

for all X ∈ τ(M), so we have

J(XV ) = −XH , J(XH) = XV ,

therefore the endomorphism J satisfies

J2 = −IdTTM ,

hence it’s an almost complex structure on TM .

Proposition 2.8. Almost complex structure J on

TM is complex if and only if (M,D) is flat, i.e.

R ≡ 0.[1]
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3 The Sasaki metric on TM

Definition 3.1. Let (M, g) be a Riemannian man-

ifold. The induced metric ḡ on TM by g defined by

ḡ(X,Y ) = [g(dπ(x), dπ(Y ) + g(KX,KY )]oπ, (3)

∀X,Y ∈ τ(TM);

is called Sasaki metric.

Since dπoJ = K and KoJ = dπ, ḡ is Hermi-

tian with respect to almost complex structure J .

Theorem 3.2. Let ∇̄ be the Levi-Civita connec-

tion of (TM, ḡ)with the Sasaki metric ḡ and ∇ be

the Levi-Civita connection of g then

1) (∇̄Y H

XH )
(p,u)

= (∇YX)H − 1
2 (Rp(X,Y )u)V ,

2) (∇̄Y V

XH )
(p,u)

= 1
2 (Rp(u, Y )X)H + (∇YX)V(p,u),

3) (∇̄Y H

XV )
(p,u)

= 1
2 (Rp(u,X)Y )H ,

4) (∇̄Y V

XV )
(p,u)

= 0.

4 Hessian Manifolds and their

Tangent Spaces

Definition 4.1. A Riemannian metric g on a flat

manifold is called a Hessian metric if g can be lo-

cally expressed by

gij = ∂2φ
∂xi∂xj , φ ∈ C∞(M),

where {x1, · · · , xn} is an affine coordinate system

with respect to D. Then (M,D, g) is called a Hes-

sian manifold.

Proposition 4.2. Let (M,D) be a flat manifold,

then (M,D, g) is a Hessian manifold if and only if

∂gij
∂xk =

∂gkj

∂xi , ∀i, j, k = 1, · · · , n.

[7].

Definition 4.3. Let (M,D, g) be a Hessian mani-

fold. we denote difference tensor of D and ∇, Levi-

Civita connection of g by

γ := ∇−D.

A tensor field Q of type(1,3) defined by

Q = Dγ,

is called Hessian curvature tensor.

Proposition 4.4. Let R be Riemannian curvature

tensor for g. Then

Rijkl =
1

2
(Qijkl −Qjikl). (4)

[7].

4.1 The tangent bundle of Hessian

manifolds

Let (M,D, g) be a Hessian manifold. With the

same notation of section (1) we set

zj = qj + iqn+j , (5)

so {z1, · · · , zn} yield a holomorphic coordinate sys-

tem on TM , and TM is an n-dimensional complex

manifold.

Proposition 4.5. The following conditions are

equivalent.

. (M,D, g) is a Hessian manifold.

. (TM, J, ḡ) is a Kähler manifold.

Proposition 4.6. Every complete Hessian mani-

fold M with constant Hessian curvature tensor has

a complete Kählerian complete tangent bundle TM .

Definition 4.7. Let (M,D, g) be a Hessian mani-

fold and ν be the volume element of g. we define a

closed 1-form α and a symmetric 2-form β by

Dν
X = α(X)ν,

β = Dα,

the α and β are called the first and the second

Koszul form of g.
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Proposition 4.8. Let Rij̄kl̄ and RT
ij̄

be the Rie-

mannian curvature tensor and the Ricci tensor of

Kählerian manifold (TM, J, ḡ) , then we have

Rij̄ = −1

2
βijoπ, (6)

Rij̄kl̄ =
1

2
Qijkloπ. (7)

5 A special flow on Hessian

manifolds

We suppose the Hessian manifold (M,D, g0), then

we consider an evolution equation on M by

∂gij
∂t

=
1

2
βij , (8)

where β is the second Koszul form. This equation

defines a geometric flow on M and we show that

the metrics along the flow remain Hessian with

respect to affine coordinate system of D.

Lemma 5.1. The evolved metrics by (8) remain

Hessian along the flow.

Proposition 5.2. The flow (8) on Hessian mani-

fold (M,D, g) induces Kähler Ricci flow on tangent

bundle (TM, J, ḡ).

Theorem 5.3. Let (M, g0) be a complete Kähler

manifold with bounded nonnegative bisectional cur-

vature. Assume that M is of maximum volume

growth, that is ν(M, g) > 0. Then the Kähler-Ricci

, with g(x, 0) = g0(x) has a long time solution.

Moreover the solution has no slowly forming sin-

gularity as t approaches ∞.[5]

Theorem 5.4. Let (M, g0) be a complete Hessian

manifold with constant Hessian curvature tensor

(c ≥ 0). Then the Hessian flow (8) has a long

time solution.

Theorem 5.5. Assume (M, gij̄) is a complete non-

compact Kähler manifold with bounded curvature

and that Rij̄ + gij̄ = fij̄ for some smooth bounded

function f on M . Then there exists a long time

smooth solution to Kähler Ricci flow and converges,

as t→∞, on every compact subset of M , to a com-

plete Kähler- Einstein metric g̃ij̄(x,∞).[2]

Corollary 5.6. Let M be a complete Hessian man-

ifold with constant Hessian curvature tensor and

that βij + gij = fij for some smooth bounded func-

tion f . Then Hessian flow has a long time solution

and converges, as t → ∞, on every compact sub-

set of M , to a complete Hessian- Einstein metric

g̃ij(x,∞).
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Abstract: We say that an isometric immersed hypersurface x : Mn → Rn+1 is of Lr-finite type if x =∑p
i=0 xi for some positive integer p < ∞, xi : M → Rn+1 is smooth and Lrxi = λixi, λi ∈ R, 0 ≤ i ≤ p, Lr

is the linearized operator of the (r+1)th mean curvature of the hypersurface, i.e., Lr(f) = tr(Pr◦∇2f) for f ∈
C∞(M), where Pr is the rth Newton transformation, ∇2f is the Hessian of f , Lrx = (Lrx1, . . . , Lrxn+1), x =

(x1, . . . , xn+1). In this paper, we prove that the only Lr-finite type cones shaped on spherical hypersurfaces

are r-minimal ones.

Keywords: Cones, Lr-finite type hypersurfaces, Hessian, r-minimal, (r + 1)th mean curvature.

1 INTRODUCTION

We say that an isometric immersed hypersurface

x : Mn → Rn+1 is of Lr-finite type if x =
∑p

i=0 xi

for some positive integer p < ∞, xi : M → Rn+1 is

smooth and Lrxi = λixi, λi ∈ R, 0 ≤ i ≤ p, Lr is

the linearized operator of the (r+1)th mean curva-

ture of the hypersurface, i.e., Lr(f) = tr(Pr ◦∇2f)

for f ∈ C∞(M), where Pr is the rth Newton

transformation, ∇2f is the Hessian of f , Lrx =

(Lrx1, . . . , Lrxn+1), x = (x1, . . . , xn+1). If all λi’s

are mutually different, Mn is said to be of Lr-p-

type. An Lr-p-type hypersurface is said to be null

if one of the λi; 1 ≤ i ≤ p is zero.

The study of submanifolds of finite type began in

the late seventies with B.Y. Chen’s attempts to find

the best possible estimate of the total mean cur-

vature of compact submanifolds of Euclidean space

and to find a notion of “degree” for submanifolds of

Euclidean space (see [9] for details). Since then the

subject has had a rapid development and so many

mathematicians contribute of to it. The Laplace

operator ∆ can be seen as the first one of a se-

quence of n operators L0 = ∆, L1, . . . , Ln−1, where

Lr stands for the linearized operator of the first

variation of the (r + 1)th mean curvature arising

from normal variations of the hypersurface (see [2]).

Therefore, from this point of view, it seems natural

and interesting to generalize the definition of finite

type hypersurface by replacing Lr instead of ∆ and

study the properties of such hypersurfaces. Having

this idea, for the first time, Kashani in [6] intro-

duced such hypersurfaces and called them Lr-finite

type hypersurfaces.

For a compact submanifold M of the unit hyper-

sphere Sm of radius 1 centered at the origin, J. Si-

mons [7] proved that if M is minimal in Sm, then

CM −{0} is minimal in Rn+1, where CM denotes

the cone over M . In terms of finite type terminol-

ogy, Simons’ result says that CM−{0} is of 1-type

when M is of 1-type. In [4], O.J. GARAY general-

ized Simons’ Theorem and showed that CM − {0}
is of finite type if and only if M is minimal in Sm.

Here we generalize the result of [4] for conic hyper-

surface and prove the following Theorem.

Theorem: The conic hypersurface CM −{0} is of

Lr-finite type if and only if M is r-minimal in Sm.

1

18

18



2 Preliminaries

In this section, we recall some prerequisites

about Newton transformations Pr and their asso-

ciated second order differential operators Lr from

[1, 3, 10, 5].

Consider an isometrically immersed hypersurface

x : Mn → Rn+1 in the Euclidean space, with the

Gauss map N . We denote by ∇0 and ∇ the Levi-

Civita connections on Rn+1 and M , respectively,

then, the basic Gauss and Weingarten formulae of

the hypersurface are written as

∇0
XY = ∇XY+ < SX, Y > N

and

SX = −∇0
XN

for all tangent vector fields X,Y ∈ χ(M), where

S : χ(M) → χ(M) is the shape operator (or Wein-

garten endomorphism) of M with respect to the

Gauss map N . As is well known, S defines a self-

adjoint linear operator on each tangent plane TpM ,

and its eigenvalues κ1(p), . . . , κn(p) are the princi-

pal curvatures of the hypersurface. Associated to

the shape operator there are n algebraic invariants

given by

sr(p) = σr(κ1(p), . . . , κn(p)), 1 ≤ r ≤ n,

where σr : Rn → R is the elementary symmetric

function in Rn given by

σr(x1, . . . , xn) =
∑

i1<···<ir

xi1 . . . xir .

Observe that the characteristic polynomial of S can

be written in terms of the sr as

Qs(t) = det(tI − S) =

n∑
r=0

(−1)rsrt
n−r, (1)

where s0 = 1 by definition. The rth mean curva-

ture Hr of the hypersurface is then defined by(
n

r

)
Hr = sr, 0 ≤ r ≤ n.

In particular, when r = 1

H1 =
1

n

n∑
i=1

κi =
1

n
tr(S) = H

is nothing but the mean curvature of M , which is

the main extrinsic curvature of the hypersurface.

On the other hand, Hn = κ1 · · ·κn is called the

Gauss-Kronecker curvature of M . A hypersurface

with zero (r+1)th mean curvature in Rn+1 is called

r-minimal (see [8]).

The classical Newton transformations Pr :

χ(M) → χ(M) are defined inductively by

P0 = I and Pr = srI−S◦Pr−1 =

(
n

r

)
HrI−S◦Pr−1

for every r = 1, . . . , n where I denotes the identity

in χ(M). Equivalently,

Pr =
r∑

j=0

(−1)jsr−jS
j =

r∑
j=0

(−1)j
(

n

r − j

)
Hr−jS

j .

(2)

Note that by the Cayley-Hamilton theorem stating

that any operator T is annihilated by its character-

istic polynomial, we have Pn = 0 from (1).

Each Pr(p) is also a self-adjoint linear oper-

ator on the tangent space TpM which commutes

with S(p). Indeed, S(p) and Pr(p) can be simulta-

neously diagonalized: if {e1, . . . , en} are the eigen-

vectors of S(p) corresponding to the eigenvalues

λ1(p), . . . , λn(p), respectively, then they are also

the eigenvectors of Pr(p) with corresponding eigen-

values given by

µi,r(p) =
∑

i1<···<ir,ij ̸=i

λi1(p) · · ·λir (p), (3)

for every 1 ≤ i ≤ n.

Associated to each Newton transformation

Pr, we consider the second-order linear differential

operator Lr : C∞(M) → C∞(M) given by

Lr(f) = tr(Pr ◦ ∇2f).

Here, ∇2f : χ(M) → χ(M) denotes the self-adjoint

linear operator metrically equivalent to the Hessian

of f and is given by

< ∇2f(X), Y >=< ∇X(∇f), Y >, X, Y ∈ χ(M).
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Let {E1, . . . , En} be a local orthonormal frame on

M and observe that

div(Pr(∇f)) =

n∑
i=1

< (∇EiPr)(∇f), Ei > +

n∑
i=1

< Pr(∇Ei∇f), Ei >=< divPr,∇f > +Lr(f),

(4)

where div denotes here the divergence on M .

Since divPr = 0 (see [1]), as a consequence, from

(4) one gets that

Lr(f) = div(Pr(∇f)). (5)

Now we recall the definition of an Lr-finite

type hypersurface from [5].

Definition 2.1. An isometrically immersed hyper-

surface x : Mn → Rn+1 is said to be of Lr-finite

type if x has a finite decomposition x =
∑m

i=0 xi,

for some positive integer m satisfying the condition

that Lrxi = λixi, λi ∈ R, 1 ≤ i ≤ m, where xi :

Mn → Rn+1 are smooth maps, 1 ≤ i ≤ m, and x0

is constant. If all λi’s are mutually different, Mn

is said to be of Lr-m-type. An Lr-m-type hypersur-

face is said to be null if one of the λi; 1 ≤ i ≤ m is

zero. The polynomial p(t) =
∏m

i=1(t− λi) is called

the minimal polynomial of M for Lr.

We should mention that, in a similar way to

Proposition 1 of [3], if M is of Lr-finite type, then

p(Lr)(x− x0) = 0.

3 Proof of Theorem

We give the proof of Theorem, after stating lem-

mas 3.1 , 3.2 and 3.3.

Let M be a compact hypersurface of Sn. The

cone over M , CM , is defined by the following map,

M × [0, 1] → Rn+1; (m, t) 7→ tm. Let Hs and H ′
s

denote the sth mean curvature vectors of CM−{0}
in Rn+1 and that of M in Sn, respectively, and de-

note by ∇ and ∇′ the connections of Rn+1 and

M . Let m be any point of M and choose a local

orthonormal frame {Ei}n−1
i=1 tangent to M so that

∇′
Ei
Ej(m) = 0. Let ξ be the unit vector field of

CM given by ∂
∂t . Then the integral curves of ξ are

rays from the origin of Rn+1. By parallel transla-

tion in Rn+1 along the rays of M , we can extend

{Ei}n−1
i=1 and ξ to an orthonormal local frame field

on CM , which we also denote them by the same

letters. At each time t ∈ (−ε, ε) we have on CM

a homothetic copy of M , Mt, which lies on Sn(t),

depending on t. Then we have

∇EiEj(x, t) = ∇′t
Ei
Ej(x, t)+σt(Ei, Ej)(x, t)−(1/t)ξ,

(6)

where ∇t and σt are the Levi-Civita connection

and the second fundamental form of Mt in Rn+1;

respectively. Since M and Mt are homothetic and

∇′
Ei
Ej(m) = 0, from (6) we obtain that

∇EiEj(m, t) = (1/t2)σ(Ei, Ej)(m)− (1/t)ξ. (7)

Lemma 3.1. Let x : Mn−1 → Sn be an isometric

immersion of a compact hypersphere M into Sn,

and CM−{0} be the punctured cone over M . Then

we have

< SEi, Ej >= (1/t2) < S′Ei, Ej >, Sξ = 0, (8)

Hr(m, t) =
(
(n+ 1− r)/(n+ 1)t2r

)
H ′

r(m), (9)

< PrEi, Ej >= (1/t2r) < P ′
rEi, Ej >, Prξ =

(
n+ 1

r

)
Hrξ,

(10)

where S (Pr) and S′ (P ′
r) are the shape operators

(rth Newton transformations) of CM−{0} in Rn+1

and that of M in Sn, respectively.

Lemma 3.2. Under the hypothesis of Lemma 3.1,

for a smooth function f on CM − {0} we have

(Lrf)(m, t) =
1

t2r
[
1

t2
(Lrft)(m) +

(
n

r

)
H ′

r(m)

(
∂2f

∂t2
(m, t) +

(n− 2r)

t

∂f

∂t
(m, t))],

(11)

where Lrand Lr denote the linearized operators of

the (r + 1)th mean curvature of CM − {0} and

M , respectively, and ft is defined by ft(m) =

f(m, t), t ∈ (0, 1].
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Lemma 3.3. If x : Mn−1 → Sn is an isometric

immersion of a compact hypersphere M into Sn,

then for any integer l we have

L
l+1

r (x, t) = ((n− r)/(n+ 1)t(2r+2)(l+1)){Ll+1
r x+

βdl1L
l
rx+ β2dl2L

l−1
r x+ · · ·+ βl−1dll−1L

2
rx+ βldllLrx},

(12)

where β =
(
n
r

)
H ′

r(m), djl = σl(a1, . . . , aj), aj =

(−2r − 2)j((n − 2r) + (−2r − 2)j − 1) and

σl(x1, . . . , xj) denote the elementary symmetric

functions in x1, . . . , xj.

Now we suppose there exists a minimal poly-

nomial of degree p, Q(t) = tp + α1t
p−1 + · · ·+ αp,

such that

L
p+1

r (x, t)+α1L
p

r(x, t)+· · ·+αpLr(x, t) = 0, αi ∈ R.

(13)

Then, by substituting (11) into (13), we have

Lp+1
r x+ (βdp1 + α1t

2(r+1))Lp
rx+ (β2dp2 + α1βd

p−1
1 t2(r+1)

+ α2t
4(r+1))Lp−1

r x+ · · ·+ (βpdpp + α1β
p−1dp−1

p−1t
2(r+1)

+ · · ·+ αp−1βd
1
1t

(2p−2)(r+1) + αpt
2p(r+1))Lrx = 0,

(14)

where β =
(
n
r

)
H ′

r(m). Since equation (14) holds

for every (m, t) in CM −{0}, (14) is true for any t

in (0, 1] at every chosen point m in M . Therefore,

we conclude that H ′
r+1 = 0. The converse follows

from (9).
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SO(4) as a 2-plectic manifold
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Abstract: In this talk the Lie group SO(4) is considered as a 2-plectic manifold. The standard 2-plectic

structure on SO(4) is induced by the Killing form. This 2-plectic structure induces a Cartan connection on

SO(4). The torsion and curvature tensors of this connection are calculated. Furthermore we show that there

are 2-plectic structures on SO(4)
SO(3) ≃ S3 and SO(4)

SO(2) induced by closed left invariant 3-forms on SO(4).

Keywords: 2-plectic manifold, Killing form, Cartan connection.

1 INTRODUCTION

A 2-plectic manifold is a a smooth manifold M en-

dowed with a closed 3-form ω on it which is nonde-

generate, in the sense that if ιXω = 0 for X ∈ TM ,

then X = 0. 2-plectic structures arise in the ge-

ometric formulation of classical field theory much

in the same way that symplectic structures emerge

in the Hamiltonian description of classical mechan-

ics ([3],[2],[1]). In this formulation, a 3-dimensional

field theory is described by a finite dimensional 2-

plectic manifold (M,ω) as a ” multi-phase space

” instead of an infinite dimensional phase space.

Using the 2-plectic form ω, one can define a sys-

tem of partial differential equations which are the

analogue of Hamiltons equations in classical me-

chanics.

Let G be a compact semisimple Lie group with Lie

algebra g and let ⟨., .⟩ denotes the positive definite

adjoint invariant inner product on g defined by

⟨A,B⟩ = −K(A,B),

where K is the Killing form on g and A,B ∈ g. As-

sume that σ is the biinvariant Riemannian metric

on G induced by ⟨., .⟩. Define the 3-form ω on G

by

ω(X,Y, Z) = σ(X, [Y,Z]), X, Y, Z ∈ TG.

Since σ is nondegenerate and biinvariant then so is

ω. Thus ω is closed. Furthrmore, since

K(A, [B,C]) = K(B, [C,A]) = K(C, [A,B]),

for all A,B,C in g, then ω is totally antisymmet-

ric. So ω is a 2-plectic structure on G. Choose

a basis E = {e1, ..., em} for g and let E1, ..., Em

are left invariant vector fields induced by e1, ..., em,

and Θ1, ...,Θm are left invariant 1-forms dual to

E1, ..., Em, respectively. Denote by Ck
ij the struc-

ture constants of g and by σijthe components of σ

∗Corresponding Author
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with respect to E . Then the 2-plectic form ω reads

ω = ΣijklσijC
j
klΘ

i ∧Θk ∧Θl.

For more details about 2-plectic manifolds and Lie

groups refer to [2],[5].

We recall that a connection ∇ on G is called left

invariant if for any two left invariant vector fields

X,Y , the vector field ∇XY is also left invariant. A

left invariant connection is called a Cartan con-

nection, if for any A ∈ g, the curve t 7→ etA is a

geodesic. It is well known that there is a one-to-one

correspondence between the left invariant connec-

tions on G and bilinear forms on g with value in g

([?]). Using the 2-plectic structure ω, we construct

a left invariant connection on a compact semisim-

ple Lie group G. To do this, let ♭ : g∗ → g be the

isomorphism induced by σ. The 2-plectic form ω

induces a bilinear form α : g × g → g as follows

α(A,B) = (ιAιBωe)
♭,

where e is the identity element of G. Now the left

invariant connection ∇ induced by ω is defined by

∇EiEj = (α(ei, ej))
L,

where AL denotes the left invariant vector field in-

duced by A ∈ g. The connection ∇ is a Cartan

connection, since α is skew-symmetric.

2 The 2-plectic structure on

SO(4)

Consider the set E = {e1, ..., e6} as a basis for Lie

algebra so(4) of the Lie group SO(4), where

e1 =


0 1 0 0

−1 0 0 0

0 0 0 0

0 0 0 0

 , e2 =


0 0 1 0

0 0 0 0

−1 0 0 0

0 0 0 0

 ,

e3 =


0 0 0 1

0 0 0 0

0 0 0 0

−1 0 0 0

 , e4 =


0 0 0 0

0 0 1 0

0 −1 0 0

0 0 0 0



e5 =


0 0 0 0

0 0 0 1

0 0 0 0

0 −1 0 0

 , e6 =


0 0 0 0

0 0 0 0

0 0 0 1

0 0 −1 0

 .

Since eiej − ejei = [ei, ej ] =
∑

Ck
ijek, then the

nonzero constant structures Ck
ij with respect to E

are as follows

C4
12 = −1, C5

13 = −1, C6
23 = −1, C6

45 = −1.

Notice that Ck
ij = −Ck

ji = −Cj
ik. On the other

hand since K(A,B) = −tr(AB), one can see that

σij = 2δij . Thus the 2-plectic form on SO(4) reads

ω = −12(Θ1∧Θ2∧Θ4+Θ1∧Θ3∧Θ5+Θ2∧Θ3∧Θ6

+Θ4 ∧Θ5 ∧Θ6).

Remark 2.1. Notice that the 3-forms ω1 = d(Θ1∧
Θ6), ω2 = d(Θ2 ∧ Θ5) and ω3 = d(Θ3 ∧ Θ4),

also are 2-plectic structures on SO(4) which are

not 2-plectomorphic to ω, in the sense that there

is no diffeomorphism φ : SO(4) → SO(4) satis-

fying φ∗ωi = ω, i = 1, 2, 3. Since these 2-plectic

structures are exact but ω is not.

Theorem 2.2. Let ∇ be the Cartan connection

on SO(4) induced by ω, and T , R are its tor-

sion and curvature tensors respectively. For any

X,Y, Z in T (SO(4)) the following statements hold

a. ∇XY = −1
12 [X,Y ],

b. T (X,Y ) = −7
6 [X,Y ],

c. R(X,Y )Z = 1
72 [[X,Y ], Z].

3 The SO(4)-Homogeneous

spaces

In this section we show that some SO(4)-

homogeneous spaces have 2-plectic structures in-

duced by closed left invariant 3-forms on SO(4).

Theorem 3.1. The homogeneous spaces SO(4)
SO(2) and

SO(4)
SO(3) ≃ S3 admit 2-plectic structures induced by a

closed left invariant 3-form on SO(4).

2

23

23



Sketch of proof. Consider the closed left

invariant 3-form α = Θ3∧Θ5∧Θ6 on SO(4). Then

Kerαe = {v ∈ so(4) : ιvα = 0} = Span{e1, e2, e4},

where e is the identity element of SO(4).

But

Span{e1, e2, e4} = Te(SO(3)) ⊂ Te(SO(4)).

Thus α induces a foliation on SO(4) with leaves

diffeomorphic to SO(3) and hence it induces a 2-

plectic structure on SO(4)
SO(3) ≃ S3. A similar argu-

ment works for SO(4)
SO(2) , when we consider the 3-form

β = d(Θ2 ∧Θ4 −Θ3 ∧Θ5).

Theorem 3.2. There is no a 2-plectic structure

on SO(4)
SO(2)×SO(2) induced by closed left invariant 3-

forms on SO(4).

Sketch of proof. SO(2) × SO(2) imbeds

into SO(4) in two ways. Thus Te(SO(2)× SO(2))

spans by {e1, e6} or {e2, e5}. Now let ν =∑
i<j<k νijkΘ

i ∧Θj ∧Θk be a closed left invariant

3-form on SO(4) such that it induces a 2-plectic

structure on SO(4)
SO(2)×SO(2) . Since ιe1ν = ιe6ν = 0,

then ν reads

ν = ν234Θ
2 ∧Θ3 ∧Θ4 + ν235Θ

2 ∧Θ3 ∧Θ5

+ν245Θ
2 ∧Θ4 ∧Θ5 + ν345Θ

3 ∧Θ4 ∧Θ5.

Now imposing the condition dν = 0 proves the

statement.
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Abstract: In this paper we introduce and study µ-completely regular generalized topological spaces and

µT 3
4 separation axiom in generalized topological spaces. Some new results in generalized submaximal spaces

and generalized door spaces are obtained.
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1 INTRODUCTION

Let X be a non-empty set. A subset µ of P (X) is

called a generalized topology (GT as an acronym)

on X if it contains ∅ and any union of elements

of µ belongs to µ [2]. A set X with a generalized

topology µ on it, is called a generalized topologi-

cal space (GTS as an acronym) and is denoted by

(X,µ). A subset A of X is called µ-open (or µ-

closed) if B ∈ µ (or X − B ∈ µ). A GTS (X,µ)

is called strong [3] if X ∈ µ. For A ⊆ X, we show

the union of all µ-open subsets of A, by iµ(A) and

the intersection of all µ-closed sets containing A by

cµ(A). iµ(A) and cµ(A) are called the interior and

closure of A, respectively [2].

2 on Submaximal GTS

A point x ∈ X is called a µ-cluster point [9] (or µ-

limit point) of a set A if U ∩ (A−{x}) ̸= ∅ for each

U ∈ µ with x ∈ U . E. Ekici [8] defined a GTS to be

generalized submaximal (or a submaximal GTS) if

each µ-dense subset is a µ-open set.

Let (X,µ) be a GTS and A ⊆ X. The µ-

frontier (or µ-boundary) of A [14] is defined to be

∂µA = cµ(A) ∩ cµ(A
c). It is known that in a sub-

maximal topological space X, the frontier of every

subset A of X has empty interior. Not all the gen-

eralized submaximal spaces have this property as

it is shown in Example 2.1.

Example 2.1. Let X = {a, b, c, d} and

µ = {∅, {a}, {b}, {a, b}, {c, d}, {a, b, c}, {a, b, d},
{a, c, d}, {b, c, d}, X}. It is easy to check that (X,µ)

is a submaximal GTS, but for A = {a, c} we have

iµ(∂µA) = {c, d}.
∗Speaker
†Corresponding Author
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3 µT 3
4

Let A be a subset of a GTS (X,µ). Then A is called

gµ-closed [15] if cµ(A) ⊆ U whenever A ⊆ U and

U ∈ µ. A GTS (X,µ) is called µT 1
2
[15] if every

gµ-closed subset of X is µ-closed. A GTS (X,µ) is

called µTD [9] if {x} is an intersection of a µ-open

and a µ-closed subset of X, for every x ∈ X.

Lemma 3.1. Every srtong µT 1
2
GTS is µTD.

Being strong is necessary in Lemma 3.1 as it

is illustrated in the following example:

Example 3.2. Let X = {a, b} and µ = {∅, {a}}.
Then (X,µ) is a µT 1

2
GTS which is not µTD.

The converse of Lemma 3.1 is not true in

general, even if (X,µ) is strong. A ⊆ X is µ-

regular-open (briefly, µr-open) [6] if and only if

A = iµcµA, and B ⊆ X is µ-regular-closed (briefly,

µr-closed) if and only if B = cµiµB. A subset

δ(µ) = δ of P (X) is defined in such a way that

A ⊆ X belongs to δ if and only if for every x ∈ A,

there exists a µ-closed set F so that x ∈ iµF ⊆ A.

It is well known that δ is a GT on X [6]. The el-

ements of δ are exactly the unions of µr-open sets

[6]. A set A ⊆ X is δ-closed if and only if A = cδA

[6]. A set A ⊆ X is δ-open if and only if A = iδA

[6].

Definition 3.3. A subset A of a GTS (X,µ) is

called δ-generalized closed (or gδ-closed) if A ⊆ U

and U ∈ µ implies cδ(A) ⊆ U .

Definition 3.4. A GTS (X,µ) is µT 3
4
if every gδ-

closed subset of X is δ-closed.

Theorem 3.5. The following are equivalent for a

GTS (X,µ):

(1) X is µT 3
4
.

(2) For every x ∈ X, {x} is δ-open or µ-closed.

(3) For every x ∈ X, {x} is µr-open or µ-closed.

Corollary 3.6. Every µT1 GTS is µT 3
4
.

The converse of Corollary 3.6 is not true in

general.

Corollary 3.7. Every µT 3
4
GTS is µT 1

2
.

The converse of Corollary 3.7 is not neces-

sarily true.

4 µ-completely regular

generalized topological

spaces

Let (X,µ) and (Y, ν) be two generalized topologi-

cal spaces. A function f : (X,µ) → (Y, ν) is said

to be (µ, ν)-continuous [2] if for any ν-open set U

in Y , f−1(U) is µ-open in X. As [9] a GTS (X,µ)

is µT2 if and only if for every x, y ∈ X, x ̸= y,

there exist Ux, Uy ∈ µ such that x ∈ Ux, y ∈ Uy

and Ux ∩ Uy = ∅. It is well known that a finite

Hausdorff topological space is discrete , but there

is a non-discrete Hausdorff GTS which is finite. A

GTS (X,µ) is called µT1 [9] if for every x, y ∈ X,

x ̸= y there exists a U ∈ µ such that x ∈ U and

y /∈ U .

Definition 4.1. Let R be the real line with the or-

dinary topology. If a µT1 GTS (X,µ) has a base

consisting of µ-open and µ-closed sets, then it is

called µ-zero-dimensional. A µT1 GTS (X,µ) is

called µ-completely regular if for every x ∈ X and

every closed subset F ⊂ X such that x /∈ F there

exists a (µ,R)-continuous function f : X → R such

that f(x) = 0 and f(y) = 1 for y ∈ Y . If the car-

dinality of every nonempty member of µ is greater

than one, then we say that (X,µ) is crowded.

We give an example of a crowded µ-

completely regular GTS which is finite.

Example 4.2. Let X = {a, b, c, d} and µ =

expX \ {{a}, {b}, {c}, {d}}. Then (X,µ) is a zero-

dimensional space since

β = {{a, b}, {a, c}, {a, d}, {b, c}, {b, d}, {c, d}}

2
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is a base for the GTS such that every member of

β is closed. Therefore the generalized topological

space is µ-completely regular.

Definition 4.3. We call a GTS (X,µ) a general-

ized door space (or a µ-door space) if every subset

of X is either µ-open or µ-closed.

Example 4.4. If X = {a, b, c}, µ =

{∅, {a}, {b}, {a, b}} and ν = {∅, {a}, {c}, {a, b},
{a, c}, {b, c}, X}, then (X,µ) and (X, ν) are both

generalized door spaces.

It is easy to prove that {x} is µ-open if and

only if x is not a µ-cluster point. Contrary to topo-

logical spaces, a µT2 generalized door space may

have more than one µ-cluster point. The following

example is an evidence:

Example 4.5. Let X = {a, b, c, d} and µ =

P (X) − {{a}, {b}}. Then (X,µ) is a µT2 gener-

alized door space having {a} and {b} as µ-cluster

points.

Theorem 4.6. Every strong generalized door space

is generalized submaximal.

Remark 4.7. Being strong is necessary in The-

orem 4.6. Suppose that X = {a, b, c} and µ =

{∅, {a}, {b}, {a, b}}. Then (X,µ) is a generalized

door space which is not generalized submaximal.

The converse of Theorem 4.6 is not true in

general, as it is shown in the following example:

Example 4.8. Let X = {a, b, c, d} and

µ = {∅, {a}, {c}, {a, b}, {a, c}, {a, b, c}, {a, c, d}
, X}. Then (X,µ) is a submaximal GTS which is

not a generalized door space.

Theorem 4.9. Every µ-subspace of a generalized

door space is again a generalized door space.

In the rest of this paper we study µ-

completely regula generalized topological spaces.

Finally we consider C(X), the set of all continu-

ous functions from a GT space (X, ) to the real

line with the standard topology s,
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Abstract:

Classical Morse theory provides a powerful tool to obtain topological structure of a closed manifold

M from the local behavior of a Morse-Smale function f : M → R around its critical points. A direct result

of this construction are Morse inequalities that provide lower bounds for the number of critical points of

f in term of Betti numbers of M . These inequalities can be deduced through a purely analytic method

by studying the asymptotic behavior of the deformed Laplacian operator. This method was introduced by

E. Witten and has inspired a numbers of great achievements in Geometry and Topology in few past decades.

In this paper, adopting the Witten approach, we provide an analytic proof for the so called equivariant Morse

inequalities when the underlying manifold is acted on by the Lie group G = S1 and the Morse function f is

invariant with respect to this action.

Keywords: Morse inequalities, Equivariant Cohomology, Invariant Morse function, Deformed Laplacian.

1 INTRODUCTION

Classical Morse theory with all its variants are

among the great achievement of the modern geom-

etry and topology. Its relevance to topology begun

by the fundamental observation that the cellular

structure of a closed manifold M can be recon-

structed through level sets of a Morse function f

on M . In particular this give a way to reconstruct

the cellular chain complex and therefore the coho-

mology of M , as is explained clearly in [?] and [?].

The seminal paper of E. Witten [?] which

was inspired by ideas from quantum field theory,

shed a new light on Morse theory by providing a

new chain complex for computing the cohomology

of M . This complex; called Morse-Smale-Witten

complex; is generated by the critical points of f

and graded by their Morse indices, as in the cellu-

lar complex. However its differentials are defined

through the gradient lines between critical points

whose indices differ by one. We refer to [?] for a

detailed exposition of this theory. Amongst oth-

ers, this construction led to the innovation of Floer

Homology and solved (partially) the Arnold con-

jecture, c.f. [?].

An immediate consequence of the recon-

struction of the singular cohomology via critical

points of a Morse function is the Morse inequali-

ties. Roughly speaking, they provide lower bounds

for the number of critical points in term of the

Betti numbers of M , i.e. the rank of the coho-

mology spaces of M . As far as one is interested in

∗Corresponding Author
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these inequalities rather than the cohomology it-

self, there is a very elegant and conceptual analytic

derivation. This is the Witten idea of deforming

the de Rham complex in an appropriate way using

the Morse function and then study the asymptotic

behavior of this complex.

Morse theory can be generalized in other

directions. For instance in some situation there

is a Lie group G acting on M and preserves f .

This problem naturally arises in n-body problem

where the central configurations are critical points

of some Morse function which are symmetric with

respect to the action of SO(n) (c.f. [?]). Another

example is the problem of finding the number of

closed geodesics of a Riemannian metric where the

Lie group is S1. Actually this last example was

among the first applications of Morse theory that

was worked out by Morse in [?], see also [?, chapter

3]. In these cases the critical levels of f are clearly

orbits of the action. The Morse-Bott theory ignore

the invariance of f under the action and provides

lower-bounds for the number of these critical levels

(see [?] and [?, page 344]). However; as it is clearly

explained in [?, pages 351-355]; to get best results

one has to assume the G-invariance of f and this re-

quires an appropriate cohomology theory that takes

the group action into its construction.

This is the equivariant cohomology theory

which is introduced originally by E. Cartan in

1940s. As in ordinary Morse-Bott theory, the

equivariant cohomology may be reconstructed from

a cellular chain complex generated by critical level

of f . This is done by A. G. Wasserman in [?, sec-

tion 4] for a compact Lie group G. Nevertheless the

Morse-Smale-Witten complex for equivariant coho-

mology has been worked out recently, for G = S1,

by M. J. Berghoff in his PhD thesis [?]. This con-

structions lead to the equivariant Morse inequali-

ties whose precise statement might be found in [?,

page 149] or in [?, page 351].

In this paper we consider also the case G =

S1 and prove the equivariant Morse inequalities by

adopting the Witten method to deform the Borel

complex.

2 Preliminaries and Results

Let G = S1 be a compact Lie group that acts on a

topological space X and let EG be a contractible

space that is acted on, freely and continuously, by

G. Such spaces exist and are unique up to homo-

topy equivalence and the quotient BG := EG/G

is the classifying space of G. The diagonal ac-

tion of G on X × EG is free and the quotient

XG := (X × EG)/G is called the homotopy path

space. The equivariant cohomology of X; that we

denote by H∗
G(X); is by definition the singular co-

homology (with coefficient in C) of the homotopy

path space

H∗
G(X) = H∗(XG) (1)

When X is a differential manifold (that we

denote byM from now on) and the action is smooth

there is a more geometric approach to the construc-

tion of the equivariant cohomology. We consider

the simplest case when the Lie group G is just the

circle S1.

Let M be a closed smooth manifold of di-

mension n which is acted on by the group G = S1.

This action is supposed to be smooth and not nec-

essarily free. The Lie algebra of S1 is R with a

fixed element 1. This element generates a vector

field v over M which is tangent to the orbits and

vanishes at fixed points of the action. The vec-

tor field v is called the infinitesimal generator of

the action and we denote its t-time flow by ϕt .

Let Ω∗
G(M) ⊂ Ω∗(M) consists of all invariant dif-

ferential forms ω satisfying ϕ∗
t (ω) = ω for t ∈ R,

or equivalently Lv(ω) = 0. Consider the algebra

Ω∗
eq(M) := C[t] ⊗ Ω∗

G(M). This algebra is graded

by the rule deg(tk ⊗ ω) = 2k + deg(ω). The linear

map

deq : Ω∗
eq(M) → Ω∗

eq(M)

deq(t
k ⊗ ω) = tk ⊗ dω + tk+1 ⊗ ivω (2)
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is a differential, i.e. d2eq = 0 and increases the de-

gree by one. The equivariant de Rham cohomology

groups H∗
G(M) are the cohomology groups of this

graded differential complex. It turns out that these

groups are isomorphic to the groups introduced by

(??) when X is a smooth manifold.

The cohomology space Hk
G(M) is a com-

plex finite dimensional vector space. So one can

define the equivariant Betti numbers by βk
G :=

dimHk
G(M).

Let f : M → R be an invariant smooth func-

tion, i.e. v.f = 0. An orbit o is critical if one

point on it (then all points) is critical point for

f . For x ∈ o let Nx stands for the quotient space

TxM/Txo. For x ∈ M and X,Y ∈ TxM the Hes-

sian of f is a symmetric bi-linear form defined as

follows

Hf (X,Y ) = X.(Y.f)− (∇XY ).f

Here ∇ is the Riemannian connection on TM as-

sociated to a Riemannian metric g. Because S1

is compact it is always possible, throgh an averag-

ing procedure, to assume g be S1-invariant. With

this assumption it is true that if X or Y belong to

Txo then Hf (X,Y ) = 0. Therefore the Hessian de-

fines a well defined symmetric bi-linear form on N .

Using the Riemannian metric, we can identify Nx

with the orthogonal compliment of Txo. We denote

the restriction of H to N ⊂ TM by H̄f . We say a

critical orbit o be transversally non-degenerated (or

simply non-degenerated) if H̄f is non-degenerated

at any points of o. The Morse index of such orbit

is the dimension of the maximal subspace of Nx,

on which the Hessian is negative-definite. In the

sequel we reserve the notation o for a non-trivial

orbit and we denote a trivial orbit by its geometric

image, that is a point p in M . Let ck and dk de-

note respectively the number of critical points and

orbits with Morse index k. Our aim is to provide an

analytic proof for the following equivariant Morse

inequalities via Witten deformation:

Theorem 2.1. With c̃k := dk+ck+ck−2+ck−4+...

the following inequalities hold for k = 0, 1, 2, . . .

c̃k − c̃k−1 + · · · ± c̃0 ≥ βk
eq − βk−1

eq + · · · ± β0
eq,

Actually the inequalities for k ≥ n+1 are the same

that the inequality for k = n.

Note that, when the action is free these in-

equalities reduce to the ordinary Morse inequalities

for the function f̃ : M̃ → R, while it reduces to the

Morse inequalities for the function f when the ac-

tion is trivial.
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با سریالͬ ربات ͷی معکوس ͷسینماتی مساله هندسͬ حل
نمایی نگاشت ضرب فرمول از استفاده
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شهریور١٣٩٣

روش دراین شده، ارائه سریالͬ ربات معکوس ͷسینماتی تحلیلͬ حل برای هندسͬ روش ͷی مقاله؛ دراین چͺیده:
گروه جبر روی نمایی نگاشت این کنیم، مͬ استفاده نامیم مͬ POEاختصار به که نمایی نگاشت ضرب فرمول از
کدام هر که شده تجزیه متعارف مساله زیر چند به معکوس ͷسینماتی مساله روش این در شود. مͬ تعریف SE(3)ͬل

کنند. حل را آن و تبدیل مجزا های بخش زیر به را معکوس ͷسینماتی مساله قادرند ها ازآن
کلیدی: کلمات

POE تاب، معکوس، ͷسینماتی مستقیم، ͷسینماتی مفصل،

موقعیت به رسیدن تا را ربات حرکت اندازه حرکت،
برای معمول روش�های از ͬͺی کنیم. توصیف نهایی
روش براساس معکوس ͷسینماتی مساله تحلیلͬ حل
اختصار به که است دناویت-هارتنبرگ پارامتری�سازی
ͷی که D − Hروش در مͬ�دهیم. نمایش (D − H)

نمیشود، استفاده هندسͬ مفاهیم از است جبری روش
نامیده POE اختصار به که مقاله این در شده ارائه روش
هندسه نوع اساس بر که است هندسͬ روشͬ مͬ�شود
برای تعریفمͬ�شود. هم نسبتبه مفصل�ها گرفتن قرار
زیر یازده روش این با معکوس ͷسینماتی مساله حل

شود. مͬ بیان مساله

مقدمه

از استفاده به نیاز بشر زندگͬ شدن صنعتͬ با همͽام
انجام را پیچیده و تکراری کارهای بتواند که ابزاری
آمدن بوجود موجب نیاز این یافت. افزایش دهد
زیادی علوم از ͷرباتی رشته در شد. ͷرباتی علم
...استفاده و فیزیͷ،ریاضͬ ،ͷانیͺم برق، جمله از
ریاضͬ علم از که ͷرباتی علم مهم شاخه�های مͬ�شود.
حرکت طراحͬ ربات، کنترل عبارتند�از مͬ�کنند استفاده
مقاله این در که ومعکوس مستقیم ͷسینماتی ربات،
در شده�است. پرداخته معکوس ͷسینماتی مطالعه به
نهایی و اولیه موقعیت داشتن با معکوس ͷسینماتی
نوع مفصل�ها، اتصال چͽونگͬ داریم قصد ربات
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q نقطه مختصات qb و باشد A مختصات دستگاه به
باشد B مختصات دستگاه به نسبت

(u, v, w) ، R̃ =


u1 u2 u3

v1 v2 v3

w1 w2 w3

 که Rab = (R̃)−1و

B مختصات تبدیل ماتریس R̃ و B دستگاه مختصات
M صلب جسم اگر حال است. A دستگاه به نسبت
پس مͬ�کند حرکت آن با هم B دستگاه کند، حرکت
به نسبت t لحظه هر در q ∈ M نقطه هر مختصات
به qa(t) = Rab(t)qb(t) با برابر A مختصات دستگاه
مجموعه به و گوییم پیͺربندی ماتریس Rab(t)ماتریس
گوییم. پیͺربندی فضای پیͺربندی، ماتریس�های تمام
فرض A به نسبت B دستگاه مبدا مختصات را pabاگر
ماتریس Rabکه qa = pab+Rabqb داشت خواهیم کنیم
مͬ�دهیم قرار است، SO(3) لͬ گروه وعضو دوران
در .gab = (Rab, pab) ∈ SE(3) = SO(3) × R3

متناظر فرد به منحصر طور به را مفاصل حرکت ادامه،
محور متناظر تاب�ها یعنͬ مͬ�گیریم، نظر در تاب ͷی با
با که 6است × 1 بردار ͷی هرتاب هستند. مفصل�ها
ͷسینماتی نگاشت مͬ�شود ثابت مͬ�دهیم. نمایش ξ
است gab(θ) = eξ̂θgab(0) صورت به تاب این متناظر
از بعد ربات نهایی موقعیت gab(θ) ∈ SE(3) که
ربات�های مفاصل مͬ�باشد. θ اندازه به ξ حول تبدیل
انتقالͬ و دورانͬ مفصل شامل مقاله این در بحث مورد
ξi = بصورت ξi هر انتقالͬ مفاصل برای مͬ�باشند.

انتقال جهت در یͺه بردار ͷی vi ∈ R3×1 که
 0

vi


است.

ξi =

 ωi

ωi × qi

بصورت ξi هر دورانͬ مفاصل برای و

تاب محور درجهت یͺه بردار ͷی ωi ∈ R3×1 که است
است. تاب محور روی دلخواه نقطه ͷی qi ∈ R3×1 و
آزادی درجه n− با ربات ͷی برای مͬ�شود ثابت

است: زیر صورت به آن مستقیم ͷسینماتی

gst(θ) = eξ̂1θ1eξ̂2θ2 . . . e
ξ̂nθngst(0) (١)

هندسͬ پیشنیازهای

برای نیاز مورد هندسͬ نیازهای پیش بخش این در
عبارت صلب جسم ͷی مͬ�شود. بیان POE فرمول
در جسم این حرکت که طوری به B جسم ͷی از است
و q ∈ B دلخواه نقطه ͷی حرکت توسط کاملا فضا
{v, u, w} اولیه متعامد محتصات دستگاه ͷی حرکت
حرکت و مشخصمͬ�شود مͬ�باشد، P نقطه آن مبدا که
نقاط بین فاصله حرکت طول در که است حرکتͬ صلب

مͬ�شود. حفظ بردارها بین زاویه و
صلب جسم حرکت از SE(3) اقلیدسͬ خاص گروه

زیر صورت به را

SE(3) =

{
g | g =

R P

0 1

 , R ∈ SO(3), P ∈ R3

}

مͬ�کنیم: تعریف زیر صورت به را SE(3) جبرلͬ و

se(3) =

{
ξ̂ | ξ̂ =

ω̂ v

0 0

 , ω̂ ∈ so(3), v, ω ∈ R3

}

نمایی نگاشت مͬ�نامیم. تاب ͷی را ξ̂ ∈ se(3) هر
مͬ�کنیم: تعریف زیر صورت به SE(3) جبرلͬ روی را

.ξ̂ 7−→ eξ̂ که exp : se(3) −→ SE(3)

مستقیم ͷسینماتی

ͷی برای را مستقیم ͷسینماتی نگاشت بخش این در
مͬ�آوریم. بدست آزادی درجه −n با ربات

n − با اختصار به را آزادی درجه −n با ربات ͷی
ͷسینماتی هندسͬ توصیف برای مͬ�دهیم، نشان DOF

دستگاه A صلب، جسم ͷی M کنید فرض مستقیم
O = (0, 0, 0) مبدا با R3 ثابت و استاندارد مختصات
O مبدا با M جسم به متصل مختصات دستگاه B و
حرکت طوری صلب جسم اگر صورت این در باشد.
ثابت ،q ∈ M نقطه و بماند ثابت O نقطه که کند
نسبت q نقطه مختصات qa qaکه = Rabqb مͬ�شود
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Abstract: Let (M,F ) be a forward geodesically complete Finsler manifold satisfying 2Ricjk + LV̂ gjk ≥
2λgjk, where V̂ is complete lift of the vector field V on M and λ > 0. It is shown that M is compact if

and only if the norm ∥V ∥ is bounded on SM . In particular, a forward complete shrinking Finslerian Ricci

soliton (M,F, V ) is compact if and only if ∥V ∥ is bounded on SM , in such case, the fundamental group is

finite and hence the first de Rham cohomology group is zero.

Keywords: Finsler geometry, Ricci soliton.

1 INTRODUCTION

The Ricci flow in Riemannian geometry was intro-

duced by R. S. Hamilton in 1982, cf. [4], and

since then has been extensively studied thanks to

its applications in geometry, physics and different

branches of real world problems. Theoretical physi-

cists have also been looking into the equation of

quasi-Einstein metrics in relation with string the-

ory. Ricci flow is a process that deforms the met-

ric of a Riemannian manifold in a way formally

analogous to the diffusion of heat. G. Perelman

used Ricci flow to prove the Poincaré conjecture.

Quasi-Einstein metrics or Ricci solitons are con-

sidered as a solution to the Ricci flow equation

and are subject of great interest in geometry and

physics. Let (M, g) be a Riemannian manifold, a

triple (M, g,X) is said to be a quasi-Einstein met-

ric or Ricci soliton if g satisfies the equation

2Rc+ LXg = 2λg, (1)

where Rc is the Ricci tensor, X a smooth vector

field on M , LX the Lie derivative along X and λ a

real constant. A Ricci soliton is said to be shrink-

ing, steady or expanding if λ > 0, λ = 0 or λ < 0,

respectively. If the vector field X is gradient of a

potential function f , then (M, g,X) is said to be

gradient and (1) takes the familiar form

Rc+∇∇f = λg. (2)

Perelman has proved that on a compact Rieman-

nian manifold every Ricci soliton is gradient, cf.

[5]. Moreover, on a compact Riemannian manifold

a quasi-Einstein metric is a special solution to the

Ricci flow equation defined by

∂

∂t
g(t) = −2Rc, g(t = 0) := g0 . (3)

A quasi-Einstein metric is considered as special so-

lution to the Ricci flow in Riemannian geometry.

The concept of Ricci flow on Finsler mani-

folds is defined first by D. Bao, cf., [2], choosing

the Ricci tensor defined by H. Akbar-Zadeh. This

∗Corresponding Author
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choice of D. Bao for definition of Ricci tensor is

completely suitable for definition of Ricci flow in

Finsler geometry. In fact, H. Akbar-Zadeh has

used Einstein-Hilbert’s functional in general rela-

tivity and introduced definition of Einstein-Finsler

spaces as critical points of this functional, similar

to Hamilton’s work.

Some recent work has focused on the natu-

ral question of extending this notion to the Finsler

geometry as a natural generalization of Rieman-

nian geometry. In [3], it is proved that if there is

a quasi-Einstein Finsler metric on a compact man-

ifold then there exists a solution to the Ricci flow

equation and conversely, certain form of solutions

to the Ricci flow are quasi-Einstein Finsler metrics.

Since Ricci solitons generalize Eienstein manifolds,

it is natural to ask whether classical results like

Bonnet-Myers theorem for Eienstein manifolds of

positive Ricci scalar remain valid in the Ricci soli-

ton case. In this work, it is shown that a forward

geodesically complete connected Finsler manifold

satisfying in certain form is compact if and only if

it is bounded. More intuitively, it is proved that

a compact shrinking Ricci soliton has finite funda-

mental group.

2 PRELIMINARIES

Let M be a real n-dimensional differentiable man-

ifold. We denote by TM its tangent bundle and

by π : TM0 −→ M , fiber bundle of non zero tan-

gent vectors. A Finsler structure onM is a function

F : TM −→ [0,∞), with the following properties:

I. Regularity: F is C∞ on the entire slit tangent

bundle TM0 = TM\0.
II. Positive homogeneity: F (x, λy) = λF (x, y) for

all λ > 0.

III. Strong convexity: The n × n Hessian matrix

gij = ([ 12F
2]yiyj ) is positive definite at every point

of TM0. A Finsler manifold (M,F ) is a pair con-

sisting of a differentiable manifold M and a Finsler

structure F . The formal Christoffel symbols of sec-

ond kind and spray coefficients are respectively de-

noted here by

γi
jk := gis

1

2

(∂gsj
∂xk

− ∂gjk
∂xs

+
∂gks
∂xj

)
, (4)

where gij(x, y) = [ 12F
2]yiyj , and

Gi :=
1

2
γi
jky

jyk. (5)

We consider also the reduced curvature tensor Ri
k

which is expressed entirely in terms of the x and y

derivatives of spray coefficients Gi.

Ri
k :=

1

F 2

(
2
∂Gi

∂xk
− ∂2Gi

∂xj∂yk
yj + 2Gj ∂2Gi

∂yj∂yk

− ∂Gi

∂yj
∂Gj

∂yk
)
. (6)

In the general Finslerian setting, one of the re-

markable definitions of Ricci tensors is introduced

by H. Akbar-Zadeh [1] as follows.

Ricjk : = [
1

2
F 2Ric]yjyk ,

where Ric = Ri
i and Ri

k is defined by (6). Akbar-

Zadeh’s definition of Einstein-Finsler space related

to this Ricci tensor is obtained as critical point of

Einstein-Hilbert functional and hence suitable for

definition of Finslerian Ricci flow. One of the ad-

vantages of the Ricci quantity defined here is its

independence to the choice of the Cartan, Berwald

or Chern(Rund) connections. Based on the Akbar-

Zadeh’s Ricci tensor, in analogy with the equation

(3) , D. Bao has considered, the following natural

extension of Ricci flow in Finsler geometry, cf., [2],

∂

∂t
gjk = −2Ricjk, g(t = 0) := g0 .

This equation is equivalent to the following differ-

ential equation

∂

∂t
(logF (t)) = −Ric, F (t = 0) := F0 , (7)

where, F0 is the initial Finsler structure.

3 MAIN RESULT

Let (M,F0) be a Finsler manifold and V =

vi(x) ∂
∂xi a vector field on M . We call the triple

2
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(M,F0, V ) a Finslerian quasi-Einstein or a Ricci

soliton if gjk the Hessian related to the Finsler

structure F0 satisfies

2Ricjk + LV̂ gjk = 2λgjk, (8)

where, V̂ is complete lift of V and λ is a real num-

ber. A Ricci soliton is said to be shrinking, steady

or expanding if λ > 0, λ = 0 or λ < 0, respec-

tively. It said to be a forward complete (resp. com-

pact) Ricci soliton if (M,F ) is forward complete

(resp. compact). Note that according to the Hopf-

Rinow theorem, two notions forward complete and

forward geodesically complete are equivalent.

Theorem 3.1. Let (M,F ) be a forward geodesi-

cally complete Finsler manifold satisfying

2Ricjk + LV̂ gjk ≥ 2λgjk, (9)

where, V̂ is complete lift of V and λ > 0. Then,

M is compact if and only if ∥V ∥ := g(V, V )
1
2

is bounded on SM and moreover, in such case,

diam(M) is bounded.

Corollary 3.2. Let (M,F, V ) be a forward com-

plete shrinking Ricci soliton. Then, M is compact

if and only if ∥V ∥ is bounded on SM and moreover,

in such case, diam(M) is bounded.

Theorem 3.3. Let (M,F ) be a compact Finsler

manifold satisfying (9) where, V̂ is complete lift of

V and λ > 0. Then the fundamental group π1(M)

of M is finite and therefore H1
dR(M) = 0.

Corollary 3.4. Let (M,F, V ) be a compact

shrinking Ricci soliton. Then the fundamental

group π1(M) of M is finite and therfore H1
dR(M) =

0.
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1 INTRODUCTION

Throughout this lecture the field of complex num-

bers, C, would be considered as our base field. All

the schemes and varieties are considered on this field.

This manuscript of our lecture is organized in three

sections. After gathering together definitions and

backgrounds in section 2, we explain how one can

fit the linear spaces inside projectivized Prym tan-

gent cones of the Theta divisor of a general Prym-

Canonical curve into a family, family (1). Finally in

the last section, section 3, we show that the focal

schemes of this family are singular schemes.

2 (g-4)-dimensional Family of

(g-5)-Planes arising from Sin-

gularities of Prym-Theta Di-

visor

Let C be a general smooth curve of genus g and

f : C̃ → C, an étale double cover of C. Then by Hur-

witz formula C̃ is a curve of genus 2g−1. Throughout

we assume that g ≥ 7. Denote by η the line bundle

corresponding to this double cover. The line bundle

η satisfies η2 = 0. Denote by J(C̃) the jacobian of C̃

and let Pf := Prym(C̃, C) ⊂ J(C̃) be the prym va-

riety associated to the double covering f , with Ξ the

theta divisor of Pf . By generality of C, the divisor

Ξ has no singularity of exceptional type. Let Sing(Ξ)

denote the singular locus of the theta divisor Ξ. For

g = 7 the scheme Sing(Ξ) is a zero-dimensional

scheme while for g ≥ 8 it is (g − 7)-dimensional.

Let α̃3
2g−2 : C̃3

2g−2 → W̃ 3
2g−2 be the Abel-Jacobi map

on C̃ and set S = (α̃3
2g−2)

−1(Sing(Ξ)). For general

curves C and for g ≥ 7 the scheme S is of dimension

g − 4.

By geometric Riemann-Roth theorem, for any

divisor D̃s ∈ S the linear span of D̃s, which we de-

note it by < D̃s >, is a (2g − 6)-dimensional linear

subspace of P2g−2 := P(H0(C̃, ωC̃)
∗). These linear

spaces fit into a (g−4)-dimensional family of (2g−6)-

dimensional linear subspaces of P2g−2. We denote

this family by Λ̃. See [1], [3], [4], [5] and [6] for simi-

∗Corresponding Author
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lar families and their applications.

For a line bundle L ∈ Sing(Ξ), the variety Q̃L:

Q̃L :=
∪

D̃s∈α̃−1(L)

< D̃s > ⊂ P2g−2

is by Kempf-Riemann theorem a quartic hypersurface

in P2g−2. In fact Q̃L is the projectivized tangent cone

of Θ̃ at the point L, for which Θ̃ is the theta divisor

of J(C̃).

Consider that the space of canonical differential forms

on C̃ splits into direct sum of the space of canonical

and the space of anti-canonical differential forms on

C. Therefore one has the equality

H0(C̃, ωC̃)
∗ = H0(C,ωC)

∗ ⊕H0(C,ωC ⊗ η)∗.

This equality gives an inclusion:

P(H0(C,ωC ⊗ η)∗) ⊂ P(H0(C̃, ωC̃)
∗) = P2g−2.

The generality assumption of C implies that Q̃L does

not contain Pg−2 := P(H0(C,ωC ⊗ η)∗). Therefore

QL :=
1

2
Q̃L ·Pg−2

is a quadric in Pg−2. Moreover QL is a quadric at

most of rank six which is singular for g ≥ 8.

The geometry of QL’s, when they are at most of rank

4, have been demonstrated in [2].

Now results of [8] together with generality of C im-

ply that the variety QL is the projectivized tangent

cone of Ξ at L. Again generality of C together with

corollaries 2.7 and 2.21 of [8] imply that the linear

space Λs =< D̃s > ·Pg−2 is of dimension g − 5.

This implies in its own right that the 3-dimensional

family of (2g − 6)-dimensional linear subspaces of

P2g−2 parameterized by α̃−1(L), cut on Pg−2 the

3-dimensional family of (g − 5)-dimensional linear

subspaces Λs and these Λs’s are the linear subspaces

contained in projectivized tangent cone of Ξ at L.

The discussion just has been done shows that when

L varies in Sing(Ξ), the linear subspaces contained

in QL’s fit into a family:

Λ ⊂ S ×Pg−2

↓ π

S

(1)

which is a (g − 4)-dimensional family of (g − 5)-

dimensional linear subspaces of Pg−2. The focal map

of this family at a general point s ∈ S

ϕs : TS,s ⊗OΛs → NΛs/Pg−2

is a morphism between vector bundles of ranks g − 4

and 3 respectively. Consider the map:

ψ : S → Grass(g − 5, g − 2)

s 7→ Λs

(2)

and notice that this is a finite to one map which im-

plies that for a general s ∈ S the map

H0(ϕs) : Ts,S → H0(NΛs/P g−2)

is injective (See [3], page 5).

The injectivity of H0(ϕs) implies that for general

s ∈ S the map ϕs is not identically zero. Since other-

wise the map H0(ϕs) would be a zero map which is a

contradiction by it’s injectivity. The discussion now

concludes that the degeneracy locus of the focal map,

Fs, is not the whole space of Pg−2 and therefore it is

expected to be a curve.

3 Non-Smoothness of Focal lo-

cus’s of the family (1).

Denote by Cη the prym-canonical model of C in

Pg−2. Since Ξ does not have an exceptional singu-

larity, for any line bundle L ∈ Sing(Ξ) one has the

inclusion Cη ⊂ QL. For a line bundle L ∈ Sing(Ξ),

set FL = ∪s∈α−1(L)Fs.

The following Lemma is well known in the theory of

Algebraic Curves.

Lemma 3.1. For a divisor D on a smooth projective

curve C, the linear series | D | is of dimension ≥ r

if and only if for any effective divisor D1 of degree r

there exists D̃ ∈| D | such that D̃ ≥ D1.

Theorem 3.2. For any line bundle L ∈ Sing(Ξ), the

inclusion Cη ⊂ FL is valid.
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Proof. For a line bundle L ∈ Sing(Ξ), since Cη is con-

tained in QL, it is enough to prove that for a linear

space Λs contained in QL, one has Cη ∩Λs ⊂ Fs. For

a point p ∈ Cη ∩ Λs, set f
−1(p) = {p, q}. By Lemma

(3.1), for a general point t ∈ C̃ there exists at least a

divisor D ∈| D̃s | containing the points p, q and t in

its support. Therefore there is a curve X ⊂ α̃−1(L)

such that for any x ∈ X the linear space Λ̃x gener-

ated by the divisor x, contains p and q. Therefore for

any x ∈ X one has the inclusion:

Lp,q ∩Pg−2 ⊂ Λ̃x ∩Pg−2 = Λx

for which Lp,q is the line in P2g−2 passing through the

points p and q. Now [8] implies that p ∈ Λx. There-

fore there are 1-dimensional family of linear spaces

Λx passing through p. By moving the line bundle L

within the scheme Sing(Ξ) one gets a (g− 6)- dimen-

sional family of Λs’s passing through p. Since g ≥ 7,

this proves that p belongs to Fs. Therefore any point

p of Cη belongs to FL. This finishes the proof.

The proof of Theorem (3.2) implies that through any

point p of Cη, it passes at least (g − 6)-dimensional

family of Λs’s through p. We prove more than this

in Lemma (3.3). The lemma in fact implies that at

least (g− 5)-dimensional family of Λs’s pass through

a point p ∈ Cη.

Lemma 3.3. For any line bundle L ∈ Sing(Ξ), there

exists a surface Y ⊂ α̃−1(L) such that through any

point p of Cη it passes 2-dimensional family of Λs’s

parameterized by Y , through p.

Using Lemma (3.3), for a line bundle L ∈
Sing(Ξ), one can interpret the linear spaces contained

inQL parametrrized by α̃−1(L), as linear spaces pass-

ing through the points of Cη. Therefore although the

linear spaces inside the projectivized tangent cone of

the prym variety at the points L ∈ Sing(Ξ), which

are parametrized by α̃−1(L), are of high codimen-

sion; but any member of this family cuts the curve

Cη at least in one point. Summarizing we have:

Lemma 3.4. Any member of family (1), Λs, cuts the

curve Cη at least in one point.

Consider that Lemma (3.3) implies that the

focal map of the family (1), drops rank twice at any

point p ∈ Cη ∩ Fs. Now by this together with results

of the paper [7], it is seen immediately that:

Theorem 3.5. For any s ∈ S the focal scheme of

the family (1) at s ∈ S, Fs, is a singular scheme.

Precisely the set Cη ∩Fs, which by Lemma (3.3) is a

nonempty set, is contained in Sing(Fs).
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1 INTRODUCTION

Finsler metrics have many important applications

in Physics and biology(see [3]). A very interesting

type of Finsler metrics are Randers metrics which

for the first time were introduced by physicist Ran-

ders in 1941.

A Randers metric F on a connected smooth man-

ifold M can be written as F = α + β, where α is

the underling Riemannian metric on M and β is

an smooth 1-form on M which for all x ∈ M the

length of the form β with respect to α is less than

one or ∥ β ∥x≺ 1( see [7]). Since the Riemannian

metric α induces a bijection between 1-forms and

vector fields on M , the 1-form β corresponds to a

vector field V on M . If the vector filed V is parallel

with respect to the Riemannian metric α, then the

Randers metric F is said to be of Berwald type and

if the 1-form β is closed, then the Randers metric F

is said to be of Douglas type. Douglas metrics are

more generalized than Berwald metrics( see [5]).

In [1] we have generalized some results from the

Randers metrics of Berwald type to the Randers

metrics of Douglas type. Our aim in this paper is

to extend Berwald metrics on 4-dimensional hyper-

complex Lie groups.

Hypercomplex structures appear in the study of

black holes and sigma model spaces and they have

many application in physics. In [4] Barberis classi-

fied 4-dimensional hypercomplex Lie groups. Then

Salimi Moghaddam in [12] gave explicit formulae

for computing sectional curvatures on these spaces.

Later on he generalized his study for Randers met-

rics of Berwald type on these spaces and in [13] he

gave explicit formulae for computing flag curvature

of these metrics. In this paper we extend his study

for the Randers metrics of Douglas type. In fact we

first equipped these Lie groups with a left invariant

Randers metrics of Douglas type, then we obtain

their flag curvature formulae explicitly. We also in-

vestigate the set of all homogeneous geodesics on

these spaces with a left invariant Randers metric

of Douglas type.

∗Corresponding Author
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2 On 4-Dimensional Hyper-

complex Lie groups

Here we remind the classification of 4-dimensional

hypercomplex Lie groups given in [4].

Theorem 2.1. Let G be a hypercomplex 4-

dimensional simply connected Lie group with a left

invariant Hermitian metric g. Then G is isomor-

phic to one of the following Lie algebras:

(1) [Y,X] = [Z,X] = [W,X] = [Y, Z] = [Y,W ] =

[Y,W ] = 0,

(2) [Y,Z] = W, [Z,W ] = Y, [W,Y ] = Z, and X is

central,

(3) [X,Z] = X, [Y, Z] = Y, [X,W ] = Y, [Y,W ] =

−X,

(4) [X,Y ] = Y, [X,Z] = Z, [X,W ] = W,

(5) [X,Y ] = Y, [X,Z] = 1
2Z, [X,W ] =

1
2W, [Z,W ] = 1

2Y,

where {X,Y, Z,W} is an orthonormal basis.

Recall that if G is a Lie group with a left

invariant Randers metric F , where F is defined by

the Riemannian metric a = aijdx
i ⊗ dxj and the

vector field V , then F is of Douglas type if and only

if V satisfies

< [m,n], V >= 0, for all m,n ∈ G, (1)

for more details see p.94 theorem 3.2 in [2]. Also

more exactly a Randers metric F on a smooth n-

dimensional manifold M can be written as

F (x, y) =
√
αx < y, y >+ αx < y, V >, (2)

where α = aijdx
i ⊗ dxj is the Riemannian metric,

x ∈ M , y ∈ TxM and αx < V, V >≺ 1( see [8]).

Theorem 2.2. The Randers metrics of Douglas

type on 4-dimensional hypercomplex Lie groups are

given as follows

(1) F (s) =
√∑4

i=1 a
2
i+K1a1+K2a2+K3a3+K4a4,

where K2
1 +K2

2 +K2
3 +K2

4 ≺ 1,

(2) F (s) =
√∑4

i=1 a
2
i +K1a1, where |K1| ≺ 1,

(3) F (s) =
√∑4

i=1 a
2
i + K3a3 + K4a4, where

K2
3 +K2

4 ≺ 1,

(4) F (s) =
√∑4

i=1 a
2
i +K1a1, where |K1| ≺ 1,

(5) F (s) =
√∑4

i=1 a
2
i +K1a1, where |K1| ≺ 1,

where s = a1X + a2Y + a3Z + a4W is a vector in

the lie algebra G of G.

Proof. In the case 1 of theorem 2.1 by using Eq.(1)

where V = K1X + K2Y + K3Z + K4W is a vec-

tor in G and m,n ∈ G are orthonormal, we have

V = K1X +K2Y +K3Z +K4W . If we replace V

in Eq.(2) we have F (s) =
√∑4

i=1 a
2
i +K1a1. Also

since F is a Randers metric we have K2
1 + K2

2 +

K2
3 + K2

4 ≺ 1. In other cases in the same way we

obtain the desired result.

Theorem 2.3. Let G be a four dimensional hyper-

complex Lie group, which is equipped with a Ran-

ders metric F of Douglas type. Also let (P, s) be a

flag in G such that {t, s} is an orthonormal basis

of P with respect to the left invariant Riemannian

metric g. Then the flag curvature formulae on 4-

dimensional hypercomplex Lie groups in 5-cases re-

spectively are given as follow.

Case 1:

K(P, s) = 0, (3)

Case 2:

K(P, s) =
(a2b3 − a+ 3b2)

2 + (a2b4 − a4b2)
2

4(1 +K1a1

+
(a3b4 − a4b3)

2

4(1 +K1a1)2
, (4)

Case 3:

K(P, s) =
−{(a1b2 − b2a1)(aY − bX)

(1 +K3a3 +K4a4)2

+
(a1b3 − a3b1)(a1Z − a3X)

(1 +K3Z +K4W )2

+
(a2b3 − a3b2)(a2Z − a3Y )}

(1 +K3a3 +K4a4)2

+
3((a21 + a22)K3)

2

4(1 +K3a3 +K4a4)4
+

K3a3(a
2
1 + a22)

(1 +K3a3 +K4a4)3
,

(5)

Case 4:

K(P, s) =
−{(a1b2 − a2b1)

2 + (a1b3 − a3b1)
2

(1 +K1X)2

2
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+
(a2b3 − a3b2)

2 + (a1b4 − a4b1)
2

(1 +K1X)2

+
(a2b4 − b2a4)

2 + (a3b4 − a4b3)
2}

(1 +K1X)2

+
3(K1(a

2
2 + a23 + a24))

2

4(1 +K1X)4
+

K1a1(a
2
2 + a23 + a24)

(1 +K1X)3
,

(6)

Case 5:

K(P, s) =
−{a1b2 − a2b1 +

1
4 (a3b4 − a4b3))

2

(1 +K1a1)2

+
1
4 (a1b3 − a3b1 +

1
2 (a2b4 − b4a2))

2

(1 +K1a1)2

+
1
4 (a1b4 − b4a1 − 1

2 (a2b3 − a3b2))
+ 3

8 ((a2b3 − b2a3)
2

(1 +K1a1)2

+
(a2b4 − a4b2)

2 + (a3b4 − a4b3)
2}

(1 +K1a1)2

+
3((

2a2
2+a2

3+a2
4

2 )K1)
2

4(1 +K1a1)
4 +

K1a1(
4a2

2+a2
3+a2

4

4 )

(1 +K1a1)
3 . (7)

Proof. In the case 1 of theorem 2.1 by using the

following equation

2 < U(X,Y ), Z >=< [Z,X], Y > + < [Z, Y ], X >,

(8)

for all X,Y, Z ∈ G, we have

U(s, t) = 0, (9)

where s = a1X + a2Y + a3Z + a4W and t =

b1X + b2Y + b3Z + b4W . We can use the follow-

ing formula which is given in theorem 2.1, p.72 in

[6] for calculating the flag curvature of the Randers

metrics of Douglas type;

K(P, s) =
α2

F 2
K̄(P ) +

1

4F 4
(3 < U(y, y), V >2

−4F < U(y, U(y, y)), u >), (10)

where K̄(P ) is the sectional curvature of the Rie-

mannian metric g. If we apply Eq.(9), then we have

Eq.(3).

In the case 2 of theorem 2.1 by using Eq.(11) we

have

U(s, t) = U(s, s) = U(t, t) = 0,

where s = a1X + a2Y + a3Z + a4W and t =

b1X + b2Y + b3Z + b4W . Also the sectional curva-

ture is given in [12]. If we replace them in Eq.(10),

then we have Eq.(4).

In the case 3 of theorem 2.1 similar to case 1 we

get

U(s, t) =
1

2
(b1a3 + a4b2 + a1b3 + a2b4)X+

1

2
(−a4b1+a3b2−a1b4+a2b3)Y +(−a1b1−a2b2)Z,

where s = a1X + a2Y + a3Z + a4W and t = b1X +

b2Y + b3Z + b4W . Then we have < U(s, s), V >=

−K3(a
2
1 + a22) and < U(s, U(s, s)), V >= −(a21 +

a22)a3K3. Also the sectional curvature K̄ is given in

[12]. If we replace them in Eq.(10) we have Eq.(5).

In the case 4 of theorem 2.1 since

U(s, t) = (a2b2+a3b3+a4b4)X+
−1

2
(a1b2+b1a2)Y

−1

2
(a1b3 + b1a3)Z − 1

2
(a1b4 + b1a4)W,

where s = a1X + a2Y + a3Z + a4W and t = b1X +

b2Y + b3Z + b4W . Then we have < U(s, s), V >=

(a22 + a23 + a24)K1 and < U(s, U(s, s)), V >=

−K1a1(a
2
2 + a23 + a24). Also the sectional curvature

K̄ is given in [12]. If we replace them in Eq.(10)

we have Eq.(6).

In the case 5 of theorem 2.1 by using the following

equation

2 < U(X,Y ), Z >=< [Z,X], Y > + < [Z, Y ], X >,

(11)

for all X,Y, Z ∈ G, we have

U(s, t) = (
2b2a2 + b3a3 + b4a4

2
)X+

(
−b1a2 − a1b2

2
)Y + (

b4a2 + a4b2 − b1a3 − a1b3
4

)Z

+(
−b3a2 − a3b2 − b1a4 − a1b4

4
)W,

where s = a1X + a2Y + a3Z + a4W and

t = b1X + b2Y + b3Z + b4W . Then we

have < U(s, s), V >=
2a2

2+a2
3+a2

4

2 K1 and <

U(s, U(s, s)), V >=
−a1(4a

2
2+a2

3+a2
4

4 . Also the sec-

tional curvature K̄ is given in [12]. By replacing

them in Eq.(10) we have the desired result.
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Here we remind the following theorem from

[11].

Theorem 2.4. A finsler metric F on a manifold

M (dimM ≥ 3) is locally projectively flat if and

only if F is a Douglas metric with scalar flag cur-

vature.

So by theorems 2.6 and 2.4 we have the fol-

lowing result.

Corollary 2.5. Every hypercomplex four dimen-

sional Lie group with the Randers metrics of Dou-

glas type is a locally projectively flat Finsler spaces.

Here we state the exact form of homoge-

neous geodesics on hypercomplex four dimensional

Lie groups.

Theorem 2.6. Let G be a four dimensional hyper-

complex Lie group, which is equipped with a Ran-

ders metric F of Douglas type. Then y is a geodesic

vector of (Gn, F ) if and only if y has one of the fol-

lowing forms

(1) y = a1X + a2Y + a3Z + a4W

(2) y = a1X + a2Y + a3Z + a4W

(3) y = a3Z + a4W

(4) y = a1X

(5) y = a1X

Proof. By the following formula in [9, 10], for the

case 4 we have

< a1X1 +
a1X + a2Y + a3Z + a4W√∑4

i=1 a
2
i

, [a1X

+a2Y + a3Z + a4W, ej ] >= 0,

where ej = X,Y, Z or W which implies that y =

a1X. The proof of (1), (2), (3) and (5) are simi-

lar.
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1 INTRODUCTION

A classic theorem about Riemannian manifolds of

non-positive curvature ([16]) states that a homo-

geneous Riemannian manifold M of non positive

curvature is simply connected or it is diffeomor-

phic to a cylinder over a torus (i.e, it is diffeo-

morphic to Rk × T s, k + s = dimM). It is in-

teresting to reduce the homogeneity condition to

weaker conditions and see what happens to the

topology of M . When M is homogeneous then

there is a connected and closed subgroup G of

the isometries of M such that the orbit space of

the action of G on M , M
G is a one point set. A

weaker condition is that dimM
G = 1 or 2 (i.e, M

be a cohomogeneity one or cohomogeneity two G-

manifold). There are some interesting theorems

about topological properties of cohomogeneity one

G-manifolds of non-positive curvature under condi-

tions onG andM (see [1],[12], [13], [15]). There is a

topological characterization of cohomogeneity one

UND-Riemannian manifolds ( Riemannian mani-

folds with the property that the universal covering

manifold decomposes as a direct product of nega-

tively curved manifolds) in [13]. Following the pa-

pers [9-11], where the first author proved various re-

sults about topological properties of cohomogeneity

two negatively curved G-manifold M under some

special conditions on M or G, we are going to con-

sider some cohomogeneity two UND- manifolds in

the present paper. We topologically characterize a

UND-manifold M which is acted on isometrically

by a connected and closed subgroup G of isome-

tries, under the condition that the fixed point set

of the action is not empty
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1 INTRODUCTION

The theory of Lie groups of differential equations

was developed by Sophus Lie. In this paper, we

study the following third-order nonlinear equation

ut − ux2t + uxf(u)− auxux2 − buux3 = 0 (1)

There are three cases to consider: 1) b ̸= 0, a =

arbitrary constant, 2) b = 0, a ̸= 0, and 3) b = 0,

a = 0. In [?], Clarkson, Mansfield and Priestly are

concerned with symmetry reductions of the non-

linear third order partial differential equation given

by

ut − ϵux2t + (k − u)ux − uux3 − βuxux2 = 0, (2)

Where ϵ, k, and β are arbitrary constants. The

special cases of (??) are:

i) Cammasa-Holm (CH) equation ut − ux2t +

(k + 3u)ux = uux3 + 2uxux2 , k -arbitrary

(real), describing the unidirectional propaga-

tion of shallow water waves over a flat bottom

(letf(u) = k + 3u, a = 2, b = 1 in (??).

ii) Degas peris-Procesi (DP) equation ut−ux2t+

(k + 4u)ux = uux3 + 3uxux2 , k -arbitrary

(real), is another equation of this class (let

f(u) = k + 4u, a = 3, b = 1 in (??).

iii) Fornberg whitham (FW) equation ut−ux2t+

(1 + u)ux = uux3 + 3uxux2 , is another equa-

tion of this class (letf(u) = 1+u, a = 3, b = 1

in (??)).

iv) BBM equation ut − ux2t + ux + (uu)x = 0,

is another equation of this class (let f(u) =

1 + u, a = 0, b = 0 in (??)).

2 Method of Lie symmetry

In this section, we recall the general procedure for

determining symmetries for an arbitrary system of

partial differential equations [?]. Let us consider

the general system of a nonlinear system of par-

tial differential equations of order n, containing p

independent and q dependent variables is given as

follows

∆ν(x, u
(n)) = 0, ν = 1, · · · (3)

Involving x = (x1, · · · , xp), u = (u1, · · · , uq) and

the derivatives of u with respect to x up to n,

where u(n) represents all the derivatives of u of

1
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all orders from 0 to n. The one-parameter Lie

group of transformations of the system (??): x̄i =

xi + ϵξi(x, u) +O(ϵ2), ūj = uj + ϵϕj(x, u) +O(ϵ2),

Wherei = 1, · · · , p,j = 1, · · · , q and ξi,ϕj are

the infinitesimal of the transformations for the in-

dependent and dependent variables, respectively

and ϵ is the transformation parameter. We con-

sider the general vector field v as the infinites-

imal generator associated with the above group

v =
∑p

i=1 ξ
i(x, u) ∂xi +

∑q
j=1 ϕ

j(x, u) ∂uj . A sym-

metry of a differential equation is a transformation,

which maps solutions of the equation to other solu-

tions. The invariance of the system (??) under the

infinitesimal transformation leads to the invariance

conditions. (Theorem 2.36 of [?], Theorem 6.5 of

[?]).

vn[∆ν(x, u
n)] = 0, ∆ν(x, u

n) = 0, ν = 1, · · · , r,
(4)

where vn is called the nth order prolongation of

the infinitesimal generator given by vn = v +∑q
j=1

∑
k ϕ

j
k(x, u

(n)) ∂uj
k
, where k = (i1, · · · iα),

1 ≤ iα ≤ p, 1 ≤ α ≤ n, and the sum is over all

k’s of order 0 < #k ≤ n. If #k = α, the coefi-

cent ϕj
k of ∂uj

k
, will depend onlly on α’th and lower

order derivatives of u and? ϕk
j (x, u

n) = Dk

(
ϕj −∑p

i=1(ξ
iuj

i )
)
+

∑p
i=1 ξ

iuj
k,i, where uj

i := ∂uj/∂xi

and uj
k,i := ∂uj

k/∂x
i.There are tree cases to con-

sider.

3 Classical Symmetry Method

In this section, we will perfom Lie group method

for Eq.(??). on (x1 = x, x2 = t, u1 = u), (x̃, t̃, ũ) =

(x, t, u) + ϵ(ξ(x, t, u), τ(x, t, u), ϕ(x, t, u)) + O(ϵ2),

where ϵ ≤ 1 the group parameter and ξ1 = ξ, ξ2 =

τ andϕ1 = ϕ are the infinitesimals of the transfor-

mations for the independent and dependent vari-

ables respectively, the associated vector fields is of

the form v = ξ(x, t, u) ∂x+τ(x, t, u) ∂t+ϕ(x, t, u) ∂u

and the third porolongation of v is the vector field

v(3) = v+ϕx ∂ux+ϕt ∂ut+ϕx2

∂ux2+ϕxt ∂uxt+· · ·+ϕttt ∂uttt,

(5)

with coefficent

ϕk = Dk(ϕ−
2∑

i=1

ξiuj
i ) +

2∑
i=1

ξiuk,i (6)

where Dk is the total derivative with respect to in-

dependent variables. By Theoreom2.36 in [?], the

invariance condition for Eq. (??) is given by,

v(3)[ut−ux2t+uxf(u)−auxux2 − buux3 ] = 0, (7)

whenever [ut−ux2t+uxf(u)−auxux2 −buux3 ] = 0.

the condition ?? is equvalent to

ϕt−bux3ϕ+(f(u)−aux2)ϕx−auxϕ
x2

−buϕx3

−ϕx2t = 0,

(8)

whenever [ut−ux2t+uxf(u)−auxux2 −buux3 ] = 0.

substituting (??) into invariance condition (??),

yields the determining equations. there are three

cases to consider.

3.1 b ̸= 0, a =arbitrary constant.

Infinitesimal generators of every one parameter Lie

group of point symmetries in this case are:

v1 = −t∂x+t∂t−
(bu+ 1)

b
∂u, v2 = ∂t, v3 = ∂x.

(9)

we have

f(u) = −1 +K(bu+ 1) (10)

to compute the Adjoint representation, we use the

Lie series

Ad(exp(ϵvi)vj) = vj−ϵ[vi, vj ]+
ϵ2

2
[vi, [vi, vj ]]−· · · ,

(11)

where [vi, vj ] is the commutator for the Lie

algebra,ϵ is a parameter, and i, j = 1, 2, 3, then

we have the table 1.

TABLE 1

Adjoint representation table of the infinitesimal generators in

this case

case v1 v2 v3

v1 v1 e−ϵv2 (−eϵ + 1)v2 + v3

v2 v1 ϵv1 + v2 −ϵv1 + v3

v3 v1 v2 v3

2
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3.2 a ̸= 0, b = 0

to find complete solution of the determining sys-

tem, we consider l = dimSpamR{fu, f, l} three

cases are possible

i) l = 1, then f = constant,

ii) l = 2, then fu= αf + β,

iii) l = 3, then αfu + βf + γ ̸= 0, α ̸= 0.

Case i) In this case with substituting f =

constant in determining system the Infinitesimal

generators of every one parameter Lie group of

point symmetries are:

v1 = ∂x, v2 = ∂t, v3 = ∂u. (12)

Case ii) In this case with integrating from

fu= αf + β with respect to u we obtain

f(u) =
−β

α
+ Ceαu (13)

where C is an integrating constant. Infinitesimal

generators of every one parameter Lie group of

point symmetries in this case are:

v1 = −t∂t+
c2(Cαeαu − β)

Cα2eαu
∂u, v2 = ∂t, v3 = ∂x.

(14)

the Adjoint representation table of the infinitesimal

generators vi is given in table 2.

TABLE 2

Adjoint representation table of the infinitesimal generators in

this case

case v1 v2 v3

v1 v1 eϵv2 v3

v2 v1 −ϵv1 + v2 v3

v3 v1 v2 v3

Case iii) Infinitesimal generators of every one

parameter Lie group of point symmetries in this

case are:

v1 = ∂t, v2 = ∂x. (15)

3.3 b = 0, a = 0.

in this case, to find a complete solution of the com-

plete set of determining equation with assumption

fu ̸= 0 two general cases are possible:

i)
f

fu
= c, ii)

f

fu
= h(u).

where c is constant.

Case i) In this case with integrating from f
fu

= c

with respect to u we have

f(u) = Le
u
c . (16)

where L is an integrating constant. Infinitesimal

generators of every one parameter Lie group of

point symmetries in this case are:

v1 = −t∂t − c∂u, v2 = ∂t, v3 = ∂x. (17)

the Adjont representation table of the infinitesimal

generatorsvi is given in table 3

TABLE 3

Adjoint representation table of the infinitesimal generators in

this case

case v1 v2 v3

v1 v1 eϵv2 v3

v2 v1 ϵv1 + v2 v3

v3 v1 v2 v3

Case ii) In this case, we find that the compo-

nents ξ, τ and ϕ are ξ = ξ(x), τ = τ(t) and

ϕ = A(x)u + B(x, t). Infinitesimal generators of

every one parameter Lie group of point symmetries

in this case are:

v1 = t∂t, v2 = ∂t. (18)
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1 INTRODUCTION

The definition of local Lie group is generalized in

[1], by using of top spaces[2]. Let us recall the def-

inition of a local Lie group and its generalization,

local top spaces.

Definition 1.1[3] A smooth manifold L is called a

local Lie group if there exists

• a distinguished element e ∈ L, the identity

element,

• a smooth product map µ : U → L defined on

an open subset ({e} × L) ∪ (L× {e}) ⊂ U ⊂
(L× L),

• a smooth inversion map i : V → L defined

on an open subset e ∈ V ⊂ L such that

V × i(V ) ⊂ U , and i(V )× V ⊂ U ,

all satisfying the following properties:

(i) Identity: µ(e, x) = x = µ(x, e) for all x ∈ L,

(ii) Inverse: µ(i(x), x) = µ(x, i(x)) = e for all

x ∈ V ,

(iii) Associativity: If (x, y), (y, z), (µ(x, y), z) and

(x, µ(y, z)) all belongs to U , then

µ(µ(x, y), z) = µ(x, µ(y, z)).

Definition 1.2. A smooth manifold H is called a

local top space if there exists

• a set e(H) ⊂ H, the identity elements,

• a smooth product map µ : U → H defined on

an open subset (e(H) × H) ∪ (H × e(H)) ⊂
U ⊂ (H ×H),

• a smooth inversion map i : V → H defined

on an open subset e(H) ⊂ V ⊂ H such that

V × i(V ) ⊂ U , and i(V )× V ⊂ U ,

all satisfying the following properties:

(i) Identity: For each x ∈ H there is a unique ele-

ment e(x) such that µ(e(x), x) = x = µ(x, e(x)).

(ii) Inverse: µ(i(x), x) = µ(x, i(x)) = e(x) for all

x ∈ V .

(iii) Associativity: If (x, y), (y, z), (µ(x, y), z) and

(x, µ(y, z)) all belongs to U , then

µ(µ(x, y), z) = µ(x, µ(y, z)).

∗Corresponding Author
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(iv) µ(e(x), e(y)) = e(µ(x, y)), for each x, y ∈ H.

(ivv) e : H → H is a smooth map.

One can use the symbol (H,µ,U, i, V ) for a local

top space H with the functions µ, i, U and V as

the above definition.

Example 1.1. Let H ⊆ T be a neighborhood of

e(T ) in the top space T and U be any open subset

of H×H such that (e(T )×H)∪ (H×e(T )) ⊂ U ⊂
(H ×H) ∩ µ−1(H). In addition let V be any open

subset of H such that e(T ) ⊂ V ⊂ H ∩ i−1(H),

and (V × i(V ))∪(i(V )×V ) ⊂ U . The group multi-

plication µ and inversion i on T then restricted to

define local top space multiplication and inversion

maps on H.

Definition 1.3. Let M be a smooth m-

dimensional manifold. A frame on M is a

set of vector fields V = {v1, ..., vm} such that

{v1(x), ..., vm(x)} form a basis for the tangent space

TMx at each point x ∈ M .

Remark 1.1. Let V be a frame for M . There

exists functions Ck
ij such that:

[vi, vj ] = ΣCk
ijvk.

The functions Ck
ij are called structure functions of

the given frame. The frame V is said to have rank

0 if the functions Ck
ij are all constant. For exam-

ple the structure functions of the Lie algebra g are

constant.

Left and right multiplication with x are defined

with:

lx(y) = µ(x, y), rx(y) = µ(y, x)

Definition 1.4.[3] A local Lie group L is regular if,

for each x ∈ L, the maps lx and rx are diffeomor-

phisms on their respective domains of definition.

Definition 1.5. A local top space H is regular

if e−1(e(x)) is regular local Lie group, for every

x ∈ H.

Definition 1.6.[3] A local top space H is as-

sociative to order n if, for every 3 ≤ m ≤ n,

and every ordered m−tuple of group elements

(x1, x2, ..., xm) ∈ L×m, all corresponding well de-

fined m−fold products are equal. A local group

is called globally associative if it is associative to

every order n ≥ 3.

2 Homeomorphisms of local

top spaces

Theorem 2.1. If H is a regular local top space

with finite number of identities which is locally as-

sociative then it admits a left invariant frame of

rank 0. Conversely if M is a manifold that admits

a rank 0 frame, then it can be endowed with the

structure of a right regular, locally associative local

top space having the given frame as left invariant

Lie algebra elements.

Proof. Let H be a locally associative, regular local

top space. Given a tangent vector ve(t) ∈ TMe(t),

for t ∈ H, we define vx = dlxve(t). By associativity

v is left invariant. Hence dly(vx) = v(µ(x, y)), for

any (x, y) ∈ U . By right regularity the set of left

invariant vector fields defines a global frame on H.

Conversely if M is a manifold that admits a rank

0 frame, then it can be endowed with the structure

of a right regular, locally associative local lie group

having the given frame as left invariant Lie alge-

bra elements[3]. Since local lie groups are local top

space too the theorem is proved.

Remark 2.1. Any manifold admitting a global

frame V = {v1, ..., vn} also admits a global coframe

θ = {θ1, ..., θm} which is defined by < θi, vj >= δij
at each x ∈ M . The dual structure equations for

the coframe are dθk =
∑

Ck
ijθi ∧ θj . The structure

functions are the same as structure functions for V .

The dual coframe to a left invariant frame on a local

top space is known Maurer-Cartan coframe and its

structure functions are called Maurer-Cartan equa-

tions.

Definition 2.2.[3] A subset U ⊂ L of a local Lie

group L is said to generate L if L =
∪
U (n). Here
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U (n) ⊂ L denotes the subset consisting of all group

elements x ∈ L which can be written as a well de-

fined n-fold product of elements x1, ..., xn ∈ U .

Definition 2.3.[3] A local Lie group L is connected

if

• L is a connected manifold,

• The domain of definition of multtiplication

and inversion maps are also connected,

• if U is any neighborhood of identity, then U

generates L.

Definition 2.4.[3] A local top space H is con-

nected if H be a union of connected local Lie

groups.

Theorem.[3] Suppose L and M are connected m-

dimensional local Lie groups, and θ, η denote their

respective right invariant Maurer-Cartan coframes.

If a map ϕ : L → M satisfies ϕ∗(η) = θ and and

ϕ(e) = ẽ, then ϕ defines a local group homeomor-

phism from L onto its image.

The following theorem is an immediate conse-

quence of pervious theorem.

Theorem 2.2. Suppose that H is a connected lo-

cal top spaces with finite number of identities, L is

a connected local Lie group and θ, η denote their

left invariant Maurer-Cartan coframe. If a map

ϕ : H → L satisfies ϕ∗(η) = θ and ϕ(e(t)) = e,

then ϕ defines a local top space homeomorphism.

Proof. The connected local top space H with

the set of identities {e1, ..., en} is union of con-

nected local Lie groups L1, L2, ..., Ln [1]. Now

ϕi = ϕ|L1 : L1 → L, 1 ≤ i ≤ n, has the prop-

erties of the above theorem and consequently is a

local homeomorphism. Hence ϕ : H → L is a local

homeomorphism too.

Theorem 2.3. Let H be a local top space with fi-

nite number of identities. Then there is a covering

top space H̃ of H which is also a local covering of

an open subset M of a global Lie group G.

Proof. Since H is union of local Lie groups

L1, ..., Ln there are local covering groups ϕi : Li →
Li. In addition Li’s and consequently Li’s are dif-

feomorphic. Hence Li are also local covering of M ,

where M ⊂ G is an open subset of a global Lie

group G [3]. Let H̃ = ∪Li. One can give H̃ a top

space construction such that the map ϕ : H̃ → H,

ϕ|Li = ϕi, be a local covering. Hence H̃ is a local

covering of M too.
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Abstract: Let Cc(X) = {f ∈ C(X) : |f(X)| ≤ ℵ0} and CF (X) be the socle of C(X). Similar to C(X) it is

shown that uniform ideals and minimal ideals in Cc(X) coincide. Essential ideals in Cc(X) via a topological

property are characterized. We define essential zc-filter and it is shown that essential zc-filters behave like

zc-ultrafilters and prime zc-filters. It is shown that X is a CP -space if and only if every essential ideal in

Cc(X) is a zc-ideal. Cc(X) enjoys most of the important properties of C(X). We observe that if X is an

almost discrete space, then CF (X) is an essential ideal in Cc(X). For essentiality of CF (X) in some subrings

of C(X) the cardinality of I(X) is important. In particular, if |I(X)| < ∞, then CF (X) is not essential in

any subring of C(X).

Keywords: essential, zero-dimensional, zc-ideal, socle, almost discrete space.

1 INTRODUCTION

In [5], the subalgebra Cc(X) of C(X) consisting

of functions with countable image are introduced

and studied. It turns out that Cc(X), although

not isomorphic to any C(Y ) in general, it enjoys

most of the important properties of C(X) (note,

some of these properties do not hold for C∗(X)

unless X is finite). The socle of C(X) which is

the sum of all minimal ideals of C(X) is charac-

terized topologycally in [6, Proposition 3.3]. In

fact, CF (X) = {f ∈ C(X) : |f(X)| < ∞}, and

it is a useful object in the context of C(X). In

[5], topological spaces in which points and closed

sets are separated by elements in Cc(X) are called

c-completely regular space and it is observed that

these spaces coincide with zero-dimensional ones.

Consequently for any topological space X there

exists a zero-dimensional space Y which is a con-

tinuous image of X and Cc(X) ∼= Cc(Y ), see [5].

We recall that a nonzero ideal E in a commuta-

tive ring R is called essential if it intersects every

nonzero ideal nontrivially. An ideal A in Cc(X) is

said to be uniform if any two nonzero ideal con-

tained in A intersects nontrivially. Let I be an

ideal in Cc(X), then Zc[I] = {Z(f) : f ∈ I} and

Zc(X) = {Z(f) : f ∈ Cc(X)}. If Z−1
c [Zc[I]] = I,

then I is called a zc-ideal. If F ⊆ Zc(X) be a z-

filter, then it is called zc-filter. The set of uniform

ideals in Cc(X) and the set of minimal ideals in

Cc(X) coincide similar to C(X). We characterize

essential ideals in Cc(X) via a topological property.

∗S. Soltanpour
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We define essential zc-filter and it is shown that es-

sential prime zc-filter behave like zc-ultrafilter and

prime zc-filter. A space X is called a CP -space if

Cc(X) is regular. X is a CP -space if and only if

each ideal in Cc(X) is a zc-ideal. Every P -space

is a CP -space and a characterization of CP -spaces

similar to one for P -spaces is given in [5]. In zero-

dimensional spaces, P -spaces and CP -spaces are

the same. We prove that X is a CP -space if and

only if every essential ideal in Cc(X) is a zc-ideal.

If X is an almost discrete space, then CF (X) is an

essential ideal in Cc(X). For essentiality CF (X)

in some subrings of C(X) the cardinality of I(X)

is important. If |I(X)| < ∞, then CF (X) is not

essential in any subring of C(X). All topologi-

cal spaces that appear are assumed to be infinite

completely regular Hausdorff unless the contrary is

stated explicity and for undefined terms and nota-

tions the reader is referred to [4], [5].

2 Uniform ideals of Cc(X)

Theorem 2.1. Let X be a zero-dimensional space

then I is a nonzero minimal ideal of Cc(X) if and

only if |Zc[I]| = 2 and for every 0 ̸= f ∈ I,

|X\Zc(f)| = 1 and X\Zc(f) is closed.

Corollary 2.2. Every minimal ideal of Cc(X) is

a zc-ideal.

The set of uniform ideals in Cc(X) and the set of

minimal ideals via C(X) coincide.

Theorem 2.3. If X is a zero-dimensional space

and A is an ideal in Cc(X), then the following are

equivalent.

(i) A is a uniform ideal in Cc(X).

(ii) For any two nonzero elements f, g ∈ A, fg ̸= 0.

(iii) A is a minimal ideal in Cc(X).

3 Essential ideals in Cc(X)

Theorem 3.1. If X is a zero-dimensional space

and E is a nonzero ideal in Cc(X), then the fol-

lowing are equivalent.

(i) E intersects every nonzero zc-ideal in Cc(X)

nontrivially.

(ii) E is an essential ideal in Cc(X).

(iii) Ann(E) = (0).

(iv) ∩Zc[E] is a nowhere dense subset of X.

proposition 3.2. If X is a zero-dimensional

space, then

(i) The Principal ideal fCc(X) is an essential ideal

if and only if Zc(f) is a nowhere dense subset of

X.

(ii) Every free ideal I of Cc(X) is an essential ideal.

(iii) If x is a nonisolated point in X then the ideals

Oc
x and M c

x are essential ideals.

Theorem 3.3. Every pseudoprime ideal in Cc(X)

is either an essential ideal or an isolated maximal

ideal which is at the same time a minimal prime

ideal.

4 Essential zc-filter

Next we give a natural definition of an essential

zc-filter.

Definition 4.1. A zc-filter F in a space X is called

an essential zc-filter whenever F ∩ F ′ ̸= {X} for

every nontrivial zc-filter F ′.

The following result shows that the essential zc-

filters behave like the zc-ultrafilters and prime zc-

filters.

Theorem 4.2. (i) If E is an essential ideal in

C(X), then Zc[E] is an essential zc-filter.

(ii) If F is an essential zc-filter, then Z−1
c [F ] =

{f ∈ Cc(X) : Zc(f) ∈ F} is an essential ideal in

Cc(X).

Theorem 4.3. X is a CP -space if and only if ev-

ery essential ideal in Cc(X) is a zc-ideal.

proposition 4.4. Every proper ideal of Cc(X) is

nonessential if and only if every zc-ideal of Cc(X)

is nonessential.
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5 On essentiality of CF (X)

Theorem 5.1. Let X be an almost discrete space

(i.e., the set of isolated points of X is dense). Then

CF (X) is an essential ideal in any subring T of

C(X) which contains CF (X).

Corollary 5.2. If X is an almost discrete space,

then CF (X) is an essential ideal in Cc(X).

Corollary 5.3. If X is an almost discrete space,

then for every f ∈ Cc(X) there exists g ∈ Cc(X)

such that fg ∈ CF (X).

The following results show that for essentiality

CF (X) in some subrings of C(X) the cardinality of

I(X) is important.

proposition 5.4. If |I(X)| ≥ ℵ0, then CF (X) is

an essential ideal in R+ CF (X).

Proof. Let g = r + f , 0 ̸= r ∈ R, and 0 ̸=
f ∈ CF (X). We note that CF (X) =

∑
⊕eiC(X),

where for every i, ei is an idempotent in C(X).

Since f ∈ CF (X), f = e1f1 + . . . + enfn. There-

fore for every j ̸= 1, . . . , n, fej = 0. Hence

gej = rej ∈ CF (X) ∩ (g), and if r = 0, then

(g) = (f) ⊆ CF (X).

proposition 5.5. Let |I(X)| < ∞, then CF (X) is

not essential in any subring of C(X).

Proof. Let I(X) = {x1, x2, . . . , xn} and

ei(x) =

{
1 , x = xi

0 , x ̸= xi

CF (X) = (e1, . . . , en) = eC(X), where

e(x) =

{
1 , x ∈ {x1, . . . , xn}
0 , x ∈ X\{x1, . . . , xn}

is an idempotent and C(X) = eC(X)⊕(1−e)C(X).

Now, if T is a subring of C(X) contains CF (X),

we have T = (eC(X)(1 − e)C(X)) ∩ T . But

T1 = (1 − e)C(X) ∩ T is an ideal of T such that

CF (X) ∩ T1 = {0}.

References

[1] F. Azarpanah, ”Essential ideal in C(X),” Pe-

riod. Math. Hungar. 31 (2) (1995), 105-112.

[2] R. Engelking, General topology, Berlin. Hel-

dermann, 1980.

[3] L. Gillman, ”Convex and Pseudo prime ideals

in C(X),” General topology and its applica-

tions, Proceedings of the 1988 Northeast Con-

ference, New York (1990), 87-95.

[4] L. Gillman and M. Jerison, Rings of continu-

ous functions, Springer, 1967.

[5] M. Ghadermazi, O.A.S. Karamzadeh, and M.

namdari, ”On functionally countable subalge-

bra of C(X),” Rocky Mountain J.Math. 2011,

29, 1153-1164.

[6] O.A.S. Karamzadeh, and M. Rostami, ”On

the intrinsic topology and some relateds ideals

of C(X),” Proc. Amer. Math. Soc. 93(1985),

179-184.

[7] W. Dietrich, ”On the ideal structure of C(X),”

Trans. Math. Soc. 152 (1970), 61-77. MR 42.

850.

3

57

57



Classification of real analytic generic

CR-manifolds of dimensions ≤ 5

Masoud Sabzevari , Academic member of Department of Mathematics,

University of Shahrekord, sabzevari@math.iut.ac.ir

Abstract: All real analytic generic CR-manifolds of real dimensions up to five are classified into six general

CR-classes denoted by I, II, III1, III2, IV1, IV2. This classification is done in terms of the complex tangent
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equations are specified for each class.
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1 INTRODUCTION

For an N -dimensional complex space CN with co-

ordinates zk := xk+i yk, k = 1, . . . , N , the complex

structure is defined on the tangent space TCN by

J( ∂
∂xk

) := ∂
∂xk

and J( ∂
∂yk

) := − ∂
∂xk

. For an ar-

bitrary connected submanifold M of CN and for

each point p ∈ M , the complex tangent plane of M

is defined as T c
pM := TpM ∩ J(TpM). This bundle

can be divided into its conjugated holomorphic and

antiholomorphic subbundles T 1,0M and T 0,1M as

T cM = T 1,0M⊕T 0,1M . Such submanifold is called

Cauchy-Riemann (CR for short) whenever the di-

mension of this space is constant as p varies in M .

It also is called generic when TpM + J(TpM) =

TpC
N . As is known [8, 4], every real analytic

generic CR-manifold M ⊂ CN can be represented

locally in some coordinates (z1, . . . , zn, w1, . . . , wc)

with w = u+ i v and with N = n+ c as the graph

of some c real functions:


v1 := φ(z, z, u),
...

vc := φ(z, z, u).

In this case, the integers n and c are in fact the

CR-dimension and CR-codimension of M and the

real dimension of M is dimRM = 2n+ c.

2 CLASSIFICATION

Our aim in this paper is to classify all real analytic

generic CR-manifolds of real dimensions ≤ 5. At

first, one should notice that the two cases n = 0

and c = 0 are not interesting in CR-geometry, for:

M ∼= Rc,

M ∼= Cn,

respectively. Hence, one assumes n, c ≥ 1. A plain

inspection shows that there are in fact four possi-

bilities for n and c so that the corresponding CR-

manifolds being of real dimensions ≤ 5:

2n+ c = 3 =⇒ {n = 1, c = 1,

2n+ c = 4 =⇒ {n = 1, c = 2,

2n+ c = 5 =⇒

{
n = 1, c = 3,

n = 2, c = 1.

1
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In order to distinguish these cases, dimensions must

be emphasized:

M3 ⊂ C2, M4 ⊂ C3, M5 ⊂ C4,

C3
.

Before proceeding to classify these CR-

manifolds, we need the following result from [4].

Proposition 2.1. On a CR-generic submanifold

M2n+c ⊂ Cn+c of smoothness Cκ (κ ≥ 1) which is

locally represented in coordinates:(
z1, . . . , zn, w1, . . . , wc

)
with w = u+ i v as the graph of c real valued func-

tions:

v1 = φ1

(
z1, . . . , zn, z1, . . . , zn, u1, . . . , uc

)
,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

vc = φc

(
z1, . . . , zn, z1, . . . , zn, u1, . . . , uc

)
,

a local frame for T 1,0M :{
L1, . . . ,Ln

}
is constituted of the n vector fields:

L1 =
∂

∂z1
+ A1

1

(
x•, y•, u•

) ∂

∂w1
+ · · ·+ Ac

1

(
x•, y•, u•

) ∂

∂wc

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

Ln =
∂

∂zn
+ A1

n

(
x•, y•, u•

) ∂

∂w1
+ · · ·+ Ac

n

(
x•, y•, u•

) ∂

∂wc
,

whose coefficient functions are given, for i =

1, . . . , n, explicitly by:

A1
i =

∣∣∣∣∣∣∣∣∣∣

− 2φ1,zi φ1,u2 · · · φ1,uc

− 2φ2,zi i+ φ2,u2 · · · φ2,uc

..

.
..
.

. . .
..
.

− 2φc,zi φc,u2 · · · i+ φc,uc

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

i+ φ1,u1 · · · φ1,uc

φ2,u1 · · · φ2,uc

..

.
. . .

..

.

φc,u1 · · · i+ φc,uc

∣∣∣∣∣∣∣∣∣∣

, . . . . . . ,

Ac
i =

∣∣∣∣∣∣∣∣∣∣

i+ φ1,u1 · · · − 2φ1,zi

φ2,u1 · · · − 2φ2,zi

..

.
. . .

..

.

φc,u1 · · · − 2φc,zi

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

i+ φ1,u1 · · · φ1,uc

φ2,u1 · · · φ2,uc

..

.
. . .

..

.

φc,u1 · · · i+ φc,uc

∣∣∣∣∣∣∣∣∣∣

.

This proposition suggests one to proceed

the desired classification according to the struc-

ture of Lie algebra generated by the associated local

frame of T cM = T 1,0M ⊕ T 0,1M . By this general

strategy, it is found in [4] and [3] six (holomor-

phically) non-equivalence classes of real analytic

generic CR-manifolds of dimensions ≤ 5, denoted

by I, II, III1, III2, IV1, IV2.

2.1 General class I

The first class I comprises all 3-dimensional CR-

manifoldsM3 ⊂ C2 of the equal CR-dimension and

CR-codimension 1 such that for any local vector

field generator L of T 1,0M3 the set {L, L, [L,L]}
constitutes a frame for the complexified bundle

C⊗R TM3.

Proposition 2.2. In coordinates (z, w = u+i v) ∈
C2, every real analytic generic CR-manifold be-

longing to the general class I can be represented as

the graph of a single certain polynomial of the form:

(I): v = zz + zzO1

(
z, z

)
+ zzO1(u).

Here by Ot(x), we mean monomials of de-

grees ≥ t in terms of the variable(s) x.

2.2 General class II

This class, comprises all real analytic generic CR-

manifolds M4 ⊂ C3 of real dimension 4, of CR-

dimension 1 and of CR-codimension 2, in which

for any local generator L of T 1,0M4 the set

{L, L, [L,L], [L,
[
L,L]]} constitutes a frame for

the complexified bundle C⊗R TM4.

Proposition 2.3. In coordinates (z, w1 = u1 +

i v1, w2 = u2 + i v2) ∈ C3, every real analytic

generic CR-manifold belonging to the class II can

be represented as the graph of two certain polyno-

mials of the form:

(II):
v1 = zz + zzO2

(
z, z

)
+ zzO1(u1) + zzO1(u2),

v2 = z2z + zz2 + zzO2

(
z, z

)
+ zzO1(u1) + zzO1(u2).
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2.3 General class III1

This third general class comprises all 5-

dimensional CR-manifolds M5 ⊂ C4 of CR-

dimension 1 and CR-codimension 3 such that

for any local generator L of T 1,0M5, the set

{L, L, [L,L
]
, [L,

[
L,L

]]
, [L, [L,L

]]
} constitutes

a frame for the complexified bundle C⊗R TM5.

Proposition 2.4. In coordinates (z, w1 = u1 +

i v1, w2 = u2+ i v2, w3 = u3+ i v3) ∈ C4, every real

analytic generic CR-manifold belonging to the class

III1 can be represented as the graph of three certain

polynomials of the form:

(III)1:

v1 = zz + zzO2

(
z, z

)
+ zzO1(u1)

+ zzO1(u2) + zzO1(u3),

v2 = z2z + zz2,+zzO2

(
z, z

)
+ zzO1(u1)

+ zzO1(u2) + zzO1(u3),

v3 = i
(
z2z − zz2

)
+ zzO2

(
z, z

)
+ zzO1(u1) + zzO1(u2) + zzO1(u3).

2.4 General class III2

Similar to III1, this class includes 5-dimensional

CR-manifolds M5 ⊂ C4 of CR-dimension 1 and

CR-codimension 3, too. The difference is that in

this case and for any local generator L of T 1,0M5,

one has at every point:

3 = rankC

({
L, L,

[
L,L

]})
,

4 = rankC

({
L, L,

[
L,L

]
,
[
L,

[
L,L

]]})
,

4 = rankC

({
L, L,

[
L,L

]
,
[
L,

[
L,L

]]
,
[
L,

[
L,L

]]})
,

5 = rankC

({
L, L,

[
L,L

]
,
[
L,

[
L,L

]]
,
[
L,

[
L,

[
L,L

]]]})
.

More precisely and in contrary to the class

III1, here the complexified bundle C ⊗
TM5 can not be generated by the set

{L, L, [L,L
]
, [L,

[
L,L

]]
, [L, [L,L

]]
} since the

rank of this subbundle is 4 ≤ dimRM5 =

5. Hence, one needs to replace the length 3

Lie bracket [L, [L,L]
]

by the length 4 bracket[
L,

[
L,

[
L,L

]]]
and, because of its rank, the new

set {L, L,
[
L,L

]
,
[
L,

[
L,L

]]
,
[
L,

[
L,

[
L,L

]]]
}

constitutes a frame for C⊗ TM5.

Proposition 2.5. In coordinates (z, w1 = u1 +

i v1, w2 = u2+ i v2, w3 = u3+ i v3) ∈ C4, every real

analytic generic CR-manifold belonging to the class

III2 can be represented as the graph of three certain

polynomials of the form:

(III)2 :

v1 = zz + c1 z
2z2 + zzO3

(
z, z

)
+ zz u1 O1

(
z, z, u1

)
+ zz u2 O1

(
z, z, u1, u2

)
+ zz u3 O1

(
z, z, u1, u2, u3

)
,

v2 = z2z + zz2 + zzO3

(
z, z

)
+ zz u1 O1

(
z, z, u1

)
+ zz u2 O1

(
z, z, u1, u2

)
+ zz u3 O1

(
z, z, u1, u2, u3

)
,

v3 = 2 z3z + 2 zz3 + 3 z2z2 + zzO3

(
z, z

)
+ zz u1 O1

(
z, z, u1

)
+ zz u2 O1

(
z, z, u1, u2

)
+ zz u3 O1

(
z, z, u1, u2, u3

)
.

2.5 General class IV1

This is the first class that comprises CR-manifolds

of CR-dimension 2. More precisely, every 5-

dimensional CR-manifold M5 of C3 in which for

any two local generator fields L1,L2 of T
0,1M5, the

set {L1, L2, L1, L2, [L1,L1]} constitutes a frame

for the complexified bundle C⊗R TM5 belongs to

this class.

Proposition 2.6. In coordinates (z1, z2, w = u +

i v) ∈ C3, every real analytic generic CR-manifold

belonging to the class IV1 can be represented as the

graph of a single polynomial of the form:

(IV)1: v = z1z1 ± z2z2 +O3

(
z1, z2, z1, z2, u

)
,

with remainders satisfying:

0 ≡ O3

(
0, 0, z1, z2, u

)
≡ O3

(
z1, z2, 0, 0, u

)
.

2.6 General class IV2

Similar to IV1, this class includes 5-dimensional real

analytic generic CR-manifolds M5 ⊂ C3 of CR-

dimension 2 and codimension 1 such that for any

two local generator fields L1,L2 of T 0,1M5, the set

{L1, L2, L1, L2, [L1,L1]} constitutes a frame for

C ⊗R TM5. But in contrary, in this case we as-

sume that the Levi form Levi-FormM (p) is of con-

stant rank and such that lastly, the Freeman form

Freeman-FormM (p) is nondegenerate at every point

(see [8] for the relevant definitions).
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Proposition 2.7. In coordinates (z1, z2, w = u +

i v) ∈ C3, every real analytic generic CR-manifold

belonging to the class IV2 can be represented as the

graph of a single polynomial of the form:

(IV)2:

v = z1z1 + 1
2
z1z1z2 + 1

2
z2z1z1

+O4

(
z1, z2, z1, z2

)
+ uO2

(
z1, z2, z1, z2, u

)
,

with remainders both satisfying:

0 ≡ O
(
0, 0, z1, z2, u

)
≡ O

(
z1, z2, 0, 0, u

)
.

3 THE EQUIVALENCE

PROBLEM

Among the recent century, the problem of equiv-

alence of CR-manifolds of various dimensions had

been one of the most interesting investigated ques-

tions. In 1907, Henri Poincaré initiated the prob-

lem of equivalence of real hypersurfaces of CR-

dimension and codimension 1, those constitute the

first general class I. This problem solved later on

by Élie Cartan [2] in 1932, whom initiated also a

powerful algorithm to answer similar questions in

CR-geometry, in differential geometry, in mathe-

matical physics, in differential equations and many

others. Afterwards, the problem of equivalences in

general class I and also its associated Cartan ge-

ometry investigated several times for example in

[6, 5]. The equivalence problem of the second class

II has been recently considered in [1], where the

authors also investigated the associated Cartan ge-

ometry in the framework of Tanaka theory. But

undoubtedly, the most complicated problem is the

equivalence of the elements of the general class III1.

This problem has been solved very recently by the

author jointed by Joël Merker in the long memoir

[7]. Finally, the equivalence problem of the next

three classes III2, IV1, IV2 is in progress by the au-

thor jointed with Joël Merker and his Ph.D student

Samuel Pocchiola and will be presented very soon

in the near future.

To the best of our knowledge, there is no

any classification of CR-manifolds of real dimen-

sions bigger than 5 and also it is the maximum

dimension that the equivalence of CR-manifolds is

considered. In other words, classification of CR-

manifolds of higher dimensions and the solution of

their equivalence problems are still open.
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1 INTRODUCTION

In Riemannian geometry, E. Cartan defined the ax-

iom of r-planes as follows. A Riemannian manifold

M of dimension n ≥ 3 satisfies the axiom of r-

palnes, where r is a fixed integer 2 ≤ r < n, if

for each point p of M and any r-dimensional sub-

space S of the tangent space TpM there exists an

r-dimensional totally geodesic submanifold V con-

taining p such that TpV = S. He proved that if

M satisfies the axiom of r-planes for some r, then

M has constant sectional curvature, cf., [6]. The

axiom of r-spheres in Riemannian geometry was

proposed by Leung and Nomizu as follows. For

each point p of M and any r-dimensional subspace

S of TpM , there exists an r-dimensional umbilical

submanifold V with parallel mean curvature vec-

tor field such that p ∈ V and TpV = S. They

proved that if a Riemannian manifold M of dimen-

sion n ≥ 3 satisfies the axiom of r-spheres for some

r, 2 ≤ r < n, then M has constant sectional cur-

vature, cf., [2]. It is shown that if one drop in the

axiom of spheres the requirement that V has par-

allel mean curvature vector field, then this weaker

axiom for n ≥ 4 and r = n − 1 implies that M is

confopmally flat. One could extend this result to

the case 3 ≤ r < n. In Finsler geometry, Akbar-

Zadeh defined the axiom of 2-planes as follows. A

Finslerian manifold M of dimension n ≥ 3 satisfies

the axiom of 2-planes if for each point p ∈ M and

every subspace E2 of dimension two of TpM there

exists a totally geodesic surface S passing through

p such that TpS = E2. He proved that every Finsler

manifold satisfying axiom of 2-planes is of constant

sectional curvature in the connection of Berwald,

cf., [3], page 182. In this paper, we propose the ax-

iom of spheres in Finsler spaces and prove that if

a Finsler manifold M of dimension n ≥ 3 satisfies

the axiom of spheres then it has constant sectional

curvature in the Cartan connection.

2 PRELEMINARIES

Let M be a real n-dimensional manifold of class

C∞. We denote by TM the tangent bundle of tan-

gent vectors, by p : TM0 −→ M the fiber bundle of

non-zero tangent vectors and by p∗TM −→ TM0

∗Corresponding Author
†Speaker
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the pulled-back tangent bundle. Let (x,U) be a

local chart on M and (xi, yi) the induced local co-

ordinates on p−1(U). A Finsler structure on M is

a function F : TM −→ [0,∞), with the follow-

ing properties:(i) F is differentiable C∞ on TM0;

(ii) F is positively homogeneous of degree one in

y, that is, F (x, λy) = λF (x, y), for all λ > 0; (iii)

The Finsler metric tensor g defined by the Hes-

sian matrix of F 2, (gij) = ( 12 [
∂2

∂yi∂yj F
2]), is posi-

tive definite on TM0. A Finsler manifold is a pair

(M,F ) consisting of a differentiable manifold M

and a Finsler structure F on M . We denote by

TTM0, the tangent bundle of TM0 and by ρ, the

canonical linear mapping ρ : TTM0 −→ p∗TM,

where, ρ = p∗. There is the horizontal distribu-

tion HTM such that we have the Whitney sum

TTM0 = HTM ⊕ V TM. This decomposition per-

mits to write a vector field X̂ ∈ χ(TM0) into the

horizontal and vertical parts in a unique manner,

namely X̂ = HX̂ + V X̂. In the sequel, we de-

note all vector fields on TM0 by X̂, Ŷ , etcetera and

the corresponding sections of p∗TM by X = ρ(X̂),

Y = ρ(Ŷ ), respectively, unless otherwise specified,

cf., [3].

2.1 Geometry of submanifolds

Let i : S −→ M be an immersion and S a sub-

manifold of dimension k of the manifold M . We

identify any point x ∈ S by its image i(x) and any

tangent vector X ∈ TxS by its image i∗(X), where

i∗ is the linear tangent mapping. Thus TxS be-

comes a sub-space of TxM . Let TS0 be the fiber

bundle of non-zero tangent vectors on S. TS0 is a

sub-vector bundle of TM0 and the restriction of p

to TS0 is denoted by q : TS0 −→ S. We denote by

T̄ (S) = i∗TM , the pull back induced vector bundle

of TM by i. The Finslerian metric of M induces

a Finslerian metric on S where we denote it again

by g. At a point x = qz ∈ S, where z ∈ TS0,

the orthogonal complement of TqzS in T̄qzS is de-

noted by NqzS, namely, T̄x(S) = Tx(S) ⊕ NqzS,

where Tx(S) ∩ NqzS = 0. We have the following

decomposition:

q∗T̄ S = q∗TS ⊕N, (1)

where, N is called the normal fiber bundle. If TTS0

is the tangent vector bundle to TS0, we denote by ϱ,

the canonical linear mapping ϱ : TTS0 −→ q−1TS.

Let X̂ and Ŷ be the two vector field on TS0. For

z ∈ TS0, (∇X̂Y )z belongs to T̄qzS. Attending to

(1) we have

∇X̂Y = ∇̄X̂Y+α(X̂, Y ), Y = ϱ(Ŷ ), X = ϱ(X̂),

(2)

where ∇ is the covariant derivative of Cartan con-

nection and α(X̂, Y ) the second fundamental form

of the sub-manifold S. It belongs to N and is bi-

linear in X̂ and Y . It results from (2) that the in-

duced connection ∇̄ is a metric compatible covari-

ant derivative with respect to the induced metric g

in the vector bundle q∗TS −→ TS0.

2.2 Shape operator or Weingarten

formula

Let S be an immersed submanifold of (M,F ). For

any X̂ ∈ χ(TS0) and W ∈ Γ(N) we set

∇X̂W = −AW X̂ + ∇̄
⊥

X̂
W, (3)

where AW X̂ ∈ Γ(q∗TS) and ∇̄⊥

X̂
W ∈ Γ(N). It fol-

lows that ∇̄⊥
is a linear connection on the normal

bundle N , cf., [5]. We also consider the bilinear

map

A :Γ(N)⊗ Γ(TTS0) −→ Γ(q∗TS),

A(W, X̂) = AW X̂.

For any W ∈ Γ(N), the operator AW :

Γ(TTS0) −→ Γ(q∗TS) is called the shape opera-

tor or the Weingarten map with respect to W . Fi-

nally, (3) is said to be the Weingarten formula for

the immersion of S in M , cf., [5].
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2.3 Totally umbilical submanifolds

in Finsler spaces

The mean curvature vector field η of the isometric

immersion i : S −→ M is defined by

η =
1

n
trgα(

hX̂, Y ), (4)

where X,Y ∈ Γ(q∗TS) and hX̂ is the horizontal

lift of X, cf., [1]. We say that the mean curvature

vector field η is parallel in all direction if ∇̄⊥

hX̂
η = 0

for all X ∈ Γ(q∗TS).

Definition 2.1. [1] A submanifold of a Finsler

manifold is said to be totally umbilical, or simply

umbilical, if it is equally curved in all tangent di-

rections.

More precisely, let i : S −→ M be an isomet-

ric immersion. Then i is called totally umbilical if

there exists a normal vector field ξ ∈ N along i such

that its second fundamental form α with values in

the normal bundle satisfies

α(hX̂, Y ) = g(X,Y )ξ, (5)

for all X,Y ∈ Γ(q∗TS), where hX̂ is the horizontal

lift of X.

Remark 2.2. Let i : S −→ M be an isometric im-

mersion. If S is totally umbilical then the normal

vector field ξ is equal to the mean curvature vector

field η.

2.4 Genaralization of Schur’s theo-

rem

Let G2(M) be the Grassmannian fiber bundle of

2-planes on M . Denote by π−1G2(M) −→ SM the

fiber induced on SM by π : SM −→ M , where SM

is the unit sphere bundle. Let P ∈ π−1G2(M) be a

2-plane generated by vectorsX and Y linearly inde-

pendent at x = πz ∈ M where z ∈ SM . By means

of the hh-curvature tensor R of the Cartan connec-

tion one defines the functionK2 : π−1G2(M) −→ ℜ
as follows

K2(z,X, Y ) =
g(R(X,Y )Y,X)

∥ X ∥2∥ Y ∥2 −g(X,Y )2
.

K2 will be called the sectional curvature at z ∈ SM

following the 2-plane P (X,Y ) generated by X and

Y in the Cartan connection. We have

K2(z, v,X) = K(z, v,X),

where v is the canonical section and K is the flag

curvature, cf., [3], page 156.

Genaralization of Schur’s theorem. K2(z, P )

is independent of 2-plane P (X,Y ) (dim M > 2) if

and only if the curvature tensor R of the Cartan

connection is defined by

R(X,Y )Z = K[g(Y,Z)X − g(X,Z)Y ],

where K is a constant and X,Y, Z ∈ TxM , cf., [3].

3 MAIN RESULTS

We propose the axiom of r-spheres in Finler spaces

as follows:

Axiom of r-sphere. Let (M, g) be a Finsler man-

ifold of dimension n ≥ 3. For each point x ofM and

any r-dimensional subspace Er of TxM , there ex-

ists an r-dimensional umbilical submanifold S with

parallel mean curvature vector field such that x ∈ S

and TxS = Er.

We shall prove

Theorem 3.1. If a Finsler manifold of dimension

n ≥ 3 satisfies the axiom of r-spheres for some r,

2 ≤ r < n, then M has constant sectional curvature

in Cartan connection.

sketch of proof. Suppose (M, g) be a

Finsler manifold that satisfies the axiom of r-

spheres and consider the Cartan connection on the

pulled-back bundle p∗TM . Let X,Y and Z be

three orthonormal vectors at x = pz, z ∈ TM

where x is an arbitrary point of M and Er be an

r-dimensional subspace of TxM containing X and

Y and normal to Z. By the axiom there exists an

r-dimensional umbilical submanifold S with paral-

lel mean curvature vector field η such that x ∈ S

and TxS = Er. By means of Codazzi equations in
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Finsler spaces we show that for vectors X,Y ∈ TxS

and Z ∈ NxS we have

g(R(X,Y )Y,X) = g(R(X,Z)Z,X). (6)

Thus the common value of (6) does not depend

on the 2-plane P (X,Y ). Therefore by means of

generalization of Schur’s theorem M has constant

sectional curvature.
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1 INTRODUCTION

Nonstandard Analysis initiated by Newton and

Leibniz, was accompanied by logical contradictions

which advances in mathematical logic in the twen-

tieth century could resolve them. Nonstandard

methods can give a special insight in topological

matters as they are mainly a new way to look at old

things. Using a type-theoretical version of higher-

order logic, A. Robinson in 1960 [6], introduced the

notion of an enlargement which is a main tool in

nonstandard topology. An enlargement is a cer-

tain kind of nonstandard model satisfying a sort of

saturation property which is closely related to an

essential feature of nonstandard methods in topol-

ogy, i.e., compactness.

The connections between nonstandard ex-

tensions and ultrafilters have been repeatedly con-

sidered in the literature, starting from the semi-

nal paper by Luxemburg. M. Di Nasso and M.

Forti introduced a notion of topological extension

of a given set X. The resulting class of topolog-

ical spaces includes the Stone-Čech compactifica-

tion βX of the discrete space X, as well as all non-

standard models of X in the sense of nonstandard

analysis (when endowed with a natural topology).

They gave a simple characterization of nonstandard

extensions in purely topological terms, and they es-

tablished connections with special classes of ultra-

filters whose existence is independent of ZFC.

In [4], the ultrafilter semigroup (0+,+) of

the topological semigroup T = ((0,+∞),+) con-

sists of all nonprincipal ultrafilter on T = (0,+∞)

converging to the 0 has been described. According

to [4], in a topological semigroup T , [7] has been

presented.

∗Corresponding Author
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2 Preliminary

Let Γ be a family of sets that together with A and

B contains the intersection A ∩B. By a filter in Γ

we mean a non-empty subfamily F ⊆ Γ satisfying

the following conditions:

(F1) ∅ /∈ F .

(F2) If A1, A2 ∈ F , then A1 ∩A2 ∈ F .

(F3) If A ∈ F and A ⊆ B ∈ Γ, then B ∈ F .

A filter F in Γ is a maximal filter or an ultrafilter

in Γ, if for every filter A in Γ that contains F we

have A = F .

A filter F on (X, τ) converges to a point

x ∈ X if τx ⊆ F , where

τx = {U ⊂ X : x ∈ V ⊆ U for some V ∈ τ}

is the collection of all neighborhoods of x ∈ X. In

this case, the point is called a limit of the filter F
and we write x ∈ limF . A point x is called a clus-

ter point of a filter F if x belongs to the closure of

every member of F . Clearly, x is a cluster point

of a filter F if and only if every neighborhood of x

intersects all members of F . This implies in par-

ticular that every cluster point of an ultrafilter is a

limit of this ultrafilter. It is obvious that a subset

A ⊆ X is closed in τ if and only if a limit of any

filter containing A belongs to A.

Let Xd denote X with discrete topology.

Now we describe the Stone-Čech compactification

βXd of Xd. We take the points of βXd to be the

ultrafilters on Xd, identifying the points of Xd with

x̂ = {A ⊆ Xd : x ∈ A} and let Â = {p ∈ βXd : A ∈
p} for A ⊆ X. The topology of βXd is defined by

stating {Â : A ⊆ X} as a base for the open sets.

Then clβXd
A = Â for A ⊆ Xd. If A be a filter then

A = {p ∈ βXd : A ⊆ p} is a closed subset of βXd.

Also, if T be a subset of βXd, then A =
∩

T is

a filter and clβXd
T = A. For more details see [5]

and [8]. If X be a completely regular space, then

the Stone-Čech compactification of X has been de-

scribed by similar way as space of z-ultrafilters, see

[2].

If X and Y are any completely regu-

lar spaces, then any continuous function f :

XRightarrowY has a unique continuous extension

fβ : βX → βY .

Lemma 2.1. Let f : Xd → Yd be a function. For

each p ∈ βXd,

fβ(p) = {A ⊆ Xd : f−1(A) ∈ p}.

In particular, if A ∈ p, then f(A) ∈ fβ(p).

Proof : See [5].

Now we review the definition of partition

regularity and a theorem that connect it with ul-

trafilters.

Definition 2.2. Let R be a nonempty set of subsets

of X. R is partition regular if and only if whenever

F is a finite set of P(X) (P(X) is the set of all

subsets of X) and
∪
F ∈ R, there exist A ∈ F and

B ∈ R such that B ⊆ A.

Theorem 2.3. Let R ⊆ P(X) be a nonempty set

and assume ∅ /∈ R. Let

R↑ = {B ∈ P(X) : A ⊆ B for some A ∈ R}.

Then (a), (b) and (c) are equivalence.

(a) R is partition regular.

(b) Whenever A ⊆ P(X) has the property that ev-

ery finite nonempty subfamily of A has an inter-

section which is in R↑, there is U ∈ βGd such that

A ⊆ U ⊆ R↑.

(c) Whenever A ∈ R, there is U ∈ βXd such that

A ∈ U ⊆ R↑.

Proof. [5, Theorem 3.11].

3 Description of topological

concepts by ultrafilters

Let (X, τ) be a topological space. For x ∈ X, with

respect to τ on X, we define

x∗ = {p ∈ βXd : x ∈
∩
A∈p

clXA}.

In fact, x∗ is the collection of all ultrafilters con-

verge to x. It is obvious that x̂ ∈ x∗. We say p ∈ x∗
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is a near point to x. We define B(X) =
∪

x∈X x∗

and ∞∗ = βXd − B(X). p ∈ B(X) is called

bounded ultrafilter and p ∈ ∞∗ is called unbounded

ultrafilter. For F ⊆ X define F ∗ = {p ∈ βXd : p ⊆
RF , where RF = {A ⊆ X : clX(A) ∩ F ̸= ∅}. It is

obvious that x∗ ⊆ F ∗, for each x ∈ F .

Theorem 3.1. Let (X, τ) be a Hausdorff topolog-

ical space.

a) p ∈ ∞∗ if and only if for each x ∈ X there exists

A ∈ p such that x /∈ clX(A).

b) If τx ⊆ p then p ∈ x∗.

c) Let U ⊆ X, then U is a neighborhood of x if and

only if U ∈ p for each p ∈ x∗.

d) Let A ⊆ X. Then x ∈ clXA if and only if

clβXd
A ∩ x∗ ̸= ∅.

e) For each x ∈ X, τx =
∩

x∗ is a filter and

clβXd
(x∗) = τx =

∩
U∈τx

clβXd
U .

f) Let A ⊆ X, then x is an interior point of A if

and only if x∗ ⊆ clβXd
A. In particular, A is open

if and only if x∗ ⊆ clβXd
A for each x ∈ A.

Proof. a) Let p ∈ ∞∗, so p ̸∈ x∗ for each

x ∈ X. Hence x ̸∈
∩

A∈p clXA. Thus x ̸∈ clXA for

some A ∈ p.

Conversely, suppose for each x ∈ X, there

exists A ∈ p such that x ̸∈ clXA. Hence p ̸∈ B(X)

and thus p ∈ ∞∗.

b) Let U ∈ p for each U ∈ τx, thus U ∩ A ̸= ∅
for each U ∈ τx and for each A ∈ p. This implies

x ∈ clXA for each A ∈ p. Therefore p ∈ x∗.

c) Let U ∈ τx and p ∈ x∗. Since U ∩ A ̸= ∅
for each A ∈ p, so U ∈ p.

Conversely, let U ∈
∩

p∈x∗ p and x /∈
intX(U). Then x ∈ clX(U c), there exists p ∈ βXd

such that U c ∈ p ⊆ R. This is a contradiction.

d) By Theorem 2.3, there exists p ∈ βXd such that

A ∈ p ∈ x∗. This implies that clβXd
A ∩ x∗ ̸= ∅.

Now let clβXd
A ∩ x∗ ̸= ∅, so there exists p ∈ x∗

such that p ∈ clβXd
A. Thus A ∈ p ∈ x∗ and so

x ∈ clXA.

e) and f) are obvious.

For every net S = {xα}α∈I in a topologi-

cal space X, the family F(S), consisting of all sets

A ⊆ X with the property that there exists α◦ ∈ I

such that xα ∈ A whenever α ≥ α◦, is a filter

in the space X,( see Theorem 1.6.12 in [3]). So

{{xα : α > α◦} : α◦ ∈ I} has the finite intersection

property.

Theorem 3.2. Let X be a topological space. Then:

(a) Let {xα}α∈I be a net in X. If xα → p in βXd

for some p ∈ x∗. Then xα → x in (X, τ).

(b) Let {xα}α∈I be a net in X and let xα → x in

X. Then there exists p ∈ x∗ that is a cluster point

of {xα}α∈I in βXd.

(c) Let A ⊆ X be closed. Then A is compact if and

only if clβXd
A ∩∞∗ = ∅.

Proof : (a) Let U be an open neighborhood

of x. Then U ∈ p,(Lemma 3.1), and so there exists

β ∈ I such that xα ∈ U for each α > β. This im-

plies xα → x in (X, τ).

(b) {{xγ : γ > β} : β ∈ I} has the finite inter-

section property then there exists p ∈ βXd that

{xγ : γ > β} ∈ p when β ∈ I. Since xα → x in

X. Thus for each open neighborhood U of x, there

exists β ∈ I such that xγ ∈ U when γ > β and

so U ∈ p. By Lemma 3.1 ii), implies p ∈ x∗. It is

obvious p is cluster point of {xα}α∈I in βXd.

c) Let A ⊆ X is compact and clβXd
A∩∞∗ ̸=

∅, so there exists a net {xα}α∈I in A such that

xα → p for some p ∈ clβXd
A ∩ ∞∗. Since A

is compact so there is a subnet {xβ} such that

xβ → x ∈ A and so by (b), there is q ∈ x∗ such

that xβ → q. This implies p = q, and hence by

Lemma 3.1 we have a contradiction.

Conversely, Let clβXd
A∩∞∗ = ∅ and A ⊆ X

is not compact. Hence there is a net {xα}α∈I in A

such that any subnet of {xα}α∈I is divergent in A.

Since βXd is compact, so there is a subnet {xβ}
such that xβ → p ∈ clβXd

A. Also p ∈ ∞∗, because

if p /∈ ∞∗ then p ∈ y∗ for some y ∈ X. So by (a),

xβ → y in X. This implies that y ∈ clXA and this

is a contradiction. Thus p ∈ clβXd
(A)∩∞∗ and we

have a contradiction.

Theorem 3.3 (Robinson’s Compactness). Let

3

68

68



(X, τ) be a topological space. Then A ⊆ X is com-

pact if and only if for every p ∈ clβXd
A there exists

x ∈ A such that p ∈ x∗.

Theorem 3.4. Let (X, τ
X
) and (Y, τ

Y
) be topo-

logical spaces. Then the following statements are

equivalence.

a) f : X → Y is continuous.

b) For each x ∈ X, fβ(x∗) ⊆ (f(x))∗.

c) fβ : B(X) → B(Y ) is well defined and continu-

ous.

Proof : a) implies b). Let f : X → Y

is continuous, and pick p ∈ x∗. We must show

fβ(p) ∈ (f(x))∗. By Lemma 2.1, we have

fβ(p) = {A ⊆ Y : f−1(A) ∈ p}.

Now let f−1(A) ∈ p for some A ⊆ Y , so x ∈
clXf−1(A). Hence there exists a net {xα} ⊆
f−1(A) such that xα → x and so f(xα) → f(x).

This implies f(x) ∈ clY A and hence fβ(p) ∈
(f(x))∗.

b) implies a). Let fβ(x∗) ⊆ (f(x))∗ for

each x ∈ X. Let there exists a net {xα}α∈I

such that xα → x for some x ∈ X and f(xα)

is not convergent to f(x). Since xα → x so for

each open neighborhood U ∈ τ
X

of x there exists

βU ∈ I such that xα ∈ U for each α > βU . Thus

A = {{xα : α > βU} : x ∈ U ∈ τ
X
} has the finite

intersection property. Therefore there exists an ul-

trafilter p containsA. It is obvious p ∈ x∗,( because

for each A ∈ p and for each open neighborhood U

of x, we have A ∩ U ̸= ∅ so x ∈ clXA.)

Since f(xα) is not convergent to f(x), so

there exists a sub net {xβ} such that xβ → x and

for some open neighborhood U of f(x), f(xβ) /∈ U

for each β. Since U is an open neighborhood of

f(x) so for each B ⊆ Y , if f(x) ∈ clY B then

U ∩B ̸= ∅. This implies (f(x))∗ ⊆ clY U , in partic-

ular, U ∈ fβ(p) and hence f−1(U) ∈ p, (see Lemma

2.1 and 3.1). Now we have {xβ : β} ∩ f−1(U) ̸= ∅,
and this is a contradiction.

a) and b) implies c). It is obvious.

c) implies a). Let U ∈ τY then clβYd
(τY ) ⊆

clβYd
(U). This implies clβXd

(τX) ⊆
(fβ)−1(clβYd

(U)) = clβXd
(f−1(U)). This implies

f−1(U) ∈ τX .

Theorem 3.5 (Open Mapping). Let (X, τX) and

(Y, τY ) be two topological spaces, let f : X → Y be

a continuous function and x∗ be a closed subset of

βXd for each x ∈ X. Then f is open if and only if

(f(x))∗ ⊆ fβ(x∗) for each x ∈ X.

Theorem 3.6. Let (X, τX) and (Y, τY ) be two

topological spaces, let f : X → Y be a continu-

ous function, and let K be a compact subset of X.

Then f(K) is compact.
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E از القایی TM ⊕ E بر لͬ جبروار ساختار

aheydari@modares.ac.ir مدرس، تربیت دانشͽاه گروه ریاضͬ، علمͬ هيأت عضو ، حیدری عباس

madjid.tayyebi@modares.ac.ir مدرس، تربیت دانشͽاه دکتری دانشجوی ،** * طیبی مجید

e.nazari@modares.ac.ir مدرس، تربیت دانشͽاه دکتری دانشجوی نظری، اسماعیل

نوشتار، این در ͬ کنند. م القا لنگرشان نگاشت هسته ی بر لͬ جبر کلاف ساختار ͷی متعدی، لͬ جبروارهای چͺیده:
این به است؛ برقرار شرایطͬ چه تحت TM ⊕ E خاص حالت برای مطلب این عکس که کنیم بررسͬ داریم قصد
خواهد گسترش TM ⊕E بر لͬ جبروار ساختار ͷی به شرایطͬ چه تحت ، E بر لͬ جبر کلاف ساختار ͷی که ترتیب

یافت.
لͬ کروشه لͬ، جبر کلاف لͬ، جبروار کلیدی: کلمات

: باشد برقرار زیر تساوی s۱, s۲ ∈ Γ(A)

[s۱, fs۲] = f [s۱, s۲] +
(
ρ(s۱)f

)
s۲

٣ متعدی را (A, π,M, ρ, [, ]) لͬ جبروار : [٢] تعریف
باشد. پوشا ρ هرگاه گویند

متعدی لͬ جبروار ͷی (A, π,M, ρ, [, ]) کنید فرض
دهید قرار باشد.

K := ker(ρ)

موجود است.کروشه برداری کلاف ͷی K [٣] بنابر
کند مͬ القا K بر لͬ جبر کلاف ساختار ͷی ΓA روی

. [٢]
برای مطلب این عکس که کنیم بررسͬ داریم قصد

ͷبخشی

جبروار ͷی را A
π−→ M برداری کلاف : [١] تعریف

باشد: زیر خواص دارای هرگاه نامیم مͬ ١ لͬ

جبرِلͬ ساختار دارای Γ(A) های برش فضای .١
باشد.

ρ : A → برداری کلاف های قوی همریختͬ ͷی .٢
موجود ͬ شود) م نامیده ٢ لنگر نگاشت (که TM

لͬ جبرهای همریختͬ ͷی که ای گونه به باشد
از شود) مͬ داده نمایش ρ علامت همان با (که

. کند القا χ(M) به Γ(A)

برش های و M روی f هموار تابع هر برای .٣
١Lie Algebroid
٢Anchor Map
٣Transitive

١

70

70



داریم انتظار اول: حالت

[X ⊕ ۰, Y ⊕ ۰] = [X,Y ]⊕ ۰

است. برقرار سازگاری شرط حالت، این برای
که ͬ رود م انتظار دوم: حالت

[۰⊕ T,۰⊕ S] = ۰⊕ [T, S]

نتیجه سازگاری شرط˼ بررسͬ مورد، این در شود.
ͬ دهد: م

[T, fS] = f [T, S] (١)

دارد، قرار ρ هسته ی در ۰⊕ T که آنجا از سوم: حالت
ρ هسته ی در نیز [X ⊕ ۰,۰ ⊕ T ] حاصل داریم انتظار

لذا: باشد،

[X ⊕ ۰,۰⊕ T ] = ۰⊕ L(X,T )

چه باید L تابع دید باید اصلͬ، سوال به پاسخ برای
انجام مرحله ۴ در را کار این باشد. داشته شرایطͬ
سوم مراحل و ρ با سازگاری از اول مرحله دو ͬ دهیم؛ م

ͬ شود. م نتیجه ژاکوبی اتحاد از چهارم و
اول: مرحله

۰⊕fL(X,T ) = [f(X⊕۰),۰⊕T ] = ۰⊕L(fX, T )

‐خطͬ C∞(M) اول مولفه به نسبت باید L یعنͬ این و
باشدیعنͬ

L(fX, T ) = fL(X,T ) (٢)

دوم: مرحله

۰⊕ L(X, fT ) = [X ⊕ ۰, f(۰⊕ T )]

= ۰⊕ fL(X,T ) + (X.f)(۰⊕ T )

یعنͬ: این و

L(X, fT ) = fL(X,T ) + (X.f)T (٣)

سوم: مرحله

است؛ برقرار شرایطͬ چه تحت TM ⊕E خاص حالت
، E بر لͬ جبر کلاف ساختار ͷی که ترتیب این به
TM⊕E بر لͬ جبروار ساختار ͷی به شرایطͬ چه تحت

یافت. خواهد گسترش

دو بخش

TM⊕E کلاف باشد. لͬ جبر کلافِ E ͷی کنیم فرض
نگاشت و

ρ : TM ⊕ E −→ TM

X ⊕ T 7→ X

بͽیرید. نظر در را
کروشه ترکیب از توان مͬ چͽونه که است این سوال
کروشه ی ͷی ، ΓE روی موجود کروشه و χ(M) طبیعͬ

کرد؟ تعریف TM ⊕ E بر ρ با سازگار
کروشه دو این جمع حاصل پاسخ، اولین طبیعͬ، طور به

دهیم: مͬ قرار بنابراین است؛

[X ⊕ T, Y ⊕ S] := [X,Y ]⊕ [T, S]

پادمتقارن بودن، ‐خطͬ R که شود مͬ دیده سادگͬ به
ͬ رسد. م ارث به جدید کروشه ی به ژاکوبی اتحاد و بودن

ͬ کنیم: م بررسͬ را سازگاری شرط لذا

[X⊕T, f(Y ⊕S)] = f [X⊕T, Y ⊕S]+(X.f)(Y ⊕S)

شد خواهد سازگار زمانͬ کروشه، دو حاصل جمع یعنͬ
C∞(M) در f و χ(M) در X و ΓE در T, S هر برای که

باشیم: داشته

[T, fS] = f [T, S] + (X.f)S

برقرار کروشه ای هیچ برای قطعا رابطه ای چنین اما
مناسبی ترکیب حاصل جمع، بنابراین بود؛ نخواهد
TM ⊕ E بر کروشه تعریف مشͺل، رفع̧ برای نیست.

ͬ کنیم: م تقسیم حالت سه به را

٢
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ͬ کند. م تعریف TM ⊕L(E) بر لͬ جبروار ساختار ͷی
:٢ مثال

لͬ کروشه با L(TM) جبرلͬ کلاف

[T, S] = T ◦ S − S ◦ T

دهید قرار بͽیرید. نظر در را

L(X,T ) = LXT

شد ذکر آنچه به توجه با

[X ⊕ T, Y ⊕ S] = [X,Y ]⊕
(
[T, S]

+LXS − LY T
)

تعریف TM ⊕ L(TM) بر لͬ جبروار ساختار ͷی
ͬ کند. م
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۰ = [[X ⊕ ۰, X ′ ⊕ ۰],۰⊕ T ]

+[[X
′ ⊕ ۰,۰⊕ T ], X ⊕ ۰]

+[[۰⊕ T,X ⊕ ۰], X ′ ⊕ ۰]
(۴)

بنابراین

L([X,X
′
], T ) = L(X,L(X

′
, T ))− L(X

′
, L(X,T )

چهارم: مرحله

۰ = [[۰⊕ T,۰⊕ T
′
], X ⊕ ۰]

+[[۰⊕ T
′
, X ⊕ ۰],۰⊕ T ]

+[[X ⊕ ۰,۰⊕ T ],۰⊕ T
′
]

(۵)

لذا

L(X[T, T
′
]) = [T , L(X,T

′
)] + [L(X,T ), T

′
]

١ ویژگͬ با E جبری کلاف داشتن اختیار در با بنابراین
کند، صدق ۵ و ۴ ، ٣ ، ٢ شرایط در که L تابع و

[X ⊕ T, Y ⊕ S] = [X,Y ]⊕
(
[T, S]

+L(X,S)− L(Y, T )
)

تعریف Γ(TM ⊕ E) روی ρ با سازگار کروشه ͷی
ͬ کند. م

مثال١:
در باشد. M خمینه بر تخت هموستاری ∇ کنیم فرض
کروشه L(X,T ) = ∇XT گرفتن نظر در با صورت این

[X ⊕ T, Y ⊕ S] = [X,Y ]⊕
(
[T, S]

+∇XS −∇Y T
)

٣
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1 INTRODUCTION

We obtain some of the foundational results about

λ-symmetry, first integral and integrating factor for

vector ODEs of second order ¨̂r = f̂ where r̂ = uî+

wĵ and f̂ = F1(x, u, w, u̇, ẇ)̂i + F2(x, u, w, u̇, ẇ)ĵ

also u and w are arbitrary functions, u̇ denote the

derivative of u with respect to x and ẇ denote the

derivative of w with respect to x. Using a the-

orem, we obtain a procedure to find an integrat-

ing factor µ1(x, u, w, u̇, ẇ) of ü = F1(x, u, w, u̇, ẇ)

and an integrating factor µ2(x, u, w, u̇, ẇ) of ẅ =

F1(x, u, w, u̇, ẇ) and consequently a first integral

I(x, u, w, u̇, ẇ) for vector ODEs of second order
¨̂r = f̂ .

2 Integrating factor for cou-

pled 2-order ODEs

In this section, we present a procedure to find an in-

tegrating factor and consequently a first integral for

a vector ODEs of second order of the form ¨̂r = f̂ .

We consider a vector ODEs of second order

¨̂r = f̂ (1)

where r̂ = uî + wĵ and f̂ = F1(x, u, w, u̇, ẇ)̂i +

F2(x, u, w, u̇, ẇ)ĵ also u and w are arbitrary func-

tions, u̇ denote the derivative of u with respect to

x and ẇ denote the derivative of w with respect to

x. Therefore we have coupled second order ODEs

of the form

ü = F1(x, u, w, u̇, ẇ), (2)

ẅ = F2(x, u, w, u̇, ẇ). (3)

where F1 and F2 are analytic functions of their ar-

guments.

We denote by A = ∂x + u̇∂u + ẇ∂w +

F1∂u̇ + F2∂ẇ the vector field associated with

a vector ODEs of second order of (1). Func-

tion I(x, u, w, u̇, ẇ) is a first integral for (1),

such that A(I) = 0. An integrating factor

of (2), is any function µ1(x, u, w, u̇, ẇ) such

that µ1(x, u, w, u̇, ẇ)(ü − F1(x, u, w, u̇, ẇ)) =

DxI(x, u, w, u̇, ẇ) and an integrating factor

of (3), is any function µ2(x, u, w, u̇, ẇ) such

∗Corresponding Author
†Department of Mathematics, College of Basic Sciences, Karaj, Islamic Azad University, Alborz, Iran.
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that µ2(x, u, w, u̇, ẇ)(ẅ − F2(x, u, w, u̇, ẇ)) =

DxI(x, u, w, u̇, ẇ).

The vector field v = ξ(x, u)∂x + η(x, u)∂u is

a λ-symmetry of u(n) = F (x, u(n−1)) if and only if

[v[λ,(n−1)], A] = λ.v[λ,(n−1)] + τ.A, (4)

for some λ ∈ C∞(M (1)), τ = −(A+λ)(ξ(x, u)) and

v[λ,(n−1)] =
∑n−1

i=0 (Dx + λ)i(1)∂ui [1].

Using (4), the vector field v1 = ∂u is a λ1-

symmetry of (2) if and only if

(A(λ1)+λ2
1−F1u−λ1F1u̇)∂u̇−(F2u+λ1F2u̇)∂ẇ = 0,

(5)

where v
[λ1,(1)]
1 = ∂u + λ1∂u̇ and the vector field

v2 = ∂w is a λ2-symmetry of (3) if and only if

(A(λ2)+λ2
2−F2w−λ2F2ẇ)∂ẇ−(F1w+λ2F1ẇ)∂u̇ = 0,

(6)

where v
[λ2,(1)]
2 = ∂w + λ2∂ẇ.

Theorem 1. A system of the form

Ix = µ1(λ1u̇− F1) + µ2(λ2ẇ − F2),

Iu = −µ1λ1,

Iw = −µ2λ2,

Iu̇ = µ1,

Iẇ = µ2,

(7)

is compatibly for some functions λ1(x, u, w, u̇, ẇ),

λ2(x, u, w, u̇, ẇ), µ1(x, u, w, u̇, ẇ) and µ2(x, u, w, u̇, ẇ),

if and only if µ1 is an integrating factor and v1 = ∂u

is a λ1-symmetry of (2) also µ2 is an integrating

factor and v2 = ∂w is a λ2-symmetry of (3). In this

case I(x, u, w, u̇, ẇ) is a first integral for a vector

ODEs of second order of (1).

Proof: Let I(x, u, w, u̇, ẇ) be a first integral for a

vector ODEs of second order of (1), then µ1 = Iu̇

is an integrating factor of (2) and µ2 = Iẇ is an

integrating factor of (3). Let v1 = ∂u be a λ1-

symmetry of (2) then A(I) = 0 and v[λ1,(1)](I) = 0

also, Let v2 = ∂w be a λ2-symmetry of (3) then

A(I) = 0 and v[λ2,(1)](I) = 0, hence we get

A(I) = 0 ⇒ Ix = −u̇Iu − ẇIw − F1µ1 − F2µ2,

v[λ1,(2)](I) = 0 ⇒ Iu = −λ1Iu̇ = −λ1µ1

v[λ2,(2)](I) = 0 ⇒ Iw = −λ2Iẇ = −λ2µ2.

Therefore we have the system of the form (7).

We prove that, when (7) is compatible, necessarily

v1 = ∂u is a λ1-symmetry and necessarily v2 = ∂w

is a λ2-symmetry. The compatibility conditions be-

tween the equations (7), provide the following con-

ditions

A(λ1) = F1u + λ1F1u̇ − λ2
1 +

µ2

µ1
(F2u + λ1F2u̇)

(8)

A(λ2) = F2w + λ2F2ẇ − λ2
2 +

µ1

µ2
(F1w + λ2F1ẇ)

(9)

A(µ1) = −µ1(F1u̇ − λ1) + µ2F2u̇, (10)

A(µ2) = −µ2(F2ẇ − λ2) + µ1F1ẇ, (11)

λ1µ1w = −λ1wµ1 + λ2µ2u + λ2uµ2, (12)

µ1u = −λ1u̇µ1 − λ1µ1u̇, (13)

µ2w = −λ2ẇµ2 − λ2µ2ẇ, (14)

µ1w = −λ2u̇µ2 − λ2µ2u̇, (15)

µ2u = −λ1ẇµ1 − λ1µ1ẇ, (16)

µ1ẇ = µ2u̇. (17)

Using (8), we get
(
A(λ1)+λ2

1 −F1u −λ1F1u̇

)
µ1 −(

F2u + λ1F2u̇

)
µ2 = 0, since Iu̇ = µ1 ̸= 0 and

Iẇ = µ2 ̸= 0, hence
(
A(λ1)+λ2

1−F1u−λ1F1u̇

)
Iu̇−(

F2u+λ1F2u̇

)
Iẇ = 0, or correspond

(
A(λ1)+λ2

1−

F1u − λ1F1u̇

)
∂u̇ −

(
F2u + λ1F2u̇

)
∂ẇ = 0 and by

comparing of (5), implies that v1 = ∂u is a λ1-

symmetry of (2) also using (9) and by comparing

of (6), implies that v2 = ∂w is a λ2-symmetry of

(3).

Using (10) and (11), we get

λ1 =
A(µ1)

µ1
− µ2

µ1
F2u̇ + F1u̇, (18)

λ2 =
A(µ2)

µ2
− µ1

µ2
F1ẇ + F2ẇ. (19)

In summary, a procedure to find integrat-

ing factors µ1, µ2 and consequently a first integral

I(x, u, w, u̇, ẇ) for a vector ODEs of second order

of (1) is as follows:
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• Using (18) and (19), substituting λ1 and λ2

into (8),(9),(12)-(17) and solving them, we

get, integrating factors µ1 of (2) and µ2 of

(3).

• Substituting µ1 and µ2 into (18) and (19), we

obtain, the functions λ1 and λ2, therefore the

vector field v1 = ∂u is a λ1-symmetry of (2)

and the vector field v2 = ∂w is a λ2-symmetry

of (3).

• Substituting the functions µ1, µ2, λ1 and λ2

into the system (7) and solving them, we find

a first integral I(x, u, w, u̇, ẇ), for a vector

ODEs of second order of (1).

Example 2.

We consider the Kepler problem in the u−w plane,

that is,

¨̂r +
r̂

r3
= 0, (20)

where r̂ = uî + wĵ and r = |r̂|. The respective

equations of motions are

ü = − u

(u2 + w2)
3
2

= F1(x, u, w, u̇, ẇ), (21)

ẅ = − w

(u2 + w2)
3
2

= F2(x, u, w, u̇, ẇ), (22)

Using (18) and (19), substituting λ1 = A(µ1)
µ1

and

λ2 = A(µ2)
µ2

into (8),(9),(12)-(17) and solving them,

we get, µ1 = w and µ2 = u that are particular so-

lutions of this equations. Substituting µ1 = w and

µ2 = u into (18) and (19), we obtain, the functions

λ1 = A(µ1)
µ1

= ẇ
w and λ2 = A(µ2)

µ2
= u̇

u , therefore the

vector field v1 = ∂u is a λ1-symmetry of (21) and

the vector field v2 = ∂w is a λ2-symmetry of (22).

Substituting the functions µ1 = w, µ2 = u, λ1 = ẇ
w

and λ2 = u̇
u into the system (7) and solving them,

we find a first integral I(x, u, w, u̇, ẇ) = wu̇ − uẇ,

for a class of second order ODEs of (20).
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Abstract: Let X be a T2 topological local group, C Abelian topological group and topological group H is

a enlargement of X. We prove that cohomology topological local group X is isomorphic with cohomology

of quotient topological group H.
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1 INTRODUCTION

Hu introduced reduced cohomology group on

groups in the paper [2] and said relationships be-

tween it and cohomology groups and cohomology

local groups. If every local p-map f : V p → C

of X into C for every p > 0 extends to a local p-

map f∗ : Xp → C defined throughout Xp and X

act on C simply, then Hp
∗ (X,C) is isomorphism to

Hp
L(X,C).

On the other word, Goldbring is said if X be a

Hausdorff topological local group and φ open con-

tinuous map. and X extend to topological group H

and let φ̃ : H → H be the unique extension of φ to

and endomorphism of H then is a contractive near-

automorphism and quotient H on union of kerφ̃n is

locally isomorphic with topological local group X.

Now, we prove that cohomology topological

local group is isomorphic with cohomology

extended topological group of topological lo-

cal group.

For working we will use of theorem Goldbring [3]

2 Primary Definitions

Definition 2.1. Let X be a set with topology τX

is called topological local group that satisfying the

following condition:

(i) There is supposed to be an element e ∈ X

such that e∗x and x∗e exist for every x ∈ X

and x ∗ e = e ∗ x;

(ii) (∀x, y ∈ X,V ∈ τX) xy ∈ V ⇒ (∃U ∈ τX)

y ∈ U and xU ⊆ V ;

(iii) The set D =: {(x, y) ∈ X ×X|xy ∈ X} is a

neighborhood of (e, e) in X × X, and multi-

plication (x, y) 7→ xy : D → X is continuous

at (e, e);

(iv) X−1 = X;

(v) Inversion x 7→ x−1 : X → X is continuous at

e.

(vi) (∀y ∈ X,V ∈ τX) y ∈ V ⇒ (∃U ∈ τX) e ∈ U

and Uy ⊆ V .

∗Corresponding Author
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Definition 2.2. We say that a topological local

group X is enlargeable if there exists a topologi-

cal group G and a morphism ϕ : X → G such

that ϕ : X → ϕ(X) is a homeomorphism related

to equivalent.

Definition 2.3. Let X and G are topological local

groups, X operates on the left G means:

There is a neighborhood X1 of 1 in X and

a neighborhood G1 of 1 in G such that for every

x ∈ X1, g ∈ G1 there exists xg ∈ G with the fol-

lowing condition:

1. xg is continuous on x and g;

2. We always have 1g = g For each g ∈ G1.

3. If g1, g2 ∈ G1 and g1g2 is defined in G1

then xg1 ∈ G1 is defined for all x ∈ X1

x(g1g2) = (xg1)g2

4. If x1, x2 ∈ X1, g ∈ G1 are so that x2g and

x1x2 are defined on G1 and X1 respectively,

x1(x2g) = (x1x2)g

3 Cohomology of Topological

local groups

In this section, we describe the cohomology of topo-

logical local groups Hp(X,C). We shall use the

non-homogeneous cochain exclusively. X is a topo-

logical local group, N a group and C is a center of

N .

We are going to define a coboundry operator for

every p > 0:

δ : Cp
L(X,C) → Cp+1

L (X,C)

Let k ∈ Cp
L(X,C), then there is f : V p

0 → C such

that k = [f ] such that V0 be a neighborhood of 1

in X. such that for every x ∈ V0, xc is define in

neighborhood U1 of 0 ∈ C and choose V1 ⊂ V0 and

V p
1 ⊂ f−1(U1). Let V2 be a neighborhood 1 ∈ X

such that xy ∈ V1 for all x, y ∈ V2. Now we define

a locally (p+ 1)- map

δf(x1, ..., x2) =

x1f(x1, ..., xp+1)+
p∑

i=0

(−1)if(x1, ..., xixi+1, ..., xp+1)

+(−1)if(x1, ..., xp)

For each (x1, ..., xp+1) ∈ V p+1
2 . We can be

verified that the locally (p + 1)- cochain [δf ] de-

pends only on the given locally p- cochain k such

that δk = [δf ] and δ is a homomorphism and

δδk = 0.

3.1 Main Theorem

Lemma 3.1. [3] Suppose X be a Hausdorff topo-

logical local group and φ open continuous map. Let

H be enlargement of X and let φ̃ : H → H be the

unique extension of φ to and endomorphism of H.

Then the map φ̃ is open. and for F :=
∪

n ker(φ̃
n)

we have :

1. F is a discrete normal subgroup of H and

φ̃−1(F ) = F ;

2. φ̃ descends to a contractive near-

automorphism

φF : H/F → H/F , φF (xF ) := φ̃(x)F ;

3. for any symmetric open neighborhood U ⊆ X

of 1 with U × U ⊆ D, the image π(U) of U

in H/F id open, and map

x 7→ xF : U → H/F

is an isomorphism X|U → (H/F )|π(U) of

topological local groups.

Hu introduced reduced cohomology group on

groups in the paper [2] and said relationships be-

tween it and cohomology groups and cohomology

local groups. If every local p-map f : V p → C

of X into C for every p > 0 extends to a local p-

map f∗ : Xp → C defined throughout Xp and X

act on C simply, then Hp
∗ (X,C) is isomorphism to
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Hp
L(X,C).

We want to use this subject and explain the follow

theorem.

theorem 3.2. We consider presupposition Lemma

3.1. Then Hp
L(X,C) cohomology of local group X

on abelian group C is isomorphism to cohomology

of topological group Hp
∗ (H/F,C) for all p > 1.

Proof. By Lemma 3.1 is an isomorphism

π ◦ φ : X|U → (H/F )|π(U)

of topological local groups then continuous open

map π ◦ φ induces an isomorphism (π ◦ φ)∗ on co-

homology of topological local groups

Hp
L(X,C) → Hp

L(H/F,C).

We have X is enlargeable to topological group H

then for every topological group C and continu-

ous map X → C, by [4, Theorem 4.1] there exists

unique continuous map H → C which commutes

this diagram. F is a closed normal subgroup of H

then H/F is a topological group and υ̂ is a con-

tinuous map.

X

��

ϕ // H

υ

��~~
~~
~~
~~

π // H/F

υ̂

vv
C

Therefore local p-map π(U) → C

extends to H/F → C then by [2, Theorem 12.4],

we have reduce cohomology Hp
∗ (H/F,C) is isomor-

phism wit local cohomology Hp
L(H/F,C). So

Hp
L(X,C) ∼= Hp

∗ (H/F,C).
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countable subalgebra
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Abstract: Let Cc(X) be the subalgebra of all real-valued continuous functions with countable image. We

introduce and study Cck(X) as the set of all functions in Cc(X) with compact support. We also define Xcl,

as the subspace of X such that Xcl = ∪f∈Cck(X)suppf. It is shown that Cck(X) is isomorphic to Cck(Y ), as

pure objects if and only if Xcl homeomorphic with Ycl.
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1 INTRODUCTION

In this paper, all of spaces are zero-dimensional and

hausdroff . C(X) denote the ring of all continu-

ous real-valued functions defined on X and Cc(X)

is subalgebra of all functions with countable range

inC(X). This ring i.e., CC(X) introduced in [4].

This paper is devoted to an investigation of sub-

space of X i.e., Xcl for which purity Cck(X) char-

acterized through this subspace. At first, we state

some preliminary definitions, results and symbols.

Every ideal of Cc(X) is denoted by IC and ZC(f)

is the zero set, for f ∈ Cc(X), see [4]. Cck(X) and

Ok
c are defined as follows: Cck(X) = {f ∈ Cc(X) :

CLXcozf = suppf is compact}

Ok
c = {f ∈ Cc(X) : K ⊆ intβXCLXZC(f)}

Ideal Ic of Cc(X) is Pure if for each f ∈ Ic, there

exists g ∈ Ic such that f = fg and in this case

g(x) = 1 on support(f).

Maximal ideals of Cck(X) are precisely the sets

Mx ∩ Cck(X) for each x ∈ X, such that Mx is

maximal ideal in Cc(X), see ( [3] and [9] ).

Bkoueh in [2] proved that if X is locally compact,

then Ck(X) = {f ∈ C(X) : suppf is compact} is

pure. Abu-osba and Ezeh in [1] without assum-

ing local compactness characterized purity of the

ideal Ck(X) ⊆ C(X) using the subspuceXl i.e., the

set of all points in X with compact neighborhood.

These interesting results motivates us to introduce

and study Cck(X) and Ccl in this the present pa-

per. We denote Cck(X) =
∪

f∈Cck(X) suppf , so

Xcl ⊆ Xl, if CK(X) is pure (see[1]).

2 The properties of Xcl and

Cck(X)

The following results investigate same properties

Cck(X) and relations between Xcl and Cck(X).

Lemma 2.1. Ck(X) is an ideal in C(X).

Proof. Let f, g ∈ Ck(X), z(f + g) ⊇ z(f) ∩ z(g),

hence CLXcoz(f + g) ⊆ CLX(X − (z(f)∩ z(g)) =

∗Corresponding Author
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CLX(X − z(f)) ∪ (X − z(g)) = CLX(cozf ∪
cozg) = CLXcozf∪ CLXcozg is compact. So

CLXcoz(f + g) is compact, since X is Hausdroff

and f, g ∈ ck(X) ,SO f + g ∈ Ck(X). We

show that f.g ∈ Ck(X), for every f ∈ C(X)

and g ∈ Ck(X). For this, CLX(X − z(f.g)) =

CLX(X − z(f)∪ z(g) = CLX(cozf)∩CLXcozg ⊆
CLXcozg. By suppose CL(X)cozg is compact.

Since CLx(cozf) ∩ CLx(cozg) is closed and X is

Hausdroff, so CLXcozf.g is compact. Hence f.g ∈
CK(x).

Theorem 2.2. If I is an ideal in C(X), then

Ic = I ∩ Cc(X) is an ideal in Cc(X).

Proof. Let f.g ∈ Ic, since I is a ideal of C(X)

f + g ∈ I. But Im(f + g) ⊆ Imf + Img. by

suppose |Imf + Img| ≤ ℵ◦, s ◦ |Im(f + g)| ≤ ℵ◦

i.e., f + g ∈ Cc(X). Consequently f + g ∈ Ic. But,

if f ∈ IC , g ∈ Cc(X), then f.g ∈ Cc(X) and since

f ∈ I and I is a ideal C(X) we infer that f.g ∈ I

and we are done.

Corollary 2.3. Cck(X) is an ideal of Cc(X).

Proof. By Theorem 2.2 and this fact that

Cck(X) = Ck(X) ∩ Cc(X).

Definition 2.4. Ideal Ic in Cc(X) is called a Zc-

ideal if Z(f) ∈ Z(Ic) then f ∈ Ic, for every

f ∈ Cc(X) or the otherhand Z −1(Z(IC)) = ICR.

Lemma 2.5. CCK(X) is a ZC ideal.

Proof. Let, Z(h) = Z(f)foreveryf ∈ Cck(X) and

h ∈ Cc(X). Then, suppf = CLx(X − Z(f)) =

CLx(X −Z(g) = suppg is compact so g ∈ Cck(X).

r

Lemma 2.6. Let φ be a ring and I an ideal in φ.

Then an ideal A of I is prime in I if and only if

A = I ∩ P , for some P , prime in φ. furthermore,

p is unique if A is proper.

Proof. See[7].

Corollary 2.7. Let I be an ideal of C(X), then its

maximal ideals are precisely the ideals of the form

I ∩M , where M is maximal in C(X) and M does

not contain.

Proof. Let, A = M ∩ I,M ̸⊃ I and M is maximal

ideal in C(X). Then I
A = I

M∩I
∼= M+K

M = C(X)
M

is field, which implies A is a maximal ideal of I.

Conversely, Suppose A is a Max ideal of I. By

Lemma 2.6. there exist M prime in C(X) such

that A = I ∩ M . We claim that M is Maximal

ideal in C(X). To see this, assume there exist an

ideal M ′ in C(X) with M ⊆ M ′ ⊆ C(X). Let

s ∈ C(X) \ M ′, the residue class ring I
A is field,

with unity e+A say, then e2s+A = es+A, which

implies e(e− s) ∈ A. Since M is prime and e /∈ M ,

so es − s ∈ M . Since A = I ∩ M ⊂ I ∩ M ′ ⊂ I

and A is Maximal in I we infer that I ∩ M ′ = A

or I ∩ M ′ = I. But es − s ∈ M ′, hence es /∈ M ′,

so we must that I ∩ M ′ = A. Now let x ∈ M ′

then xe ∈ I ∩M ′ = A, which implies that xe ∈ M .

Hence x ∈ M . This shows M ′ = M .

The uniqueness follows from lemma 2.6.

Previous results, we share for Cc(X).

Lemma 2.8. let Ic is an ideal in Cc(X), then.

its maximals are precisely the ideals of the form

Ic ∩Mc, whence Mc is maximal in Cc(X) and Mc

does not contain.

Proof. Since is a commutative ring with unity.

see[3]

Lemma 2.9. Xcl = ϕ if and only if Cck(X) = (0).

Proof. let Xcl = ϕ i.e.,
∪

f∈Cck
suppf = ϕ .so

suppf = ϕ for every f ∈ Cck(X). Hence cozf = ϕ

for every f ∈ Cck(X) i.e., f = 0 so CCK(X) = (0).

Conversely, It is evident, f = 0, then suppf = ϕ.

Hence Xcl = ϕ.

Remark 2.10. We introduced subspace XL ⊆ X

in section 1, the set of all points in X with compact

neighborhood (nhood). But, in the general case,

Xl ̸= Xcl. Here we give an example of a space
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such that Xcl ̸= XL . In [1 ],we has be shown that

XL = coz(Ck(X)) so XL is an open subspace of X,

Example 2.11. Let X = [−1, 1] with all points

are isolated except for x = 0 has its usual nhoods.

Then XL = X − {0} . It is enough ,let be

f(x) =

1 x = a

0 otherwise

for every a ∈ X − {◦}, f ∈ Ck(X). Now , let

g(x) =

x x = 1
n , n ∈ Z∗

0 otherwise

then suppg = { 1
n , n ∈ Z∗} ∪ {◦}, g ∈ Cck(X) i.e

0inXcl . Hence Xl ̸= Xcl.

3 Relation between purity

Cck(X) and Xcl

Brouche in [3] proved that if X is locally compcat,

then Ck(X) is a pure ideal. Abu osba and AL.

Ezeh in [1] have shown that there are non-locally

compact spaces X such that Ck(X) is a non-trivial

pure ideal. in this paper,According to this we study

purity of Ck(X) and it’s Relationship with Xcl. At

first, we give an example of a pure ideal.

Example 3.1. Let X = Q with all points have

their usual nhoods except for x = ◦ is isolated then

Cck(X) = {f ∈ Cc(X) : f = 0 except for x = 0}
Since Q is countable, so CC(X) = C(X). Since if

there exist f ∈ Ck(X) such that f(x) ̸= f(0) and

x ∈ cozf , there are a sequence of rational num-

bers, {rn} say, that {rn} is convergence to x, in

this case, suppf is not compact i.e f /∈ Cck(X). We

show that CCK(X) is pure. Let g(0) = 1 and oth-

erwise g = 0.Then g ∈ CCK(X)and f.g = f ,for

every f ∈ CCK(X).

Theorem 3.2. Let Ic be a Zc ideal contained in

Cck(X) then Ic is pure ideal if and only if cozIc =

∪f∈Icsuppf .

Proof. Let Ic be pure ideal it is clear that cozIc =

∪f∈Iccozf ⊆ ∪f∈Icsuppf . Now, if f ∈ Ic, then

there exists g ∈ Ic such that f = fg. so g = 1

on suppf. Thus suppf ⊆ cozg. Hence cozI =

∪f∈Icsuppf.

Cnversely, letcoz Ic = ∪f∈Icsuppf . if g ∈ Ic,

then suppg ⊆ ∪f∈Icsuppf = cozIc = ∪f∈Iccozf .

So suppg ⊆
∪n

i=1 cozfi, for f1, f2, . . . , fn ∈ Ic

since I ⊆ Cck(X) and suppg is compact. Let

h =
∑n

i=1 f
2
i . Then h ∈ Ic and cozh =

∪n
i=1 cozfi.

Whence X is zero dimensional and suppg is com-

pact, we have k(suppg) = 1 and k(Z(h)) = 0, for

a k ∈ Cc(X). Hence g = gk and Z(h)) ⊆ Z(k).

therefore k ∈ Ic, since Ic is a Zc ideal .Thus is pure

ideal of Cck(X).

Corollary 3.3. Xcl is subspace open of X if

Cck(X) is pure..

Proof. Since coz(Cck(X)) =
∪

f∈Cck(X) suppf =

Xcl.

Theorem 3.4. Let Cck(X) be pure ideal then for

each proper ideal Ic of Cck(X), cozIc is contained

properly in Xcl.

Proof. Suppose Ic ⊂ Cck(X)), Evidently cozIc ⊆
Xck .We show that cozIc ̸= Xcl . Otherwise

cozIc = XcL . Let f ∈ Cck(X), Since Cck(X)

is pure ideal we infer that suppf ⊆ Xcl = cozIc.

Hence suppf ⊆
∪n

i=1 fi,where fi ∈ Ic for each

i. Suppose g =
∑n

i=1 f
2
i . Then g ∈ Ic, and

cozg =
∪n

i=1 cozfi Define

h(x) =

 f
g (x) x ∈ cozg

0 otherwise

then h ∈ Cc(X), since suppf ⊆ cozg. More-

over f = gh ∈ Ic. So Cck(X) = Ic

Remark 3.5. If Cck(X) is not pure, then theo-

rem 3-9 need not be true. Please note the following

example.

Example 3.6. Let X = [−1, 1] ∪ { 1
n , n ∈ N}

with the subspace topology. Then
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Cck(X) = { f ∈ Cc(X) : cozf ⊆ { 1
n , n ∈ N}.

Cck(X) is not pure ideal of Cc(X), since ◦ ̸∈
cozCck(X) but ◦ ∈ Xcl .Because if cozf = { 1

n , n ∈
N}, then suppf = { 1

n , n ∈ N} ∪ {◦}

Remark 3.7. whence the maximal ideals of

Cck(X) are precisely the sets Mc ∩ Cck(X) ( see

corollary 2.7) . So Mx
C ∩ Cck(X) is fixed maximal

ideal of Cck(X), for every x ∈ Xcl and Mx
c , fixed

maximal ideal in Cc(X) , such that Mx
c ̸⊇ Cck(X).

But the latter relation is true, because if Mx
C ⊇

Cck(X), then f(x) = 0, for every f ∈ Cck(X).

So x ∈ ∩f∈Cck(X)Z(f) i.e., x ̸∈ cozcck(X) = Xcl.

This is a contradiction.

Finally using the previous results, we get our

the main result by the following theorem.

Theorem 3.8. Let Cck(X) and Cck(Y ), be pure

ideals. Then Xcl is homeomorphic to Ycl if and

only if Cck(X) is isomorphic to Cck(Y ).

Proof. If Cck(X) is isomorphic to Cck(Y ), then

Xcl is homeomorphic to Ycl . Whence Cck(X) ≈
Cck(Y ) and {Mx

c ∩ Cck(X) : x ∈ XcL} ≃ Xcl. (set

of maximal ideals admits the hull-kernel topology).

Similarly {Mx
c ∩ Cck(Y ) : y ∈ Ycl} ≃ Ycl

Conversely, suppose φ : Xcl → Ycl is

a homeomorphism. Let f ∈ Cck(Y ),then f1 ◦
φ ∈ C(XcL), where f1 = f |Ycl

. But cozf =

φ(cozf1 ◦φ), since cozf ⊂ Ycl. Which implies that

φ−1(cozf) = cozf1◦φ. Therefore CLXcl
cozf1◦φ =

CLXcl
φ−1(cozf) = φ−1(CLycozf) = φ−1(suppf).

Since suppf is contained in Ycl, for each f ∈
Cck(X), define gf : X → R by

gf (x) =

f◦φ(x) x ∈ Xcl

0 x ∈ X − φ−1(suppf)

Xcl is open, (here we used purity of Cck(X)) and

since suppgf = CLxcl
cozf1 ◦ φ is compact. Hence

gf ∈ Cck(X). Now, define φ̄ : Cck(Y ) → Cck(X)

by φ̄(f) = gf , then φ̄ is a ring homomorphism.

Now, we show that φ̄ is one to one and onto.

Suppose φ̄(f) = 0, then (f1 ◦ φ)(x) = ◦ for every

x ∈ Xcl. So cozf1 ◦ φ = φ̄(cozf) = ϕ, i.e., f = ◦.
Let f ∈ Cck(X). Define g : Y → R by

g(y) =

f ◦ φ−1(y) y ∈ Ycl

◦ y ∈ Y − φ(suppf)

Then f ∈ Cc(X). (We used here purity Cck(X)).

Moreover if g(y) ̸= ◦, then φ−1(y) ∈
cozf . So cozg⊆ φ(cozf). As a consequence

CLYcl
(cozg) ⊆ CLYcl

φ(cozf) = φ(CLX(cozf) =

φ(suppf). But CLYcl
(cozg) = CLY cozg = suppg.

Since suppg is compact, thus g ∈ Cck(Y ). Now

φ̄(g)(x) =

g1 ◦ φ(x) x ∈ Xcl

◦ x ∈ X − φ−1(suppg)

=

f ◦ φ−1 ◦ φ(x) x ∈ Xcl

◦ x ∈ X − φ−1(suppg)

=f(x)

so φ̄(g) = f , i.e φ̄ is onto. So Cck(X) is ring iso-

morphic to Cck(Y ).

Corollary 3.9. If Cck(X) is pure ideal, then

Cck(X) is isomorphic to Cck(Xcl).

Proof. It is sufficient t, let Y = Xcl in Theorem

3.8.

4 Result

In this article, we prove that for every zero-

dimensional space X, topological properties sub-

space Xcl of X characterize in terms of a suitable

algebraic property of Cck(X) as an ideal of Cc(X).

We conclude XCL is a subspace of X with locally

compact neighborhood. This neighborhood is cre-

ated by suppf, for some f ∈ Cc(X).

4

82

82



References

[1] E. A. Abu Osba and H. AL. Ezeh, ”Purity of

the ideal of continuous functions with compact

support,” Math. J. Okayama Univ. (41) (1999),

111-120.

[2] R. Bkouche, Purete, Mollesse et paracompact,

Acad. Sci. paris Ser. A.270. 1653-1655 (1970)

[3] J. G. Brookshear, ” projective ideals in rings of

continuous functions,” Pacific. J, Math. 71 (2)

(1977), 313-333 .

[4] M. Ghadermazi, O. A. S. Karamzadeh, and M.

Namdari, ”On functionally countable subalgebra

of C(X),” Rocky Mountain J. Math. (29) (2011)

1153-1164.

[5] L. Gillman and M. Jerison, ”Rings of continu-

ous functions,” Springer, 1967.

[6] C. Kohls, ”Ideals in rings of continuous func-

tions”, Fund. Math. (45) (1957), 28-50

[7] N. H. Mc Coy, prime ideals in general rings,

Amer Math, 45 (1957), 22-27.

[8] J. D. Mc Kinght,”On the characterization of

ring of functions”, Doctoral thesis, purdue uni-

versity, Ind. 1953.

[9] D. Rudd,”On isomorphisms between ideals I

rings of continuous functions”, Trans. Amer.

Math. Soc. (159) (1971), 335-353.

5

83

83



On the preservation of Volterra spaces

Alireza Kamel Mirmostafaee∗, Academic member of Faculty of Mathematical Sciences,

Center of Excellence in Analysis on Algebraic Structures, Ferdowsi University of Mashhad,

mirmostafaei@ferdowsi.um.ac.ir

Ali Talebi†, Ph. D student of Faculty of Mathematical Sciences,

Ferdowsi University of Mashhad, alitalebimath@yahoo.com

Didicated to memory of Prof. Zbigniew Piotrowski

Abstract: We will investigate the preservation of Volterra spaces under cartesian product. We also discuss

about conditions which guarantees Volterraness under images and preimages of special mappings.

Keywords: Volterra spaces, weakly Volterra spaces, feebly open mappings, feebly continuous function.

1 INTRODUCTION

A topological space X is said to be a Volterra space

(resp. weakly Volterra) [1], [2] if any finite intersec-

tion of dense Gδ subsets is dense (resp. nonempty).

The name refers to a paper of Vito Volterra [3] who

proved that if f : R → R is any function such that

both C(f) = {x ∈ R : f is continuous at x} and

D(f) = R − C(f) are dense in R, then there is

no function g : R → R such that C(g) = D(f)

and D(g) = C(f). Clearly, every Baire space is

Volterra, but the converse is not true in general.

In fact, if X = [0,∞) with topology having basis

{[a,∞) − F : a ∈ X and F is a finite subset of

X}, then X is not of second category, because it is

the union of countably many closed, nowhere dense

sets {[0, n) : n ∈ N}. However, each dense Gδ-set

is of the form [a,∞) − C, where a ∈ X and C is

a countable subset. Therefore, the intersection of

any pair of such sets is also is dense. Hence, X

is Volterra. Gruenhage and Lutzer [3] have shown

that a space that is T3 and has a dense metric sub-

space or is T3, metacompact, first countable and is

a σ-space is Volterra if and only if it is Baire.

Let X = R− ∪ Q+ with topology inherited

from the reals, where R− denoted the non-positive

reals and Q+ the non-negative rationales, then X

is the union of dense Gδ sets

A1 = R− ∪
{
p

q
: (p, q) = 1 and q is even

}
and

A2 = R− ∪
{
p

q
: (p, q) = 1 and q is odd

}
.

But A1 ∩ A2 = R− is not dense in X. Thus X is

not a Volterra space. Since X contains a Baire sub-

set R−, the intersection of any countable Gδ dense

subset of X is nonempty. So that it is a weakly

Volterra space. Hence, the class of weakly Volterra

spaces is strictly larger than the class of Volterra

spaces.

It is natural to ask under what condition(s) a

function, it preserves Volterra (or weakly Volterra)

∗Corresponding Author
†Speaker
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property under image or preimage? Unfortu-

nately, even continuous surjections do not preserve

Volterra (and weakly Volterra) property under im-

ages. For example, the space of rational numbers

(which is not even weakly Volterra space) is the

continuous image of any countable set with discrete

topology, which is a Baire space. In the next sec-

tion, we will investigate stability of Volterra and

weakly Volterra property under images and preim-

ages of some mappings.

2 RESULTS

It is known that Baire Category is not preserved

under cartesian product. In 1998, Gauld et al. [1]

provided an example of a metric Baire spaceX such

thatX×X it is not even weakly Volterra. We recall

that a topological space X is said to be resolvable if

it contains two disjoint and dense subsets. Cao and

Junnila [4] have show that the product space X×Y

is not weakly Volterra if X is a Volterra space of

the first Baire category and Y is dense-in-itself sep-

arable metric space. Indeed, product of a Volterra

space which is of the first category and a resolvable

space that the points are Gδ can not be a weakly

Volterra space.

Theorem 2.1. Suppose that X is a Volterra space

which is not of the first category and Y is a resolv-

able space with Gδ-set points. Then the product

space X × Y is not weakly Volterra space.

Proof. There exists a decreasing sequence {Gn :

n ∈ N} of dense open subsets of X such that∩
n∈N Gn = ∅. As Y is resolvable, there exist dis-

joint dense subsets A and B in Y . Fix n ∈ N.
The sets A′ = Gn × A and B′ = Gn × B are

disjoint and dense in X × Y . Moreover, the fam-

ily {Gn × Y : n ∈ N} is point-finite and open in

X × Y and each set of the form Gn × {y} is a Gδ-

set in X × Y . Hence, as A′ =
∪

a∈A Gn × {a} and

B′ =
∪

b∈B Gn × {b}, it follows that A′ and B′ are

Gδ-sets [4] which are disjoint and dense.

However, if product space of X × Y is

Volterra, then so is X and Y .

Theorem 2.2. (i) If product space of X × Y is

Volterra, then so is X and Y .

(ii) If product space of {Xα : α ∈ A} is Volterra,

then so is Xα (∀α ∈ A).

Proof. (i) Let A and B be two dense Gδ subset of

X. Then A × Y and B × Y are two dense Gδ set

in X × Y and so A× Y ∩B × Y = (A ∩B)× Y is

dense. Therefore A ∩B dense in X.

(ii) Fix α ∈ A. Let A and B be two

dense Gδ subset of Xα. Then A ×
∏

β ̸=α Xβ and

B ×
∏

β ̸=α Xβ are dense in
∏

β∈A Xβ and so is

(A ∩ B) ×
∏

β ̸=α Xβ . Thus A ∩ B dense in Xα.

(Note that
∏

α∈A Xα =
∏

α∈A Xα).

A space X is called P -space if every Gδ-

subset of X is open. The space X called almost

P -space if each non-empty Gδ-subset of X has non-

empty interior.

Note that, there is a hereditarily Baire space

and a hereditarily Volterra space such that the

product of them is not even weakly Volterra. In-

deed, consider Rd the real numbers with the density

topology and let X = {f ∈ 2ω1 : f−1(1) < ω}
with the topology inherited from the countably

supported product topology on 2ω1 . Then each

subset of Rd is Baire and X is P-space. But Rd×X

is not weakly Volterra [5].

A function f from X to Y is called

(a) feebly open if for every open subset U of X,

int(f(U)) is nonempty.

(b) quasi open if for every open set V ⊆ X,

f(U) ⊆ intf(U).

(c) feebly continuous if for every open subset W

of Y , int(f−1(W )) is nonempty.

(d) feeble homeomorphism if it is feebly open and

feebly continuous bijection.
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(e) quasi-continuous if for each open set V ⊆ Y ,

we have f−1(V ) ⊆ intf−1(V ).

Frolik [6] proved that if f is both continu-

ous and open mapping from a Baire space X onto

a topological space Y , then Y is Baire. In 1977,

Neubrunn improved Frolik’s theorem by showing

that the last result remains true if f only assumed

to be quasi-continuous and feebly open.

A similar result for Volterra and weakly

Volterra spaces has been proved in [1]:

Theorem 2.3. ([1, Proposition 5.1]) Suppose that

f : X → Y is continuous and feebly open. If X is

weakly Volterra then so is Y. If X is Volterra and

f is surjective then Y is Volterra.

In the case of Baire spaces, quasi-continuity

of f is sufficient. The following example shows that

we need the full strength of continuity and feeble

openness [1]:

Example 2.4. Let X = N, O denote the odd pos-

itive integers and E be the even positive integers.

For each pair (m,n) of positive integers let

Um,n = {x ∈ X : eighter x ≥ 2m− 1 and

x ∈ O or x ≥ 2n and x ∈ E}.

Then {∅} ∪ {Um,n : m,n ∈ N} defines a topology

on X. It is readily checked that the two subsets O

and E are Gδ and as subspaces are Volterra. From

O∩E = ∅, it follows that X is not weakly Volterra.

Define f : E → X by f(e) = e
2 . The

function f is open because if Um,n ∩ E is open

in E then f(Um,n ∩ E) = Un
2 +1,n2

if n ∈ E and

f(Um,n∩E) = Un+1
2 ,n+1

2
if n ∈ O. Also, f is quasi-

continuous because for any open Um,n ⊂ X, let

k = max{2n, 2m−1}. Then U1,k∩E ⊂ f−1(Um,n)

and since U1,k ∩ E is dense in E it follows that

int(f−1(Um,n)) is dense in f−1(Um,n). However,

E is Volterra but X is not even weakly Volterra.

Therefore quasi-continuous open bijections do not

preserve Volterra property.

The next result gives a sufficient condition

for preserving Volterra and weakly Volterra prop-

erty under preimages.

Theorem 2.5. Let f : X → Y be a one-to-one,

open and feebly-continuous function from topolog-

ical space X to Volterra (resp. weakly Volterra)

space Y. Then X is Volterra (resp. weakly Volterra)

space.

Proof. Let A and B be two dense Gδ-subset of X.

Since f is one-to-one and open, f(A) and f(B) are

Gδ-set in Y . Moreover, f(A) and f(B) are dense in

Y , as if V be a non-empty open subset of Y , then

by almost continuity of f int(f−1(V ))∩A ̸= ∅ and

so f(A) ∩ V ̸= ∅. Similarly, f(B) is dense in Y.

As Y is Volterra space, f(A) ∩ f(B) is dense. Let

G ⊂ X be a non-void open set. Then f(G) is open

and intersects f(A) ∩ f(B) = f(A ∩B). Therefore

A ∩ B ∩ G ̸= ∅. So X is Volterra space. A simi-

lar argument shows that if Y be weakly Volterra,

then so is X. The following example shows that

Volterra (resp. weakly Volterra) property may not

be preserved under preimage of continuous open

(or closed) continuous functions.

The following example [1] shows that bijec-

tivity is necessary in Theorem 2.3.

Example 2.6. Let X = [0, 2] ∩Q and Y = {0, 1}.
Define f : X → Y by f(x) = 0 if x ≤

√
2 and

f(x) = 1 if x ≥
√
2. Then f is continuous, open

and closed but Y is Volterra whereas X is not weakly

Volterra; however both spaces are metric.

In our proof of Theorem 2.3, we need the full

strength of openness:

If A be Gδ-set in X, then f(A) = f(
∩

n∈N An) =∩
n∈N f(An). So image of Gδ-sets under f are Gδ

if f be open. However, feeble openness does not

suffice to deduce that
∩

n∈N int(f(An)) ̸= ∅. More-

over, even if
∩

n∈N int(f(An)) is non-void, then we

can not imply that it is dense in Y.

Mirmostafaee and Piotrowski [7] proved that

if f be quasi open and feebly continuous, and if U

be an open dense subset of X, then int(f(U)) is
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dense in Y, but it is not enough to prove density of∩
n∈N int(f(An)), unless Y is a Baire space.

Suppose that X is the set of real numbers of

with usual topology τ and τ ′ is the topology gener-

ated by τ∪{U∩Q : U ∈ τ}. Then the identity map

i : (X, τ ′) → (X, τ) is bijection, continuous and

nearly feebly open function. Since every nonempty

open subset of a Volterra space is weakly Volterra

[1, Corollary 4.2], (X, τ ′) is not Volterra.
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Introduction

Let (X, d) be a metric space. A non-empty subsetA

of X is called a resolver of (X, d) if d(x, a) = d(y, a)

for all a in A implies x = y. The metric dimension

md(X) of (X, d) is the smallest integer k such that

there is a resolver of (X, d) of cardinality k . A

resolver of (X, d) with cardinality md(X) is called

a metric basis for X. As X resolves X every met-

ric space X has a metric dimension which is at

most the cardinality |X| of X. For the first time

the concept of the metric dimension of a metric

space appeared in 1953 in [3], and attracted some

more attention in 1975 when it was applied to the

set of the vertices of a graph [7, 12]. Since then

its applied in some more branches of the sciences

and much has been published on this topic, see,

for example [4, 5, 6, 8, 10]. Also in [1], md(X) is

computed in the cases that X is an n-dimensional

Euclidian space En, spherical space Sn, Hyperbolic

space Hn and open subsets and convex sets of them

and also when X is a Riemann surface. In this pa-

per we are going to compute the metric dimension

of a quotient Riemannian manifold or a product

Riemannian manifold.

∗Corresponding Author
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Notations and examples

Let (X, d) be a metric space. For two distinct

points P andQ inX, we define the bisectorB(P |Q)

by

B(P |Q) = {x ∈ X | d(x, P ) = d(x,Q)} (1)

A subset A of X fails to resolve X if and only if

there are distinct points P and Q in X such that

for all a in A,d(P, a) = d(Q, a); then a subset A of

X is a resolver of X if and only if it is not contained

in any bisector.

For each open subset A in R (including R ),

since each point is between two points in A,(A is

open) then md(A) > 1. Also for each two distinct

point P and Q in A, B(P |Q) = {P+Q
2 } includes a

single point. Then each subset including two dis-

tinct points in A is a resolver for A. Then md(A) =

2. But for A = [a, b), a, b ∈ R(including b = ∞),{a}
is a metric basis for A. Then md(A) = 1.

Example () shows that for A ⊆ B ⊆ X in

general non of the inequalities md(A) ≤ md(B) or

md(B) ≤ md(A) is true. In fact the metric dimen-

sion of the subsets of a metric space depends hardly

on the shape of the subset.

For each two distinct points P,Q in S1 the

unit circle, with P ̸= ±Q, {P,Q} is a metric basis

for S1. Then md(S1) = 2.

Let (X, d) be the following three standard

n-dimensional geometries of constant curvature:

(1) Euclidian space En; that is Rn = {x =

(x1, ..., xn) | xi ∈ R} with the metric d(x, y) =

∥x− y∥.
(2) Hyperbolic space Hn; that is Hn = {x ∈ Rn |
xn > 0} with path metric derived from |dx|/xn.

(3) Spherical space Sn; that is Sn = {x ∈ Rn+1 |
∥x∥ = 1} with path metric induced by the Euclid-

ian metric on Rn+1.

Then the metric dimension of (X, d) in each

three cases is n+ 1 [1].

We denote by BX(x, r), the open ball with

center x and radius r in (X, d). When (X, d) is

one of the above three cases, for each two distinct

points P and Q, the bisector B(P |Q) is a Euclid-

ian, spherical or hyperbolic hyperplane [2, 9]. Then

in these cases each subset of n+1 points in X that

is not included in a hyperplane is a metric basis for

X. Then, in these cases, each open ball BX(x, r)

includes a metric basis for X. We need these notes

and notations in the proofs of the next section.

1 The Metric Dimension of

Quotient and Product Rie-

mannian Manifolds

If (M1, g1) and (M2, g2) are Riemannian manifolds,

the product M1 × M2 has a natural Riemannian

metric g = g1 ⊕ g2, called the product metric, de-

fined by

g(x1 + x2, y1 + y2) = g1(x1, y1) + g2(x2, y2).

where xi, yi ∈ TpiMi under the natural identifica-

tion T(p1,p2)M1 ×M2 = Tp1M1 ⊕ Tp2M2.

When we have two metric spaces, in general case

computing the metric dimension of the product

metric space of them is very complicated and is

not a constant function of there metric dimensions.

But in the case of Riemannian manifolds(without

boundary) we have the following theorem.

Let (M1, g1) and (M2, g2) be two Rieman-

nian manifolds and di be the path metric derived

from gi. If the metric dimension of (Mi, di) be

mi, then the metric dimension of (M1 × M2, d) is

m1 +m2 − 1. Where d is the path metric derived

from the product metric g = g1 ⊕ g2.

Sketch of the proof. We show that if

{p1, p2, p3, ..., pm1} and {q1, q2, q3, ..., qm2} be met-

ric basis respectively for (M1, d1) and (M2, d2),

then {(p1, qi), (pj , q1) | i = 1, ...,m1, j = 2, ...,m2}
is a metric basis for (M1 ×M2, d).
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md(R×S) = 3 and md(Tn) = md(S1×S1×
S1 × · · · × S1) = 2n− (n− 1) = n+ 1.

Let Γ be a discrete group of isometries of

an n-dimensional homogenous Riemannian mani-

fold (X, g) acting freely on X. Then the orbit space

X/Γ is called an X-space-form. By [11, Theorem

8.1.3], an X-space-form is an n-manifold.

Let (X/Γ, d̄g) be an X-space-form equipped

with the metric d̄g that is induced by the path met-

ric dg derived from g, the metric of the homogenous

Riemannian manifold (X, g). Then md(X/Γ) =

md(X).

Sketch of the proof. Let F be a fundamental

domain for Γ in X. Since X is a homogenous Rie-

mannian manifold one can show that F contains a

metric basis. Let {p1, p2, p3, ..., pmd(X)} be a metric

basis for (X, dg) such that all pi are in F . Then we

show that {[p1], [p2], [p3], ..., [pmd(X)]} is a metric

basis for (X/Γ, d̄g).

md(S1) = md(R/Z) = 2 and md(RPn) =

md(Sn/Z2) = n+ 1.
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Geometric Characterization of Riemannian Foliated

Cocycles via Holonomy Groups
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Abstract: Foliations with transverse metrics or Riemannian foliated cocycles can be regarded as one the

significant class of foliations mainly due to the fact that they are the natural setting to generalize Riemannian

geometry to foliated manifolds. In this paper, taking into account the point that the holonomy group Hol(g)

of a Riemannian manifold (M, g) demonstrates the geometrical structures on M compatible with g, we have

comprehensively analyzed the Riemannian foliated cocycles via the holonomy groups. As a main consequence,

a complete classification of this particular geometric structure is presented.

Keywords: Riemannian Foliated Cocycles, Holonomy Group, Riemannian Submersion, Transverse Bundle.

1 INTRODUCTION

In mathematics, foliation theory can be regarded

as a powerful geometric device which is applied

in order to study manifolds, consisting of an in-

tegrable subbundle of the tangent bundle. In other

words, a foliation locally looks like a decomposi-

tion of the manifold as a union of parallel subman-

ifolds of smaller dimension. Such foliations of man-

ifolds occur naturally in various geometric fields

such as solutions of differential equations and inte-

grable systems or in differential topology. In fact,

the concept of a foliation first appeared explicitly

in the work of E.hresmann and Reeb in the 1940’s

[1], motivated by the question of existence of com-

pletely integrable vector fields on three-dimensional

manifolds. Since that time, the subject has enjoyed

a rapid undeniable development. Nowadays, folia-

tions are the focus of a great deal of research activ-

ity in various fields.

In 1959 B.Reinhart introduced a particular type

of foliations which is constructed via a particular

geometric structure called Riemannian foliated co-

cycle [2]. When for a given foliation there exists

a Riemannian metric g on M which is transverse

for F , we say that (M, g,F) is a Riemannian foli-

ated cocycle. This notion is quite intutive. As it

will be demonstrated in the current paper, the exis-

tence of this geometric stucture leads to creation of

a particular metric for which the leaves of the folia-

tion remain locally at constant distance from each

other. This class of foliations, can be regarded as

a well candidate and a significant device for mod-

eling situations drawn from mechanics and physics

and particularly plays a fundamental role in gener-

alizing Riemannian geometry to foliated manifolds.

Consequently, Riemannian foliated cocycles form a

natural class of foliations that is worth investigat-

ing from different aspects [3, 4, 5].

The holonomy group Hol(g) of a Riemannian man-

ifold (M, g) is an area of Riemannian geometry

which demonstrates the geometrical structures on
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M compatible with g. The investigation of Rie-

mannian holonomy has led to a number of sig-

nificant developments. The notion of holonomy

was firstly introduced by Cartan (1926) in order

to study and classify symmetric spaces [6]. It

was not until much later that holonomy groups

would be applied as a powerful tool in order to

study Riemannian geometry in a more general set-

ting. The decomposition and classification of Rie-

mannian holonomy has important applications to

physics, and particularly to string theory. In this

paper, we have thoroughly investigated the Rie-

mannian foliated cocycles via the holonomy groups.

As a main consequence, some significant character-

izations of this geometric structure is obtained via

the mentioned approach.

2 Holonomy Groups and Rie-

mannian Foliated Cocycles

Let M be a manifold, P a principal bundle over

M with fibre G, and ∇ a connection on P. For

p, q ∈ P, if there exists a piecewise smooth hori-

zontal curve in P joining p to q, write p ∼ q. It

is clear that ∼ is an equivalence relation. For the

fixed point p ∈ P, the holonomy group of (P,∇)

based at p is defined as follows:

Holp(P,∇) = {g ∈ G : p ∼ g.p}

Let (M, g) be a Riemannian manifold with Levi-

Civita connection ∇l. Then the holonomy group

Hol(g) of g can be defined as Hol(∇l). Then Hol(g)

is a subgroup of O(n), defined up to conjugation in

O(n). We will refer to the holonomy group of a Rie-

mannian metric as a Riemannian holonomy group.

Let M be a manifold of dimension n which is

equipped with a foliation F of codimension q.

The foliation F is called to be modeled on a q-

dimensional manifold M∗
0, if it is defined by a co-

cycle χ = {Ui, φi, ψij}I modeled on M∗
0, i.e. the

following conditions are satisfied [7]:

(a) : {Ui} is an open covering of M .

(b) : φi : Ui −→ M∗
0 are submersions with con-

nected fibres, and

(c) : ψijφj = φi on Ui

∩
Uj .

According to above definition, the q-manifold

M∗ =
⊔
M∗

i , M∗
i = φi(Ui), is denoted as the

transverse manifold corresponding to the cocycle χ

and the pseudogroup H of local diffeomorphisms of

M∗ generated by ψij the holonomy pseudogroup

representative on M∗ which is associated to the

cocycle χ. It is noticeable that M∗ is a complete

transverse manifold and the equivalence class of H
is called the holonomy pseudogroup of (M,F). In

this paper, in what follows, it is assumed that F
is constructed via a cocycle χ and the transverse

manifold and holonomy pseudogroup associated to

χ are denoted by M∗ and H, respectively. The fo-

liation F is called (transversally) Riemannian, if it

is constructed via a cocycle χ = {Ui, φi, ψij}I mod-

eled on a Riemannian manifold (M∗
0, g0) and such

that the transformations ψij are local isometries of

the Riemannian structure g0.

The concept of holonomy is closely related to that

of a transverse Riemannian structure on the folia-

tion. For a given point x on a manifold equipped

with a foliation of codimension q, one may consider

how the leaves near that point intersect a small q-

dimensional disk which is transversal to the leaves

and contains the given point. The ways in which

these leaves depart from this disk and return to it

are encoded in a group, called the holonomy group

at x. It is a quotient group of the fundamental

group of leaf through x. This group is of special

importance, because it contains a lot of informa-

tion about the structure of the foliation around the

leaf through x.

A Riemannian metric gQ on the transverse bundle

Q = TM
T (F ) of a foliation F is holonomy invariant if

LXgQ = 0, for any X ∈ X (F ).

Theorem 2.1. Let M be a manifold of dimension

n which is equipped with a foliation F of codimen-

sion q. Then (M, g,F) is a Riemannian foliated

cocycle if and only if the induced metric on the

transverse bundle is holonomy invariant.
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Proof: Let Lα be a leaf of F , Υ a path in

Lα, and let E and K be transversal sections of F
with Υ(0) ∈ E and Υ(1) ∈ K. Then we must prove

that

HolE,K(Υ) : (E,Υ(0)) −→ (K,Υ(1))

is the germ of an isometry, in other words H =

HolE,K(Υ) preserves the metric. According to the

definition of holonomy, we can assume that Υ is in-

side a surjective chart, Ω = (x1, ..., xp, y1, ..., yq) :

U −→ Rp × Rq of F and E,K ⊂ U . Without

loss of generality, assume that Ω(t) ⊂ {0} × Rq,

so that the vector fields ∂
∂yi |E form a frame for

the tangent bundle of E. Furthermore assume

that the holonomy diffeomorphism H : E −→ K

is defined on all of E. By definition of H we

have: yioH = yi|E , for i = 1, ..., q. Therefore
∂(yioh)

∂yj (p) = δij , for i, j = 1, ..., q, so:

H⋆(
∂

∂yi
(p)) ∈ ∂

∂yi
(H(p)) + TH(p)(F), ∀p ∈ E.

Here we view TH(p)(F) as a subspace of TH(p)(M).

Particularly we have [5]:

g|E(H⋆p(
∂

∂yi (p)),H⋆p(
∂

∂yj (p)))

= g( ∂
∂yi (H(p)), ∂

∂yj (H(p)))

= gij(H(p)) = gij(p) = g|E( ∂
∂yi (p),

∂
∂yj (p)).

Consequently, for an arbitrary transversal section

T at x ∈ Lα we obtain the map:

HolE = HolE,E : π1(Lα, x) → Diffx(E)

which is a group homomorphism from the funda-

mental group of the leaf Lα at x to the group of

germs at x of local diffeomorphisms of E with re-

spect to the point x. We will say that HolE is the

holonomy representation of the leaf Lα at x. Its

image is the holonomy group of Lα at x. ♢

Theorem 2.2. Let M be a manifold of dimension

n which is equipped with a foliation F of codimen-

sion q. Then (M, g,F) is a Riemannian foliated

cocycle if and only if for any X,Y, Z ∈ Γ(TM) the

following relation satisfied:

πX(g(π̃Y, π̃Z))− g([πX, π̃Y ], π̃Z) (1)

−g([πX, π̃Z], π̃Y ) = 0.

Proof: Suppose that the tangent distribu-

tion T (F) to the foliation is Riemannian. The

complementary orthogonal distribution T (F)⊥ to

T (F) in TM is Riemannian too, and we take it as

transversal distribution to the folation F . Also, we

call T (F) the structural distribution of F . Here we

denote by the same symbol g the Riemannian met-

rics induced by g on T (F) and T (F)⊥. The projec-

tion morphism of TM on T (F) and T (F)⊥ with re-

spect to the decomposition: TM = T (F)⊕T (F)⊥,

are denoted by π and π̃ respectively. According to

theorem (5.1) of [8], there exists a unique connec-

tion ∇I (resp. ∇I⊥
) with respect to above decom-

position. We call ∇I and∇I⊥
the intrinsic connec-

tions on T (F) and T (F)⊥ respectively. According

to [8], we have:

∇I
π̃XπY = π[π̃X, πY ],

∇I⊥
πX π̃Y = π̃[πX, π̃Y ].

(2)

Now, According to metric isomorphism T (F)⊥ ≈
TM
T (F) , the proof completes. ♢
On a Riemannian manifold M , the distance be-

tween two points p and q can be defined as follows:

d(p, q) := inf{L(γ) : γ : [a, b] →M}

where γ is a piecewise smooth curve with γ(a) = p

and γ(b) = q. We remark that any two points

p, q ∈ M can be connected by a piecewise smooth

curve, and d(p, q) therefore is always defined.

As a consequence of the above theorem, we have:

Theorem 2.3. Let M be a manifold of dimension

n which is equipped with a foliation F of codimen-

sion q. Then the following assertions are equiva-

lent:

(1): (M, g,F) is a Riemannian foliated cocycle.

(2): The foliation F is locally defined by Rieman-

nian submersions and the transverse changes of co-

ordinates are isometries.

(3): The leaves of the foliation F locally remain at

constant distance.
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3 Conclusion

In this paper, we have presented a comprehensive

investigation of the Riemannian foliated cocycles

via the holonomy groups. The holonomy group of

a Riemannian manifold can be regarded as one of

the basic significant objects that one can associate

to a Riemannian manifold. This geometric struc-

ture interacts with and contains fundamental in-

formation regarding to a great number of geomet-

ric properties of the manifold. In this paper, we

have demonstrated that the existence of a Rieman-

nian foliated cocycle on a Riemannian manifold is

equivalent to the existence of a Riemannian metric

for which the length of tangent vectors or curves

which are transversal to the leaves is invariant un-

der the holonomy group. In this case, the holonomy

group can be interpreted as a group of isometries

of a transversal disk. Furthermore, some geometric

characterization of Riemannian foliated cocycles is

presented via the mentioned approach.
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Abstract:In this paper we study ϕ-recurrent and generalized ϕ-recurrent Sasakian manifolds. We prove

that ϕ-recurrent Sasakian manifolds are ϕ-symmetric and a generalized ϕ-recurrent Sasakian manifold has

constant curvature.
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1 INTRODUCTION

It is well known that almost contact manifolds are

classified by the sign of sectional curvature (c) of

the plane section that contains the associated vec-

tor field ξ [1]. Here we study the case in which

c > 0 and is called Sasakian manifold. Sasakian

manifolds are the normal contact metric manifolds

and these are the odd-dimensional analogs of kähler

manifolds.

Takahashi [8] introduced the notion of lo-

cally ϕ-symmetric sasakian manifold. As its gener-

alization, ϕ-recurrent Sasakian manifolds and gen-

eralized ϕ-recurrent Sasakian manifolds are defined

and studied in many papers [2, 3, 4, 6]. In this

paper we investigate ϕ-recurrent and generalized

ϕ-recurrent Sasakian manifolds. We show thata ϕ-

recurrent Sasakian manifold is ϕ-symmetric. This

means that there dose not exist any none trivial ϕ-

recurrent Sasakian manifold. Moreover, here it has

been shown that generalized ϕ-recurrent Sasakian

manifolds are of constant curvature and so they are

locally symmetric and ϕ-symmetric.

2 ϕ-RECURRENT SASAKIAN

MANIFOLDS

Let (M,ϕ, ξ, η, g) be a 2n + 1 dimensional almost

contact metric manifold, where ϕ is a (1, 1) ten-

sor field, ξ is a vector field, η is a 1-form and g

is a Riemannian metric which satisfy the following

conditions for any X ∈ T (M)

ϕξ = 0, η(ϕX) = 0, η(ξ) = 1 (1)

ϕ2X = −X + η(X)ξ , g(ξ,X) = η(X). (2)

If,

(∇Xϕ)Y = g(X,Y )ξ − η(Y )X, (3)

and

(∇Xξ) = X − η(X)ξ, (4)

then (M,ϕ, ξ, η, g) is called a Sasakian manifold [1].

In a Sasakian manifold the following relations hold

(∇Xξ) = −ϕ(X), (∇Xη)Y = g(X,ϕY ), (5)

R(X,Y, ξ) = −η(X)Y + η(Y )X, (6)

S(X, ξ) = 2nη(X), (7)

(∇WR)(X,Y )ξ = −g(ϕX,W )Y + (8)

g(W,ϕY )X −R(X,Y )ϕW.
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for any X,Y,W ∈ T (M), where R is the Rie-

mannian curvature tensor and S is the Ricci tensor.

Definition 2.1. A Sasakian manifold is called ϕ-

symmetric [8] if its curvature tensor R satisfies

ϕ2(∇WR)(X,Y, Z) = 0 (9)

for any vector fields X,Y, Z and W in T (M).

Definition 2.2. A Sasakian manifold is called ϕ-

recurrent [5] if there exists a 1-form A such that

the curvature tensor R satisfies

ϕ2(∇WR)(X,Y, Z) = A(W )R(X,Y )Z, (10)

and a generalized ϕ-recurrent [7] if there exist 1-

forms A and B such that

ϕ2(∇WR)(X,Y, Z) = A(W )R(X,Y )Z +

B(W )(g(Y,Z)X − g(X,Z)Y ),

for any vector fields X,Y, Z and W in T (M).

Definition 2.3. A Riemannian manifold (M, g) is

called Ricci symmetric if its Ricci tensor S satisfies

the condition

(∇WS)(X,Y ) = 0, (12)

for any vector fields X,Y and W in T (M), and it

is called Ricci ϕ-symmetric [5] if

ϕ2(∇WS)(X,Y ) = 0. (13)

2.1 MAIN RESULTS

Theorem 2.4. (M2n+1, g) is a ϕ- recurrent

Sasakian manifold if and only if it is ϕ- symmetric.

Proof. Using (2) and (9) and contracting the equa-

tions, we have

−∇WS(Y,Z) + g((∇WR)(ξ, Y, Z), ξ) = (14)

A(W )S(Y, Z).

Replacing Z and Y by ξ implies

−2nη(ϕW ) = −2nA(W ). (15)

Thus by (1) we have

2nA(W ) = 0. (16)

Since n ̸= 0, we get A(W ) = 0 and

ϕ2((∇WR)(X,Y, Z)) = 0. (17)

The converse is clear by putting A = 0.

Proposition 2.5. A ϕ- recurrent Sasakian mani-

fold (M2n+1, g) is a Ricci symmetric manifold.

Proof. Because of (14) M is a Ricci recurrent man-

ifold. Since A(W ) = 0, M is a Ricci symmetric

manifold.

It has been proved [6] that the 1-forms A and

B are related as A = −B in generalized ϕ-recurrent

Sasakian manifolds, so we can say that a Sasakian

manifold is generalized ϕ-recurrent if and only if

ϕ2(∇WR)(X,Y, Z) = A(W )[R(X,Y )Z

−g(Y, Z)X + g(X,Z)Y ].

Theorem 2.6. Any generalized ϕ- recurrent

Sasakian manifold, has constant sectional curva-

ture.

Proof. By using Definition 2.2, (2) and (6) we have

−(∇WR)(X,Y )ξ = A(W )[R(X,Y )ξ + (18)

η(Y )X − η(X)Y ] = 0.

Now, in view of (9) and (19), we get

−g(ϕX,W )Y + g(W,ϕY )X −R(X,Y )ϕW = 0.

(19)

From [5], we know

R(X,Y )ϕW = ϕR(X,Y )W + g(ϕX,W )Y − (20)

g(W,ϕY )X − g(Y, Z)ϕX + g(X,Z)ϕY.

So, (19) and (21) imply

ϕR(X,Y )W+g(X,W )ϕY −g(W,Y )ϕX = 0. (21)

Now, applying ϕ on (21) and using (3) and (6)

imlpy

R(X,Y )W = g(X,W )Y − g(W,Y )X, (22)
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for any X,Y and W. This means that M is of con-

stant curvature 1.

Since the curvature is constant, we can con-

clude the following.

Corollary 2.7. A generalized ϕ-recurrent

Sasakian manifold is locally symmetric.
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1 INTRODUCTION

In recently years equivariant moving frame method

has been many promotions, can be found details

in[1] and [5].

P.J. Olver [4] explain how can obtain recur-

rence formula and structure of algebras of differ-

ential invariants for finite-dimensional Lie groups

with equivariant moving frame method. E.L.

Mansfeld [6] has obtained algebras of differential

invariants with out calculate Murrer - Cartan forms

and only with correction matrix, K and whole of

computations has briefed in matrix computations.

In this article we explain method of obtain-

ing recurrence formula and structure of algebras of

differential invariants with correction matrix, K;

on the other hand K matrix components are gen-

erators of differential invariants algebras so we can

classify solutions of KdV equation as surfaces under

symmetry groups of this equation.

2 Korteweg-deVries Equa-

tion and Their Symmetry

Groups

We celebrated Korteweg-deVries (KdV) equation,

ut + uxxx + uux = 0 (1)

The total space M = R3 has coordinates (t, x, u),

and its solutions u = f(t, x) define p = 2 dimen-

sional submanifolds of M . We want to consider

KdV equation and their symmetry groups, for more

details see [8],

∗Corresponding Author
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v1 =
∂

∂x
, v2 =

∂

∂t
,

v3 = t
∂

∂x
+

∂

∂u
, v4 = x

∂

∂x
+ 3t

∂

∂t
− 2u

∂

∂u
.

3 Equivariant Moving Frame

We start by explanation the equivariant moving

frame construction. Let G be an r-dimensional Lie

group acting smoothly on an m-dimensional mani-

fold M .

Definition 3.1. ([5]) A moving frame is a smooth,

G-equivariant map ρ : M −→ G. There are two

principal types of equivariance:

ρ (g · z) =

{
g · ρ (z) left moving frame

ρ (z) · (g)−1
right moving frame

Theorem 3.2. ([5]) Moving frame exists in a

neighborhood of a point z ∈ M if and only if G

acts freely and regularly near z.

For existance of moving frame, G must be

act free and regular on M . Acting freely mean-

ing that isotropy subgroup Gx = {g ∈ G | g · x =

x} = {e} or equivalently, the orbits all have the

same dimension, r, as G itself. Regularity requires

that, in addition, the orbits form a regular foliation.

In practice these conditions satisfy respectively by

prolongation of group action sufficently larg and by

choice of a appropriate cross section.

Theorem 3.3. ([5]) Let G act freely and regularly

on M , and let K ⊂ M be a cross section. Given

z ∈ M , let g =?(z) be the unique group element

that maps z to the cross section: g ·z =?(z) ·z ∈ K.
Then ρ :M −→ G is a right moving frame.

In aplication, we use the following proce-

dure. We define the cross section K as a set of

equations ψk(z) = 0, k = 1, · · · , r. The number of

equations, r, equals the dimension of the group. In

order to K obtain the group element that takes z to

K, we solve the so called normalisation equations,

ψk(z) = 0, k = 1, · · · , r.

The frame ρ(z) therefore satifies ψi(ρ(z) ∗
z) = 0, i = 1, · · · , r. If the solution is unique on the

domain U , then ρ is a right frame, one that satisfies

ρ(g∗z) = ρ(z) ·g−1. One chooses the normalisation

equations to minimise the computations as much as

possible for the application at hand. ([6])

3.1 A moving frame for KdV equa-

tion

We compute moving frame by the explaine method

in pre-section for KdV:

a = (3tu− x)u
1/3
x , b = −tux,

c = −u/u2/3x , d = 1/3 ln(ux).

4 Invariantisation map, Rec-

curence Formulas and Dif-

ferential Invariant Algebra

4.1 Invariantisation map

Definition 4.1. ([6]) The map z −→ I(z) =

ρ(z) · z is called the invariantisation map.

Definition 4.2. ([6]) For any prolonged action in

(xi, u
α, uαk )-space, the specific components of I(z),

the invariantised jet coordinates, are denoted

Ji = I (xi) , Iα = I (uα) , Iαk = I (uαk ) .

Definition 4.3. ([6]) We define total differential

operator:

Di =
D

Dxi
=

∂

∂xi
+

q∑
α=1

∑
k

uαki
∂

∂uαk

that is an operator on the jet space of a manifold.

Definition 4.4. ([6]) Also we define:

D̃i =
D

Dx̃i
=

p∑
k=1

(
D̃x
)
ik
Dk

2
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such that:

(
D̃x
)
=
(
(Dx̃)

−1
)
ik
, Dx̃ =


∂x̃1
∂x1

· · · ∂x̃1
∂xp

...
. . .

...
∂x̃p
∂x1

· · · ∂x̃p
∂xp


Definition 4.5. ([6]) A set of distinguished invari-

ant operators is defined by evaluating the trans-

formed total differential operators on the frame.

They are Dj = D̃j |g=ρ(z) where the D̃j are given

in definition 4.4.

4.2 Recurrence Formulas

Definition 4.6. ([6]) The correction terms

Nij ,M
α
kj are defined by

DjJi = δij +Nij , DjI
α
k = Iαkj +Mα

kj , (2)

where δij is the Kronecker delta.

Definition 4.7. ([6]) For ξji = ξji
(
x, uβ

)
we de-

fine: ξji (I) = ξji
(
J, Iβ

)
, also similarly for ϕji (I) =

ϕji
(
J, Iβ

)
.

Theorem 4.8. ([6]) There exists a p×r correction
matrix K such that

Nkj =

r∑
l=1

Kjlξ
k
l (I) , Mα

kj =

r∑
l=1

Kjlϕ
α
k,l (I) .

(3)

Theorem 4.9. ([6]) The correction matrix K,

which provides the error terms in the process of in-

variant differentiation in 3 is given by

K = −TJ (ΦJ)
−1
, (4)

where T, J and Φ are defined below:

Suppose the n variables actually occurring in

the ψλ (z) are ζ1, · · · , ζn; typically m of these will

be independent variables and n−m of them will be

dependent variables and their derivatives. Define

T to be the invariant p× n total derivative matrix

Tij = I

(
D

Dxi
ζj

)
,

Also, let Φ denote the r × n matrix of in-

finitesimals with invariantised arguments,

Φij =

(
∂ (g · ζj)
∂gi

) ∣∣∣
g=e

(I) ,

Furthermore, define J to be the n × r transpose

of the Jacobian matrix of the left hand sides of

the normalisation equations ψ1, . . . , ψr with invari-

antised arguments, that is

Jij =
∂ψj (I)

∂I (ζi)
.

4.3 Differential Invariant Algebras

Definition 4.10. ([6]) We denote by I0 the set of

zeroth invariants,

I0 = {I (xj) = Ji, I (u
α) = Iα | j = 1, . . . , p, α = 1, . . . , q}.

Theorem 4.11. ([6]) Suppose the normalisation

equations ψk = 0, k = 1, . . . r yield a frame for

a regular free action on some open set of the pro-

longed space with coordinates (xj , u
α, uαk ). Then

the components of the correction matrix K, given

in Theorem 4.8, together with I0, given in defini-

tion 4.10, form a generating set of differential in-

variants.

5 Differential Invariants and

Recurrence Formulas for

the KdV Equation

Infinitesimals table leads to:

x t u ux ut uxx uxt utt

a 1 0 0 0 0 0 0 0

b 0 1 0 0 0 0 0 0

c t 0 1 0 −ux −2uxx −3uxt −2uxt

d x 3t −2u −3ux −5ut −4uxx −6uxt −8utt

By considering normalization equations we

3
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have:

x̃ = 0, t̃ = 0, ũ = 0, ũx = 1,

(ψ1, ψ2, ψ3, ψ4)(x, t, u, ux) = (x, t, u, ux − 1),

and

ζ1 = x, ζ2 = t, ζ3 = u, ζ4 = ux,

Jx = 0, J t = 0, Iu = 0, Iu1 = 1,

so we find K matrix:

Φ =


x t u ux

a 1 0 0 0

b 0 1 0 0

c 0 0 1 0

d 0 0 0 −3

,

J =


ψ1 (I) ψ2 (I) ψ3 (I) ψ4 (I)

Jx 1 0 0 0

J t 0 1 0 0

Iu1 0 0 1 0

Iu 0 0 0 1

,

T =

(x t u ux

x 1 0 1 Iu11
t 0 1 Iu2 Iu12

)
,

- K=

( a b c d

x 1 0 1
−Iu

11

3

t 0 1 Iu2
−Iu

2

3

)
.

Therefore with K matrix and definition 4.6

we can achieve recurrence terms:

DxI
u
2 = Iu12 − 5Iu2 I11 + 1,

DxI
u
11 = Iu111 −

4

3
(Iu11)

2,

DxI
u
12 = Iu122 + 2Iu12 −

8

3
Iu11I

u
22,

DtI
u
2 = Iu22 + Iu2 − 5

3
Iu12I

u
2 , ,

DtI
u
22 = Iu222 + Iu12(2I

u
2 − 8

3
Iu22),

...

⇓

Iu12 = DxI
u
2 + 5Iu2 I11 − 1,

Iu111 = DxI
u
11 +

4

3
(Iu11)

2,

Iu112 = DxI
u
12 − 2Iu12 +

8

3
Iu11I

u
22,

Iu22 = DtI
u
2 − Iu2 +

5

3
Iu12I

u
2 ,

Iu222 = DtI
u
22 − Iu12(2I

u
2 − 8

3
Iu22),

...

So according to theorem 4.11 differential in-

variant generators for algebra of the action are:

Iu2 =
uux + ut

u
5/3
x

, Iu11 = u−4/3
x ,

and also differential invariant operators are:

Dx =
1− u

u
2/3
x

Dx, Dt =
1

ux
Dt.
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فضای در فضاگون ابررویه�های به تاکاهاشͬ قضیه در ∆x = λx شرط تعمیم

دسیتر
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توسط اقلیدسͬ کره�ی و اقلیدسͬ فضای در ثابت میانگین انحنای با ابررویه�ها�ی نیز و مینیمال ابررویه�ها�ی و منیفلدها زیر مطالعه چͺیده:

در آنها موضع برداری میدان که آمد در ابررویه�هایی شناسایی مسئله صورت به تحول و تعمیم مرحله چند از پس و شد آغاز [6 ] تاکاهاشͬ
سپس . ([4 ]) مͬ�باشد لاپلاس ∆عملͽر و ثابت بردار ͷی b و ثابت مربعͬ ماتریس ͷی A آن در که مͬ�کند x∆صدق = Ax+ b شرط

دیͽران و .الیاس جͬ لوئیس همچنین .([2 ]) شد داده توسعه ریمانͬ استاندارد فضافرم�های در شده فروبرده ابررویه�های به مسئله این نتایج

مذکور شرط ([3 ]) کاشانͬ و الیاس مشترک مقاله در اخیراً دادند. گسترش اقلیدسͬ شبه فضاهای منیفلدهای زیر به را مسئله [1 ] مرجع در
و شده مطرح ( هذلولوی فضای و کره ، اقلیدسͬ فضای ) استاندارد ریمانͬ فضافرم�های ابررویه�های روی Lkx = Ax + b صورت به

انحنای وردش اولین وابسته خطͬ عملͽر Lk و است بردار ͷی b و خودالحاق ماتریس ͷیA که است شده بندی رده نظر مورد ابررویه�های

ابررویه�های شناسایی مسئله مقاله این در مͬ�رود. شمار به لاپلاس عملͽر برای k مرتبه از تعمیم ͷی Lk واقع در است. ابررویه میانگین

. است نظر مورد Lkx = Ax+ b شرط در صادق لورنتزی �ی کره شبه در فضاگون

شده. خطͬ عملͽر -مینیمال، k،میانگین انحنای -مین k ،( فضاگون ، لورنتزی ) ابرویه�ی کلیدی: کلمات

مقدمه

< x, y >:= ( ͷمتری یا ) عددی ضرب با Rm برداری فضای

نامیده اقلیدسͬ ( - شبه ) فضای را −Σq
i=1xiyi + Σi>qxiyi

Rm
1 . 0 ≤ q < m آن در که مͬ�شود داده نمایش Rm

q با و

q = 0, 1 و r مثبت حقیقͬ عدد است.برای ͬͺمینکوفس فضای

نمایش Sn+1
q (r) = {y ∈ Rn+2

q | < y, y >= r2} ،

انحنای و r شعاع با دسیتر فضای یا کره ( - شبه ) ی دهنده

Hn+1
q (−r) = {y ∈ Rn+2

q+1 | < y, y >= −r2} و 1
r2

شعاع با دسیتر آنتͬ فضای یا (شبه)-هذلولوی دهنده�ی نمایش

Mn+1
q (c) ساده�ی همبند فضافرم است. −1/r2 انحنای و r

،c = 1 برای ،Rn+1
q ،c = 0 برای q اندیس و c انحنای با

وقتͬ .(Rn+2
q+1 از القایی ͷمتری (با است Sn+1

q = Sn+1
q (1)

فضاگون ابررویه مͬ�گیریم.بر نظر در Hn+1را
0 از مولفه�ای ،q = 0

فضافرم در (0 ≤ p ≤ q ≤ 1) که x : Mn
p → M̃n+1

q (c)

برداری میدان هر ،(q = 0, 1) با M̃n+1
q لورنتزی یا ریمانͬ

عملͽر ویژه�ی بردار ͷی M از نقطه هر در که را مماس یͺه

ͷی باشد، N قائم ی یͺه برداری میدان ͷی به وابسته S شͺل

نامند. M اصلͬ انحنای ͷی را متناظر ویژه مقدار و اصلͬ جهت

و شدنͬ قطری آن) از بازی مجموعه زیر (یا M بر S گاه هر

١
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j صحیح عدد هر برای باشد، M اصلͬ انحناهای k1, ..., kn
نمایش Hj با را M میانگین انحنای -مین j ، (1 ≤ j ≤ n)

آن در که مͬ�شود تعریف (nj ) = (−ϵ)jsj فرمول با و داده

ϵ = − < N,N > و sj := Σ1≤i1<...<ij≤nki1 ...kij

.

اگر گویند -مینیمال j را x : Mn → Rn+1
q فضاگون ابررویه

باشد. صفر با Mمتحد Hj+1بر

انحنای -مین (j + 1) اول وردش از حاصل شده خطͬ عملͽر

(0 ≤ p ≤ q ≤ و x : Mn
p → M̃n+1

q (c) ی ابررویه میانگین

Lj : C
∞(M) → C∞(M) نگاشتهموار از عبارتاست 1)

2f∇به�صورت آن در Lj(f)که := tr(Pj◦∇2f),ی ضابطه با

میدان دو هر برای < ∇2f(X), Y >= Hess(f)(X,Y )

عملͽر اینجا در که مͬ�آید به�دست X,Y ∈ χ(M) برداری

M از S شͺل عملͽر با مرتبط ،Pj : χ(M) → χ(M)

استقرائͬ ی شیوه به است، همانͬ χ(M) بر I که زمانͬ

P0 = I, Pj(−ϵ)jsjI + ϵS ◦ Pj−1 , j = 1, · · · , n,

مͬ�شود. تعریف

نتایج

مͬ�کنیم: بیان قضایا و لم�ها شͺل به را اصلͬ نتایج بخش این در

(0 ≤ p ≤ x : Mn
p → Sn+1

q که کنید فرض ([2 ]) .١ لم

صدق ∆x = Ax + b شرط در که باشد ابررویه ͷی q ≤ 1)
آنگاه، باشد ثابت غیر میانگین انحنای دارای Mn

p اگر مͬ�کند.

است. b = 0

x : Mn
p → Sn+1

q که کنید فرض ([2 ]) .٢ گزاره

شرط در صادق طولپا فروبری ͷی (0 ≤ p ≤ q ≤ 1)
میانگین انحنای دارای Mn

p آنگاه، باشد. ∆x = Ax + b

است. ثابت

x : Mn
p → Sn+1

q که کنید فرض ([2 ] ) .٣ قضیه

شرط در صادق طولپا فروبری ͷی (0 ≤ p ≤ q ≤ 1)

یا مینیمال ابررویه ͷی Mn
p آنگاه، باشد. ∆x = Ax + b

است. پارامتر هم

x : Mn → M̃n+1(c) ⊂ کنید فرض ([3 ]) .۴ قضیه

Sn+1 ی⊃ کره بتوی شده برده فرو پذیر جهت ابررویه ͷیRn+2
q

برای Lkx = Ax شرط در x آنگاه .( c = 1 اگر ) باشد Rn+2

ͬͺیM اگر تنها و اگر مͬ�کند صدق ،A الحاق خود ماتریس ͷی

باشد: پایین های رویه ابر از

Hk+1؛ = 0 و Hkثابت با ابرریه ͷی ( آ )

استاندارد ریمانͬ حاصلضرب از باز مجموعه زیر ͷی ( ب )

،0 < m < n و 0 < r < 1 که ،Sm(
√1− r2)×Sn−m(r)

.c = 1 اگر

x : Mn → M̃n+1(c) ⊂ کنید فرض ([3 ]) .۵ قضیه

Sn+1 ⊂ Rn+2 در شده فروبرده پذیر جهت ابررویه ͷی Rn+2
q

شرط در x آنگاه باشد. ثابت Hk آن بر و بوده ( c = 1 اگر )
A ∈ R(n+2)×(n+2) ماتریسخودالحاق Lkxبرای = Ax+b

: اگر تنها و اگر مͬ�کند صدق ،b ∈ Rn+1 ناصفر بردار ͷی و

نافͬ تماماً کره ͷی از بازی مجموعه زیر M و c = 1 (١)

. 0 < r < 1 که است Sn(r) ⊂ Sn+1

، r > 0 که Sn(r) کره ͷی از بازی مجموعه زیر ( آ )

. Rn اقلیدسͬ فضای ͷی از باز مجموعه�ی زیر ͷی ( ب )

فضاگون ابررویه ͷی Mn کنید فرض ([5 ]) .۶ قضیه

x : Mn → طولپای فروبری با که باشد همبند پذیر جهت

است شده نگاشته Sn+1
q ی کره ( - شبه ) در Sn+1

q ⊂ Rn+2
q

شرط در X آنگاه، است ثابت M بر Hk و q = 0, 1 آن در که
b حقیقͬ بردار و ،A ماتریسحقیقͬ ͷی برای Lkx = Ax+ b

اگر تنها و اگر مͬ�کند صدق ، k < n نامنفͬ صحیح عدد ͷی و

: باشد پایین های ابررویه از ͬͺی از بازی مجموعه Mزیر

اگر r ≤ 1 و q = 0 اگر است 0 < r < 1 که Sn(r) ( آ )

؛ q = 1
. q = 1 اگر Hn(−r) یا Rn ( ب )

پذیر جهت فضاگون ابررویه ͷیMn فرضکنید ([5 ]) .٧ قضیه

x : Mn → Sn+1
q ⊂ Rn+2

q طولپای فروبری با که باشد همبند

.q = 0, آن1 در که است شده نگاشته Sn+1
q ی کره ( - شبه ) در

٢
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ͷی و A ماتریس ͷی برای Lkx = Ax شرط در x ، آنگاه

M اگر تنها و اگر مͬ�کند صدق ،k < n نامنفͬ صحیح عددی

باشد: پایین های ابررویه از ͬͺی از بازی مجموعه زیر

Hk+1؛ = 0 و Hkثابت با ابررویه ͷی ( آ )

0و < r < 1 با ،Sm(
√1− r2) × Sn−m(r) ( ب )

q؛ = 0 اگر ،0 < m < n

0 < m < rو > 1 با ،Hm(−
√
r2 − 1)×Sn−m(r) ( پ )

.q = 1 اگر ،n
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Invariant structures and gauge transformation of

almost contact metric manifolds

Abstract:In this paper we found a condition such that a K-contact structure , a Sasakian structure and a

cosymplectic structure be invariant under the gauge transformation.We have considered the gauge tranforma-

tion of 3-Sasakian manifolds, 3-almost contact manifolds and 3-cosymplectic manifolds with given conditions

that they are invariant under gauge transformation. Finally we see that an slant submanifold of an almost

contact manifold is invariant under the gauge transformation.

Keywords: Gauge transformation,almost contact manifold,3-almost contact manfold, 3-Sasakian manifold

,3-cosymplectic manifold.

1 INTRODUCTION

Gauge transformation of a contact metric mani-

fold was introduced by Tanno in .In section 3 we

take a condition that gauge transformation of a

K-contact (sasakian) manifold carry a K-contact

structure (resp sasakian).In section 4 we introduce

the gauge transformation of 3-Sasakian manifolds.

In section 5 we research about gauge transforma-

tion of Cosymplectic manifolds , almost contact

3-structures and 3-cosymplectic manifolds and we

see that an slant submanifold of an almost contact

manifold is invariant under the gauge transforma-

tion.

2 Preliminaries

An almost contact manifold is an odd-dimensional

manifold M which carries a field φ of endomor-

phisms of the tangent spaces, a vector field ξ ,

called characteristic or Reeb vector field, and a

1-form η satisfying φ2 = −I + η ⊗ ξ and η(ξ) = 1,

whereI : TM −→ TM is the identity mapping.

From the definition it follows also that φξ = 0,

ηoφ = 0 and that the (1, 1)-tensor field φ has

constant rank 2n . An almost contact manifold

(M,φ, ξ, η) is said to be normal when the tensor

field N = [φ,φ]+2dη⊗ ξ vanishes identically,[φ,φ]

denoting the Nijenhuis tensor of φ. It is known

that any almost contact manifold (M,φ, ξ, η) ad-

mits a Riemannian metric g such that

g(φE,φF ) = g(E,F )− η(E)η(F ) (1)

holds for all E,F ∈ Γ(TM). This metric g is

called a compatible metric and the manifold M

together with the structure (φ, η, ξ, g) is called an

almost contact metric manifold. As an immediate

consequence of 1, one has η = g(, ξ). The 2-form

Φ on M defined byΦ(E,F ) = g(E,φF ) is called

the fundamental 2-form of the almost contact met-

ric manifold M.A normal almost contact manifold

that dη = 0 and dΦ = 0 is called a cosymplectic

manifold. Almost contact metric manifolds such
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that dη = Φ are called contact metric manifolds.

Finally, a normal contact metric manifold is said

to be a Sasakian manifold. A contact metric man-

ifold is called K-contact if the tensor h = 1
2£ξφ is

vanishes.

An almost 3-contact manifold is a (4n

+ 3)-dimensional smooth manifold M en-

dowed with three almost contact structures

(φ1, ξ1, η1), (φ2, ξ2, η2), (φ3, ξ3, η3) satisfying the

following relations, for every α, β ∈ {1, 2, 3},

φαφβ − ηβ ⊗ ξα =

3∑
γ=1

ϵαβγφγ − δαβI

φαξβ =

3∑
γ=1

ϵαβγξγ , ηαoφβ =

3∑
γ=1

ϵαβγηγ

ηα(ξβ) = 0 (2)

where ϵαβγ is the totally antisymmetric sym-

bol. This notion was introduced by Kuo [4] and, in-

dependently, by Udriste[8]. In [4] Kuo proved that

given an almost contact 3-structure (φα, ξα, ηα),

there exists a Riemannian metric g compatible with

each of them and hence we can speak of almost

contact metric 3-structures. It is well known that

in any almost 3-contact metric manifold the Reeb

vector fields ξ1, ξ2, ξ3 are orthonormal with respect

to the compatible metric g . Moreover, by putting

H =
∩3

α=1 kerηα one obtains a 4n-dimensional dis-

tribution on M and the tangent bundle splits as the

orthogonal sum TM = H⊕ < ξ1, ξ2, ξ3 > . When

the three structures (φα, ξα, ηα, g) are contact met-

ric structures, we say that M is a ”3-contact met-

ric manifold” and when they are Sasakian, that is

when each structure (φα, ξα, ηα) is also normal, we

call M a ”3-Sasakian manifold”. Also a manifold

with an almost contact 3-structure is called a 3-

cosymplectic manifold if each almost contact struc-

ture is a cosymplectic structure. Indeed as it has

been proved in 2001 by Kashiwada [3], every con-

tact metric 3-structure is 3-Sasakian.kuo [4] proved

that there is a metric compatible with each struc-

ture.

Let M̃ be a submanifold immersed in M .We denote

by g̃ the induced metric on M̃ . Let TM̃ be the Lie

algebra of vector fields in M̃ and T ⊥ M̃ the set

of all vector fields normal to M̃ .For any X ∈ TM̃ ,

we write

φX = TX +NX

where TX is the tangential components of the tan-

gent bundle and N is a normal-bundle valued 1-

form on the tangent bundle.according Lotta’s def-

inition , M̃ is slant if θ(X),the angle between φX

and TxM̃ ,is a constant which is independent of the

choice of x ∈ M̃andX ∈ TxM̃− < ξx >.

A gauge transformation of a contact metric man-

ifold (M2n+1, η, g) is a contact metric manifold

(M2n+1, φ̄, ξ̄, η̄, ḡ) defined by

η̄ = fη, ξ̄ = f−1ξ + Z, φ̄ = φ− η̄ ⊗ φZ

ḡ =

fg+f(f+f2|Z|2−1)η⊗η−f2η(Z, .)−f2g(Z, .)⊗η.

with Z = 1
2f

−2φ(▽f),for f > 0 on M

3 Gauge transformation of K-

contact manifolds

In this section we take a condition that gauge trans-

formation of a K-contact (resp Sasakian ) mani-

fold carry a K-contact (resp Sasakian)structure. In

following theorem we find condition when gauge

transformation of a sasakian manifold (K-contact

resp) is sasakian (K-contact resp) too.

Theorem 3.1. The gauge transformation of K-

contact manifold is again K-contact manifold

(M,η, g) iff (£Zφ)X = g(X,Z)ξ for all X ∈
χ(M).

Theorem 3.2. Let (M2n+1, η, g) be a sasakian

manifold. The gauge transformation by f is also

sasakian iff φ(£Zφ)X = 0 for all x ∈ χ(M).
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4 Gauge transformation of 3-

sasakian manifolds

Now let (M4n+3, φα, ξα, ηα, g) be a 3-sasakian man-

ifold.If we put η̄α = fηα for α ∈ {1, 2, 3}that f is a

positive function on M , we have three new contact

structures:

η̄α = fηα, ξ̄α = f−1ξα +Zα, φ̄α = φα − η̄α ⊗ φαZα

ḡα = fg + f(f + f2|Zα|2 − 1)ηα ⊗ ηα − f2ηα ⊗
g(Z, .)− f2g(Z, .)⊗ ηα.

with Zα = 1
2f

−2φα(gradf).

These new contact metric structures have a 3-

Sasakian structure if gradf ∈ H.

Remark 4.1. If we put η̄α = fαηα,we will see

from 2 that this transformation of a 3-sasakian

structure can’t carry a 3-sasakian structure unless

f1 = f2 = f3. Then we can use above calculations

.

Theorem 4.2. Compatible metric with the new 3-

Sasakian structure (η̄, ξ̄, φ̄) is:

ḡ(X,Y ) = ḡ1(X,Y ) + ḡ2(X,Y )

+ ḡ3(X,Y )− 2fg(X,Y ) (3)

So we can define the ”gauge transformation

of a 3-Sasakian manifold:

Definition 4.3. If we put η̄ = fη for α ∈
{1, 2, 3}that f is a positive function on M and

gradf ∈ H , we say that the new 3-Sasakian struc-

ture

η̄α = fηα, ξ̄α = f−1ξα +Zα, φ̄α = φα − η̄α ⊗ φαZα

ḡ(X,Y ) = ḡ1(X,Y ) + ḡ2(X,Y )

+ ḡ3(X,Y )− 2fg(X,Y )

with Zα = 1
2f

−2φα(gradf) is ”gauge transforma-

tion” of a 3-sasakian manifold.

5 Gauge transformation of al-

most contact manifolds

Gauge transformation of an almost contact mani-

fold is

η̄ = eση, dη̄ = eσ(dη + dη ∧ η)

ξ̄ = e−σ(ξ + φA), φ̄ = φ+ η ⊗A

ḡ = e2σ(g − η(φA, .)

− g(φA, .)⊗ η + g(A,A)η ⊗ η)

that σ > 0 and A is a vector field that d(φA,X) =

dσ(hX) that hX is the projection of X in kerη.

A cosymplectic structure is invariant under this

transformation iff dη̄ = 0 and dΦ̄ = 0. With di-

rect computation we have

so we have

Theorem 5.1. A cosymplectic structure is invari-

ant under the gauge transformation iff dσ ∧ Φ = 0

and dσ ∧ η = 0.

5.1 gauge transformation of a an al-

most contact 3-structure

Now we introduce ”Gauge transformation of an

almost contact 3-structure”.Let (M,ηα, ξα, φα, g)

with α ∈ {1, 2, 3} be a manifold with an almost

contact 3-structure.If we put η̄α = eσηα then we

have three almost contact structures

η̄α = eσηα, dη̄α = eσ(dηα + dσ ∧ ηα)

ξ̄α = e−σ(ξα + φAα), φ̄α = φα + η ⊗Aα

ḡα = e2σ(g − ηα ⊗ g(φAα, .)

− g(φAα, .)⊗ ηα + g(A,A)ηα ⊗ ηα)

With direct computation we can see that these al-

most contact structures have an almost contact 3-

structures with each others iff A1 = A2 = A3.Also
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we can see that compatible metric with this new

almost contact 3-structure is

ḡ = ḡ1 + ḡ2 + ḡ3 − 2eσg

So we can define

Definition 5.2. Let (M,ηα, ξα, φα, g) with α ∈
{1, 2, 3} be a manifold with an almost contact 3-

structure.If we put η̄α = eσηα that σ > 0 and

A1 = A2 = A3 then we have a new almost con-

tact 3-structure

η̄α = eσηα, dη̄α = eσ(dηα + dσ ∧ ηα)

ξ̄α = e−σ(ξα + φAα), φ̄α = φα + η ⊗Aα

ḡ = ḡ1 + ḡ2 + ḡ3 − 2eσg

We say that this new almost contact 3-structure

is ”Gauge transformation ” the almost contact 3-

structure (ηα, ξα, φα, g) with α ∈ {1, 2, 3}.

Now with direct computation we have fol-

lowing theorem

Theorem 5.3. Gauge transformaton of a 3-

cosymplectic carry a 3-cosymplectic structure iff

∀α ∈ {1, 2, 3}, dσ ∧ ηα = 0, dσ ∧ Φα = 0

5.2 Slant submanifolds and gauge

transformaton

Let M̃ be slant submanifold of the almost contact

manifold (M,φ, η, ξ, g) and θ(X) be the angle be-

tween φX and TxM̃ .It can easily seen that the

distribution D is invariant under the gauge trans-

formation. So we can see θ̄(X), that the angle be-

tween φ̄X and TxM̃ ,is a constant which is indepen-

dent of the choice of x ∈ M̃andX ∈ TxM̃− < ξx >

and θ̄(X) = θ(X). So slant submanifolds of an al-

most contact manifold is invariant under the gauge

transformation.
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Abstract: In this article we study the foliation space of complex and invariant umblic distribution on

isometric immersion from nearly Kähler manifold M into Euclidean space. We show that, under suitable

condition this foliation space is a nearly Kähler manifold and M can be decomposed as the product space

of a homogeneous 6-nearly Kähler manifold and this foliation space.

Keywords: Nearly Kähler, Isometric immersion, Foliation space, Intrinsic Hermitian connection .

1 INTRODUCTION

Concept of nearly Kähler manifold is related to

the weak holonomy U(n) introduced by A. Gray in

1971[6] and many interesting theorems about topol-

ogy and geometry of nearly Kähler manifolds were

proved by Gray using special equation on Rieman-

nain curvature tensor like Kähler manifolds [5, 7].

Also nearly Kähler geometry naturally arises as one

of the sixteen classes of almost Hermitian manifolds

appearing in the celebrated Gray-Hervella classifi-

cation [8].

One of the most important properties of nearly

Kähler manifolds is that their instinct Hermitian

connection is totally skew-symmetric and parallel

torsion. From this point of view, they naturally fit

into the setup proposed in [10] towards a weaken-

ing of the notion of Riemannian holonomy. The

same property suggests that nearly Kähler mani-

folds might be objects of interest in string theory

[9].

Maybe one of the important questions in

geometry of nearly Kähler manifolds is Butrulle

conjecture[2]:Every complete (compact) nearly

Kähler manifolds is 3-symmetric or equivalently

is homogeneous. According to the Nagy decom-

position [1], this conjecture can be separated two

restricted questions:

Problem 1. Every complete (compact) 6-

dimensional nearly Kähler manifolds is homoge-

nous?

Problem 2. Every positive quaternion-Kähler

manifolds is Wolf space?

In [11, 3], we partially answered this conjec-

ture by studing isometric immersions f : M2n −→
Q2n+p from a nearly Kähler manifold into a space

form (especially Euclidean space). We introduced

in [11] an umbilic distribution which is complex and

invariant by the torsion of intrinsic Hermitian con-

∗Speaker
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nection, we showed that, this distribution is inte-

grable and each leaf of the generated foliation is a

6-dimensional homogeneous nearly kähler subman-

ifold. Using this foliation we can parametrize iso-

metric immersions from a nearly Kähler manifold

into the Euclidean space and constract some exam-

ples of such submanifolds.[12, 4]

In this article, we focus on the foliation space of

the above integrable distribution.

2 Main results

Definition 2.1. The instinct Hermitian connec-

tion ∇̄ is the orthogonal projection of ∇ ∈ SO on

U . Equivalently, it is the unique Hermitian con-

nection such that ∇−∇̄ is a 1-form with values in

u(M)⊥.

The difference η = ∇ − ∇̄ is known explic-

itly, ηX = 1
2J ◦ (∇XJ) for all X ∈ TM , and mea-

sures the failure of the U(n)-structure to admit a

torsion-free connection. It can be used to classify

almost Hermitian manifolds. For example, Kähler

manifolds are characterized by ∇ being a Hermi-

tian connection: ∇̄ = ∇.

Definition 2.2. Let M be an almost Hermitian

manifold. The following conditions are equivalent

and define a nearly Kähler manifold:

(1) the torsion of ∇̄ is totally skew-symmetric,

(2) (∇XJ)X = 0 for all X ∈ TM ,

(3) ∇Xω = 1
3 iXdω for all X ∈ TM ,

(4) dω is of type (0, 3) + (3, 0) and the Nijenhuis

tensor N is totally skew-symmetric.

Definition 2.3. Let f : M2n(<>, J) −→ Q2n+p

be an isometric immersion from a nearly Kähler

manifold into a space form with second fundamen-

tal form α and 0 ̸= η ∈ T⊥
f M is a non-zero normal

vector field on M . Umblic distribitaion of f defined

by ∀x ∈ M x 7→ ∆x where

∆x = {X ∈ TxM |α(X,Y ) =< X,Y > η

∀Y ∈ TxM}

comlexification of this distribution described by

∆x ∩∆
′

x = ∆x ∩ j∆x where

∆
′

x = {X ∈ TxM |α(JX, Y ) + α(X, JY ) = 0

∀Y ∈ TxM}

Now we put

∆
′′

x = {X ∈ TxM |α(T (X,Y ), Z) +

α(X,T (Y, Z)) = 0 ∀Y, Z ∈ TxM}

where T is the torsion of intrinsic Hermitian con-

nection and specified by T (X,Y ) = (∇xJ)Y .(∇ is

Levi-Civita connection on M).

We define by Dx = ∆x ∩∆
′

x ∩∆
′′

x umblic distribu-

tion which is complex and invariant by the torsion

of intrinsic Hermitian connection.

It is easy to show that

Dx = {X ∈ TxM |X,JX, T (X,Y ) ∈ ∆x

∀Y ∈ TxM}

For a ”saturated” open connected subset U ∈ M

(meaning each leaf of complex and invariant um-

bilic foliation in U is maximal in M) we consider

the quotient space U/D of leaves in U with the

projection map π : U2n −→ V 2n−6 = U2n/D. In

general case V is not a manifold. (it could fail to

be Hausdorff). But if each leaf of the complex and

invariant umbilic foliation in U2n is complete then

V becomes a manifold.[4]. V is called the foliation

space of complex and invariant umbilic foliation.

Theorem 2.4. Each leaf of complex and invariant

umbilic foliation N in M is minimal and second

fundamental form of each leaf is formed by ∀X,Y ∈
χ(N);β(X, JY ) = Jβ(X,Y ). Also η = 3H where

H is the mean curvature of N6 ↪→ M2n −→ Q2n+p
c

and c + ||η|| = S
30 (S is scalar curvature of each

leaf)

(S is constant for each leaf because each leaf is 6-

nearly Käher manifold and therefore is Einstein)

Theorem 2.5. Let f : M2n −→ R2n+p be an iso-

metric immersion from a nearly Kähler manifold
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into Euclidean space. If each leaf of the complex

and invariant umbilic foliation is complete then

leaf space is an almost complex manifold such that

top cohomological group of this space in non-trivial.

When V (leaf space) is compact and M is complete

with chosing a suitable metric on V , the projective

map π : M −→ V is Riemannian submersion such

that π ◦ JM = JV ◦M
(this means that π is an almost Hermitian submer-

sion from nearly Kähler manifold M)

therefore V is almost Hermitian and finally is a

nearly Kähler manifold.

Theorem 2.6. Let f : M2n −→ R2n+p be an iso-

metric immersion from a nearly Kähler manifold

into Euclidean space. Orthogonal complement of

complex and invariant umbilic distribution with re-

spect to a Riemannian metric is an integrable dis-

tribution and each integral submanifold of this dis-

tribution is totally geodesic in manifold M .

Corollary 2.7. Let f : M2n −→ R2n+p be an

isometric immersion from a complete and simply

connected nearly Kähler manifold into Euclidean

space. on manifold M there exist two integrable

distributions D,D⊥ such that each leaf of gener-

ated foliations by D and D⊥ is minimal and to-

tally geodesic in M respectively. Moreover, if ∀X ∈
D⊥

x , U ∈ Dx we have

R(X, JX,U, JU) = 0 (1)

then M is product space of the foliation space of

complex and invariant umbilic foliation and a 6-

dimensional homogeneous nearly Kähler manifold

which is isometric with the corresponding factor in

Nagy decomposition.

Remark 2.8. Note that 6-dimensional factor in

Nagy decomposition is not necessarily homogeneous

therefore this is a positive answer to the problem 1

under assumption of Corollary 2.7.
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1 INTRODUCTION

Reconstructing of the causal structure of the

space-time
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One of the most important problem in the Einstein’s theory of the relativity is the causality. The causal

curves connecting points of the space-time determine the causal structure and have a fundamental role in the

study of the structures of space-times. Much of information of causal structure of space-times is corresponded

to the topological properties of the space of causal curves. Furthermore, by the space of null curves and a

family of skies of the events in the space-time, structures of the space-time can be reconstructed.

Keywords: Lorentzian geometry, Causal structure of the space-time, Null geodesic.

1 INTRODUCTION

In the theory of the general relativity, a space-time

is a smooth differentiable manifold M equipped

with a smooth Lorentz metric g. A path is a con-

tinuous map Γ : I → M , where I is a connected

open subset of R. The term ”curve” will be used

either for the image of such a map or (more cor-

rectly) for an equivalence class of paths up to a

parameter change. In the space-time, the causal re-

lations of two events are depended on the set of the

causal curves which connects these to each other.

Using the space of causal curves of a space-time

rather than the space-time itself provides a surpris-

ingly simpler framework for the study of the causal

structure. The space of null geodesics can be con-

sidered as a subspace of the topological space of

causal curves and the causal structure of a space-

time is uniquely determined by the space of its

null geodesics. Indeed, the conformal structure of

a space-time can be reconstructed from the topol-

ogy and geometry of its space of future oriented,

unparametrized null geodesics N [1]. So, space-

times might be characterized by either the topo-

logical properties or the smoothness of the space

of their null geodesics. There are some studies on

this idea R. J. Low described how the information

on the various aspects of the causal structure of

a space-time can be stated in terms of the prop-

erties of the corresponding space of null geodesics

[4]. Similar incidences can be seen in [3], [5] and [6]

in which the geometry and topology of the space

of null geodesics and the space of causal curves

are proven to be more helpful than the underlying

space-time. For example, the T2-separation axiom

of the space of causal geodesics of a space-time de-

termines the existence of the naked singularities of

the space-time.

In this paper, we attempt to investigate some re-

lations between the causal structure of a space-

∗Corresponding Author
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2 THE SPACE OF CAUSAL CURVES

time M and separation axioms of the topological

space C(M) of its causal curves. Our study is

based on the separation axioms of the τ0-topology

on C(M) introduced in [5]. Here, the problem of

reconstructing a space-time M from N will be ad-

dressed. In this problem a paramount role is played

by the space of skies
∑

of the space-time M where

the sky S(p) of a given point p ∈ M is the con-

gruence of light rays passing through it. Low’s

conjecture that states that two events in a time-

oriented Lorentzian manifold are causally related

iff their corresponding skies, which are legendrian

knots with respect to the canonical contact struc-

ture in the space of null geodesics,are linked, con-

stitutes one of its most salient outcomes [2]. Thus

the exploration of the relation between the causal

properties of a conformal class of Lorentzian met-

rics and the topological properties of skies in the

manifold of null geodesics opens a new and excit-

ing relation between the topology and causality re-

lations of Lorentzian space-times and the topology

of contact manifolds.

2 The space of causal curves

First, we recall the τ0-topology on C(M) defined

in [5]. A member of the sub-basis of the desired

topology consists of the class of all causal curves

γ ∈ C(M) passing through an open subset U of M.

Definition 2.1. A curve γ in M is said to be a

”somewhere dense curve” if it is a somewhere dense

subset of M, i.e. its closure has a nonempty inte-

rior.

A somewhere dense causal curve in M is a causal

curve which is somewhere dense in M.

We obtain some conditions for which C(M)

is T1-topological space. In fact, we prove the exis-

tence of an inseparable pair of causal curves; that

is, we prove the existence of a pair of causal curves

such that at least one of them is in the closure of

the other. If exactly one of these curves has this

property, T1-axiom is violated (but T0-axiom may

still hold) and it occurs, if M contains a somewhere

dense causal curve. If each of these curves lies in

the closure of the other, T0-axiom is violated and

we shall investigate this case later.

Theorem 2.2. If there exists a causal curve which

is dense in an open subset of M , then τ0 fails to

satisfy the T1-axiom.

Example 2.3. Consider the two dimensional

space-time M2 given by the quotient of two-

dimensional Minkowski space under the action of

Z × Z given by (m,n).(x, t) = (x + m
√
2, t + n).

Each null geodesic of this space is dense in M2,

and any neighborhood of a rightward moving null

geodesic contains every other rightward moving null

geodesic. Thus C(M2) is not T1.

In the following theorem, we find a condition

for a space-time M to guarantee the existence of a

somewhere dense causal curve in M .

Definition 2.4. A causal curve is said to be a

”proper causal curve” if it is not a null curve.

Theorem 2.5. The space-time M contains a

somewhere dense causal curve if and only if M has

a proper causal closed curve.

Corollary 2.6. The space-time M contains a

somewhere dense causal curve if and only if it con-

tains a timelike closed curve.

We are now in the position to state and

prove the following result, which provides a suf-

ficient condition for the T0-separation axiom of the

τ0-topology.

Theorem 2.7. If the space C(M) of causal curves

does not satisfy in T0-axiom, then there exists a

somewhere dense causal curve in M .

Corollary 2.8. If M is a chronological space-time,

then C(M) is a T0-space.

Theorem 2.9. If M is a distinguishing space-time,

then C(M) is a T1-space.
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3 THE SPACE OF NULL GEODESICS

The null geodesics are fundamental to the

causal structure of space-time M . Motivated by

this observation, we can consider the space of all

null geodesics as a subspace of topological space of

C(M) and investigate the relationship between its

topology and the causal structure of M .

Corollary 2.10. If M is a distinguishing space-

time, then the space of null geodesics of M satisfies

the T1-separation axiom.

We have seen that the existence of a proper

causal closed curve or, equivalently, the existence of

a somewhere dense causal curve in M violates the

T1-separation axiom of the τ0-topology. Hence, a

model for a space-time is preferred to be without a

causal somewhere dense curve.

3 The space of null geodesics

Let us denote by TM the tangent bundle of M

and by πM : TM → M the corresponding canoni-

cal projection.

The set N+ = {ξ ∈ TM : g (ξ, ξ) = 0, ξ ̸=
0, ξ future} ⊂ TM defines the sub bundle of fu-

ture null vectors over M . Any element ξ ∈ N+ de-

fines a unique future oriented null geodesic γ in M

such that γ (0) = πM (ξ) and γ′ (0) = ξ. Consider

the quotient space of N+ with respect to positive

scale transformations, i.e., the quotient space with

respect to the dilation, or Euler vector field ∆ on

N+, that is the space of leaves of the vector field

whose flow is given by etξ, t ∈ R. In this way, we

obtain the bundle PN+ of future null directions

PN+ = {[ξ] : u ∈ [ξ] ⇔}u = λξ , 0 ̸= λ ∈ R+, ξ ∈ N}

Now, any [ξ] ∈ PN+ defines an unparametrized

future oriented null geodesic, i.e., a light ray, in

M which is the image in M of the null geodesic γ

defined by ξ ∈ N+. We denote by π : P+ → M

the canonical projection of the bundle PN+ over

M . The fibre π−1(p) is diffeomorphic to the stan-

dard sphere Sm−2. We observe that the bundle

PN+ is foliated by the lifts of these light rays to

PN+, which are projections to PN+ of integral

curves of the geodesic spray Xg restricted to N+.

We will call F to this foliation. Then, the space

of null geodesics N can be defined too as the quo-

tient space PN+/F or, equivalently, as the quo-

tient space of N+ by the foliation K whose leaves

are the maximal integral sub manifolds lying in N+

of the integrable distribution defined by ∆ and Xg,

this is N ∼= PN+/F = N+/K. We will denote by

σ the canonical projection σ : PN+ → PN+/F [1].

The quotient space PN+/F is not a differ-

entiable manifold in general. The next Proposi-

tion that guarantee that N inherits a differentiable

structure.

Theorem 3.1. Let M be a strongly causal space-

time of dimension m. Then PN+/F inherits a

canonical differentiable structure from PN+ of di-

mension 2m − 3 such that σ is a smooth submer-

sion. Moreover, if M is not nakedly singular, then

PN+/F is Hausdorff.

Hence, for any strongly causal space–time

M without naked singularities, the space of null

geodesics N inherits the structure of a Haus-

dorff smooth (2m − 3)-dimensional differentiable

manifold via the natural identification of N with

PN+/F and σ : PN+ → N is a submersion. Thus

in what follows we will assume that M is a strongly

causal not nakedly singular space-time and we call

the space of null geodesics N equipped with the

smooth structure above.

Definition 3.2. Given a point p ∈ M , the set of

null geodesic passing through p will be called ”the

sky of” p and it will be denoted by S(p), i.e.

S(p) = {γ ∈ N : p ∈ γ ⊂ M}.

Notice that the geodesics γ ∈ S(p) are in one–to–

one correspondence with the elements in the fiber

π−1(p) ⊂ PN+, hence the sky S(p) of any point

p ∈ M is diffeomorphic to the standard sphere

Sm−2. Now, it is possible to define the ”space of

skies” as

Σ = {X ⊂ N : X = S(p) for some p ∈ M}
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and the sky map as the application S : M → Σ

that maps every p to S (p) ∈ Σ. This sky map

S is, by definition of Σ, surjective. If the sky

map S is a bijection, its inverse map denoted by

P = S−1 : Σ → M will be called the ”parachute

map”.

4 Recovering of the Space-

Time

A natural question to ask is how the causal struc-

ture of M is reflected in N . We equip Σ with

topological and smooth structure and then recover

space-time by this space. We will start by defining

a natural topology on the space of skies Σ induced

by the topology of N .

Lemma 4.1. The collection of sets T = {U ⊂ Σ :

Ũ =
∪

X∈U

X is open in N} is a topology in Σ.

The next theorem give a smooth structure

to the space of skies and reconstruct the smooth

structure of the space-time.

Theorem 4.2. Let V ⊂ M be a globally hyperbolic

convex normal open set such that U = S(V ) ⊂ Σ

is a regular open set. Then U has a canonical dif-

ferentiable structure depending only on N . More-

over, There exists a unique differentiable structure

in Σ compatible with the differentiable structure of

U ⊂ Σ such that the sky map S : M → Σ and the

parachute map P : Σ → M are diffeomorphisms.

Definition 4.3. Let (M,C) and (M,C) be

two strongly causal manifolds and (N ,Σ) and

(N ,Σ) theirs corresponding pairs of spaces of null

geodesics and skies. We say that a map ϕ : N → N
”preserves skies” if ϕ(X) ∈ Σ for any X ∈ Σ.

Moreover, (M,C) is said to be ”recoverable” if for

(N ,Σ) corresponding to (M,C) another strongly

causal manifolds and ϕ : N → N a diffeomorphism

preserving skies,then the map

φ = P ◦ ϕ ◦ S : M → M

is a conformal diffeomorphism on its image, where

P : Σ → M is the parachute map to M .

Theorem 4.4. Let (M,C) be a strongly causal

manifold, then M is recoverable.

References

[1] A. Bautista, A. Ibort, J. Lafuente, ”On the

space of light rays of a space-time and a re-

construction theorem by Low,” Class. Quantum

Grav. 31, 075020 (2014).

[2] V. Chernov, Yu. Rudyak, ”Linking and causal-

ity in globally hyperbolic space-times,” Comm.

Math. Phys. 279 (2008), 309-354.

[3] R. J. Low, ”Causal relations and spaces of

null geodesics, PhD Thesis,” Oxford University

(1988).

[4] R. J. Low, ”The geometry of the space of null

geodesics,” J. Math. Phys. 30(4) (1989), 809-811.

[5] R. J. Low, ”The space of null geodesics (and

a new causal boundary),” Lecture Notes in

Physics 692, Springer, Berlin Heidelberg New

York, 2006, pp. 35-50.

[6] R. Pourkhandani, Y. Bahrampour, ”The space

of causal curves and separation axioms,” Class.

Quantum Grav. 29, 015014 (2012).

4

115

115


	Table of Content
	Geometry and Topology
	A-10-1033-1
	A-10-1054-1
	A-10-1059-1
	A-10-1063-1
	A-10-1126-1
	A-10-1218-1
	A-10-1249-1
	A-10-1269-1
	A-10-1350-1
	A-10-203-1
	A-10-210-1
	INTRODUCTION
	(g-4)-dimensional Family of (g-5)-Planes arising from Singularities of Prym-Theta Divisor
	Non-Smoothness of Focal locus's of the family (1).
	Reference

	A-10-248-2
	A-10-266-1
	A-10-325-1
	A-10-355-1
	A-10-372-1
	A-10-373-1
	A-10-388-1
	A-10-424-1
	A-10-571-1
	A-10-583-1
	A-10-649-1
	INTRODUCTION
	Primary Definitions
	 Cohomology of Topological local groups
	Main Theorem


	A-10-712-1
	A-10-716-1
	A-10-796-1
	A-10-808-1
	A-10-813-1
	A-10-869-1
	A-10-937-1
	A-10-942-1
	A-10-991-1
	A-10-997-1



