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Abstract: In the present study, three-dimensional homogeneous Riemannian manifolds equipped with a

left-invariant metric, which satisfy the (k, ) condition have been considered. We bring a rich class of

non-Sasakian manifolds which are (k, u)-contact.
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1 Introduction

An almost contact structure on a (2n + 1)-

dimensional smooth manifold M is a triplet

(p,&,m), where @ is a (1, 1)-tensor, £ a global vector

field and 7 a 1-form, such that

©(§) =0, nop=0, (1)
=1, ¢*=-Ild+n®¢,

and ¢ has rank 2n. A Riemannian metric g on M
is said to be compatible with the almost contact

structure (¢, &, n) if

9(0 X, 9Y) = g(X,Y) = n(X)n(Y).
(2)
A smooth manifold M, equipped with an almost

contact structure (¢,&,7n) and a compatible Rie-
mannian metric g, will be called an almost contact

*Speaker

metric manifold. Remark that, by (1) and (2)
n(X) = g(&, X),

for any compatible metric.

A (2n + 1)-dimensional differentiable mani-
fold M2"+1 is called a contact manifold if there ex-
ists a globally defined 1-form 7 such that (dn)™"An #
0. On a contact manifold there exists a unique
global vector field ¢ satisfying

dn(§,X) =0,

for all X € TM?"+! |
Next, if the compatible Riemannian metric g satis-
fies

n(§) =1,

dn(Xv Y) = g(X7 QOY>7

then 7 is a contact form on M, & the associ-

ated Reeb vector field, g an associated metric, and



(M, p,&,n,9) is called a contact metric manifold.

Denoting by £ and R Lie differentiation
and the curvature tensor respectively, we define on
M?+1 the (1,1)-tensor field h by

1
The tensor field h satisfy

hé =0, hy = —ph.

In this paper we recall some basic formula
and discuss which case of the classification of three-
dimensional homogeneous contact manifolds satis-
fies in (k,u) condition, then the main interest is
in the non-Sasakian contact metric manifolds with

this curvature property.

2 Preliminaries

Let (Mt ¢ n,& g) be a contact metric mani-
fold. Consider

R(X,Y)E =k(n(Y)X —n(X)Y) (4)
+ u(n(Y)hX —n(X)hY),

for constants k£ and p. a contact metric manifold
satisfying this condition is called a (k, u)-manifold.
If £ and g be smooth functions, we call M a gen-

eralized (k, f+)-manifold.
If on a (k,p)-manifold, u = 0, the contact

metric manifold is said to be one for which £ be-
longs to the k-nullity distribution.

Clearly, Sasakian spaces belong to this class
(k=1land h=0), R(X, V), =n(Y)X —n(X)Y.

3 Homogeneous (k, u)-manifold
Let G denote a three-dimensional Lie group and g
a left-invariant Riemannian metric on G. As shown

in [5], G is unimodular if and only if the linear map

L(z xy) = [z,y], v,y € g,

is self-adjoint, where x denotes the cross prod-
uct operation. Consequently, if (G,g) is a three-
dimensional unimodular Riemannian Lie group,
then its Lie algebra g admits an orthonormal basis

{e1, e2,e3}, such that

le1,e2] = Azes, [e2,e3] = Aier, |, [es,e1] = Aaea.

Let (p,&,7n) be a left-invariant almost contact met-
ric structure on a unimodular Riemannian Lie
group (G, g). The vector field £ is a unit geodesic
vector. Geodesic vector fields on three-dimensional
unimodular Riemannian Lie groups were classified

in [4]. The possible cases are the following.

(i) If all A; are distinct, then the only geodesic
unit vector fields are te;,7 = 1,2,3 (see The-
orem 3.1 in [4]).

(ii) If at least two among A1, Ay and A3 coincide,
then all unit vector fields in g are geodesic
(see Remark in [4]).
nian Lie groups are naturally reductive (The-

Indeed, such Rieman-

orem 6.5 of [7]) and so, all their geodesics are

homogeneous.

Between the two cases above, just the first

case will be a (k, ut)-space.

Case (i). Let (¢,&,n,g) be aleft-invariant al-
most contact metric structure. Then, & = +e;, for
some ¢ = 1,2, 3. Thus, up to isomorphisms the gen-
eral form of a left-invariant contact metric structure

is given by

i [(p@, 5] = )‘0’26)
(5)

[€,e] = Agy0e,  [e,0e] = Ao\,

where o is a permutation of indices 1, 2, 3.

According to Koszul formula we have:

Aoy — Aoy — Ao
Ve = 220",

Aoy — Aoy + Ao
Vee = %@6,

)\a )\0' - )\o'
VeE =0, Vepe= S2limtng
_ )‘01 + >‘02 _ )‘03

vg}eg - 9
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By computing R we have:
A0'3)\0'1 + >\G'3 A0'2 - )\0'1 >\0'2

R(e,§)¢ =(

2
Xy N, 3N
4 b
Ao Ao + Aow Aon — Aox Ao
R — 1 2 2 3 1 3
(pe, §)€ =( 5
Ao 24 Ao 2 — 30,2
+ = ks Z 30, e,
R(e7 ('06)5 :0)

on the other hand by (3):

Aéz - )\5

hpe = 2 pe.
e, e 5 e

Finally we deduce:

A A2, - A2 2000,

k
4 )
_ )‘?73 - )‘?72 + )‘01)‘02 B )‘03)‘01
12 Aos — Mo )

so this case is a (k, u)-space.

Theorem 3.1. Let (p,&,n,9) be a left-invariant
almost contact metric structure on a three-
dimensional unimodular Lie group, as described by
(5). Then

the following properties are equivalent:

(i) Aoy = Aoy ;

(ii) (,&,m, g) is normal;

(iii) (p,&,n,9) is trans-Sasakian. In this
case,a = =2 | B =0 . Thus, the structure
is a-Sasakian, and cosymplectic if and only
if Aoy =0;

() (¢,&,m,9) is quasi-Sasakian;

(v) € is a Killing vector field, that is,Leg = 0,
wherel denotes the Lie derivative;

(vi) Lep = 0;

(vii) Lie group is a (k, u)-space.

Proof. 1t is shown by a straightforward calculation
that, if Ay, = As,, we have the necessary condition
for manifold to be a (k, u)-manifod with k = A2,

and p = arbitrary. So it is clear by [2] that the five
next conditions are satisfied. O

According to classification of three-
dimensional non-unimodular case in [2] and review

them, just the second case is (k, u)-space.

In this case from Milnor’s classification of
three-dimensional non-unimodular Riemannian Lie
groups obtained in [5], If G is such a group
& = cosfley + sin fes.

In this case, an orthonormal basis (and so, a ¢-
basis) of ker 7 is given by
{Fy := ey, By := —sinfey + cosfez}. We then eas-
ily obtain [2]:
[€, B1] =(Bcos®0 + (6 — a)sinfcosh — vsin’6) By
— (cos?®0 + (B + 7)sinfcosh + dsin*0)E,
[ga E2] :07
[E1, By] =(5cos*0 — (B + ) sinfcosh + asin?6) Fy
— (yc0s?0 + (6 — a)sinfcost) — Bsin)E.
(6)

From [2] we must have [, E1] € kern , that is,

acos®0 + (B + v)sinfcosh + dsin?0 = 0. (7)

We put

A = 5cos0 — (B + v)sinfcosd + asin’0,
B := —(ycos*0 4 (0 — a)sinfcost — Bsin>0),
C := Bcos*0 + (6 — a)sinfcosd — ysin’6.

As usual, up to isomorphisms we can take e = Fy,
we = Ey. Then, (p,&,n) is described by

€, €] = Cre,
with A #0.

[£,0e] =0,  [e,pe] = Ape+ BE,

In this case, i is a contact form if and only
if B #0.

By Calculating Curvature R, we obtain:
1, 3., 1
R(e, )¢ = (4B 4C' + 2BC)e7

R(pe,§)¢ = i(C - B)’pe,
R(e, pe) = ACe,
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which implies k =
and B # 0.

So we have the following Theorem.

= p=arbitrary ,C =0

Theorem 3.2. Let (p,&,1,9) be a left-invariant
almost contact metric structure on a three-
dimensional non-unimodular Lie group, as de-
scribed by (6). Then the following properties are
equivalent:

(i) C =0;

(i) (¢, &,m, g) is normal;

(iii) (p,&,m, g) is quasi-Sasakian;

()¢ is a Killing vector field;

(v) Lep = 0;

(vi)In this case, Lie group is (k, pu)-manifold.

3.1 Non-Sasakian case

If (M, n, g) is a simply connected three-dimensional
homogeneous contact Riemannian manifold, then
M = G is a Lie group and the contact metric struc-

ture (1, g,&, @) is left-invariant [3].

According to classification of three-
dimensional homogeneous contact Riemannian
structures, in Non-Sasakian case, if G is non-
unimodular, its Lie algebra is given by

e1, e2] = aea + 26, [e1, €] = vea, [e2,£] =0,
where a # 0.

By Koszul formula we have:

1 1

Veer = 5 (=2 = 7)es, Vel =5(=2+7)ez,
1

Vet = 22+ e, Vee =0,
1

Vgeg 5(2 + ’}’)617 Velel =0,

Ve,e2 = e,

1 1
and from (3), he; = —30en hes = 572

By curvature formula

3

R(e1,6)§ = (1— Z’YQ —)e1,
Rlen &6 = 12 +7)%ex,
(61762) = —areq,

from (4), G is a (k, u)-manifold with
v =0,k =1, = arbitrary.
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Abstract: The notion of stability for some well known hypersurfaces of Riemannian manifolds has been

started by Barbosa, do Carmo and others ([2, 3]). First discussions were on hypersurfaces with constant

mean curvature and it has been generated to ones that have a constant higher order mean curvature ([4]).

Recently, Brasil and Colares has paid attention to an extension of stability to spaclike hypersurfaces of de

Sitter spaces with constant r—th mean curvature. In this paper, we extend the notion of r-stability to

spacelike hypersurfaces of the Lorentzian hyperbolic spaces with constant higher order mean curvature.

Keywords: r—th mean curvature, r-Stability, Spacelike hypersurface.
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1 INTRODUCTION

In decade 80 Barbosa and do Carmo proved that
spheres are the only stable critical points of the
area function associated to volume-preserving vari-
ations. These results has been followed by many
people and extended to hypersurfaces with con-
stant mean or scalar curvature. The natural ex-
tension of mean and scalar curvature for hypersur-
faces of dimension 7 is the higher order mean curva-
ture. Recently, some people have studied the stabil-
ity of hypersurfaces with constant (specially zero)
r—th mean curvature in Riemannian space forms as
spheres and hyperbolic spaces ([2, 3, 4, 1, 5]). We
study the notion of r-stability to spacelike hyper-
surfaces of the Robertson-Walker space-time em-
phasizing on the anti de Sitter space with consid-

*Corresponding Author

ering some conditions on their higher order mean

curvature.

Here, we recall some basic preliminaries from
[1,2,5]. By R}", we mean the vector space R™ with
metric < z,y >:= =YY 2y, + ¥;5,7;y;. Espe-
cially, Rj* = R™, and R7" is the Minkowski space.
For r > 0 and ¢ = 0,1,

Spti(r) ={y € Rg"?| <y,y >=1?}
denotes the sphere (for ¢ = 0) and de Sitter space
(for ¢ = 1) of radius r and curvature 1/r%, and

Hp (=) ={y € Rp?| <y,y >= —r?}
denotes the hyperbolic space (for ¢ = 0) and anti-
de Sitter space (for ¢ = 1) of radius r and cur-
vature —1/72. The simply connected space form
M;LH(C) of curvature ¢ and index ¢ is Ryt for

— n+l _ qn+l — n+l _
c =0, St = Su*(1) for ¢ = 1 and H}"' =
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H}t1(=1) for ¢ = —1. When ¢ = 0, we take
a component of Hj™'. The Weingarten formula
for a spacelike hypersurface = : M™ — M;*l(c) is
VyW =VyW—e< SV,W >N, for VW € x(M)
where, e =2¢—1, ¢ € {0,1} and S is the shape op-
erator of M associated to a unit normal vector field
N on M with < NN >= —e. Since M is space-
like, S can be diagonalized. Denote its eigenvalues
( the principal curvatures of M ) by the functions
K1,-.-, knp on M, define the elementary symmetric
function as s; := 32, ; o ;. <, Kiy--ki, and the
Jj-th mean curvature of M by (7)H; = (—e€)’s;.
The hypersurface M™ in R;H‘l is called j-minimal
if its (j 4+ 1)th mean curvature H;; is identically
zZero.

In particular, H; = —e(1/n)tr(S) and H =
H;N are respectively the mean curvature and the
mean curvature vector of M. The relation between
the scalar curvature of M and Hy as tr(Ric) =
n(n — 1)(c — eHs). In general, H; is extrinsic (re-
spectively, intrinsic) when j is an odd (respectively,
an even) number, since the sign of H; depends on

the chosen orientation only in the odd case.

Proposion 1.1. Let z : M"™ — M (c) ( where
n > 2) be a connected spacelike hypersurface iso-
metrically immersed into an standard Riemannian
or Lorentzian space form, ¢ € {—1,0,1} and q €
{0,1}. Let Ky, ..., kn be the principal curvatures of
M and H, be the r-mean curvature of M. Then we
have:

(i) For0 <r <mn, H2 > H._1H, 1. If
r=1orifr>1and H.41 # 0, then the equality
happens iff k1 = ... = kp;

(i) Hy > (Hy)Y? > ... > (Hp)Y* if H; > 0
fori=1,.. k.

For a spacelike hypersurface M in the space
form Mq"“‘l(c), we introduce the Newton transfor-
mations P; : x(M) — x(M), associated with the
shape operator S, inductively by

Py=1,Pj = (—¢)isjI +eSoPj_1(j=1,..,n),

where I is the identity on x(M). It can be seen

that P; has an explicit formula

Pj= (_e)jE{:O(_l)lsj—lSl = g:o(?fl)elHj—lSlv
where, Hy = 1 and S° = I. According to the char-
acteristic polynomial of S, Qg(t) = det(tI — S) =
So(—=1)""ts,_it!, the Cayley-Hamilton theorem
gives P, = 0.

Let eq,...,e, be a local orthonormal tan-
gent frame on M that diagonalizes S and P; as
Se; = kse; and Pje; = p;je;, for i = 1,2,...,n,
where p; ; = (_e)j2i1<.‘.<ij,il¢ini1~'~Hij; (for j =
0,1,...,n —1). Using this and the useful identity

ERifli,j = Mi,j+1—(—€)3+1

$j+1 = Hij+1— (G ) Hit1,

(1)
and the notation ¢; = (n—7)(}) = (j+1)(}41), the
following properties of P, may be obtained easily:

tr SOP]') = (—G)J(j+1)8j+1 = —GCjHj+1,

tr(S*oP;) = (}1)[nH1Hj1—(n—j—1)H; o],

Proposion 1.2. Let z : M™ — M;L“'l(c) ( where
n > 2) be a connected spacelike hypersurface iso-
metrically immersed into an standard Riemannian
or Lorentzian space form, ¢ € {—1,0,1} and q €
{0,1}. Let{e1,...,en} and k1, ..., &y, be as in Propo-
sition 1.1, and Py be the k—th Newton map. If at
a point p € M, Hi(p) = 0 and Hi41(p) # 0, then
Py_1 is definite at p.

Now, we define the notion of variation, the
linearized operator L;, r-stability and the index of
r-stability.

Definition 1.3. Let z : M™ — M;“H(c) be a
compact connected orientable spacelike hypersur-
face isometrically immersed into an standard Rie-
mannian or Lorentzian space form, ¢ € {—1,0,1}
and ¢ € {0,1}. A map X : (—€€) x M™ —
M;‘H(C) is called a variation of M™ if it satisfies
the following properties:

(1) For eacht € (—e¢,€) the map Xy : M™ —
M;”‘l(c) by rule X¢(p) := X(t,p), is an immer-

sion.



(2) Xo = z and for every t € (—e¢,€),
Xi|pd(M) = z|pd(M).

Definition 1.4. The linearized operator of the
(4 + 1)-th mean curvature of M, L; : C®(M) —
C>(M) is defined by the formula L;(f) := tr(P;o
V2f), where V2f is given by < V2f(X),Y >=
Hess(f)(X,Y).

Among many interesting properties of L;, we
point that for a normal variation of M with varia-

tional field dﬁt (t)|t=0 = fN, we have the equality

%Sj-‘rllt:() = Lgf + (818j+1 — (] —+ 2)8]+2)f +
c(n—j)s;/f,
where L; is the principal part of the linearized oper-

ator associated to s;11. For convenience, we define
the operator J; as:

Jj = Lj + (s18j41 — (J +2)sj4+2)] +c(n — j)s;1,
as well as a bilinear symmetric form B; can be de-
fined by B;(f,g) := — [}, 9J; fdM.

Definition 1.5. Let 2 : M™ — M," ' (c) be as
in Definition 1.3 with condition that H,,1 is con-

stant. M™ is called r-stable if B.(f,f) > 0 for all
fece(M).

2 Main results

Lemma 2.1. Let z: M™ — H"™" be a connected
orientable spacelike hypersurface isometrically im-
mersed into the Lorentzian hyperbolic space and
X : M™% (—e,€) — H be a normal variation of
x. Then we have % = (=D)L f—tr(Py)f—
tr(S2P,) f).

Lemma 2.2. Let z: M™ — H'"' be a connected
orientable spacelike hypersurface isometrically im-
mersed into the Lorentzian hyperbolic space and
X : M™% (—¢,€) — H be a normal variation of
x. Then we have % = (=D)L f—tr(Py)f—
tr(S2P,) ).

Here is some of our results on the stability
and index of r-stability of spacelike hypersurfaces

in the standard Lorentzian space forms.

Theorem 2.3. Letz: M™ — H"™ be a connected

time-oriented spacelike hypersurface isometrically

immersed into anti-de Sitter space. Then, the fol-
lowing statements are equivalent:

(1) x has constant scalar curvature;
(2) For all wvolume-preserving
4 [ nHo(t)dM; = 0;

(3) For all variations d‘zgt) lt=0 = 0.

variations,

Theorem 2.4. Letx : M™ — H"*' be a connected
spacelike hypersurface isometrically immersed into
anti-de Sitter space with gauss map N. Let Y be
the variational vector field of M and g :< Y, N >.
Then M s stable if and only if a = Ztn?(n —
1)(1+ R)Hy —n(n—1)H — 3s3 be an eigenvalue of
ng.

Similar results have been gotten about the
closed connected timelike hypersurfaces of the de

Sitter space S?H and anti de Sitter space H {”1.
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Abstract: In this paper, we are supposed to investigate some properties of the integral curves of some

vector fields X which their restriction to an n—surface S is tangent to S. Then as applications of the Theory

of ODE, we obtain some necessary and sufficient conditions to determine the relationship between the shape

of an n—surface S and the image of its Gauss map in the following cases: (i) The image is a point, (ii) The

image lies in an n—plane a1z1 4+ 4+ ap12n+1 = 0, (iii) The image lies in an n—plane 7 = cfor 0 < |¢] < 1,

(iv) The image lies in an n—dimensional right circular cone. Finally we show that that although the image

of the Gauss map of an n—surface, in general is not an m—surface for any m € N, but for every open subset

U of the n—dimensional unit sphere S,,, there exists an n—surface S whose spherical image is U.

Keywords: Applications to differential and integral equations, Shape Theory, Vector Field.

1 INTRODUCTION

By an n—surface in U (simply n—surface) we meant
a nonempty set S = f~1(c) where f : U — R is a
smooth map defined on an open set U C R*+! and
¢ € R such that Vf(q) # 0 for all ¢ € S. An ori-
ented n—surface is an n—surface S together with a
smooth unit normal vector field N on S [1]. The
function NV : S — R"*! associated with the vector
field N by N(p) = (p, N(p)) which maps S into the
unit sphere S, C R"*! is called the Gauss map
[1]. A well known Theorem shows that if S be a
compact connected oriented n—surface in R"*! ex-
hibited as a level set f~!(c) of a smooth function
f: R — R with Vf(p) # 0 for all p € S, then
the Gauss map, maps S onto the unit sphere S,
[1]. Also it is proved that there exists a conformal
non-minimal immersion from a simply-connected
surface in R"*! with a given Gauss map, if and
only if a set of differential equations depending on

*Corresponding Author
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the conformal structure and the Gauss map is sat-
isfied [2]-[3]-[4]. The Gauss map of a minimal sur-
face in the Euclidean space R? is a conformal map.
This fact has deep consequences in the behavior
of these surfaces and has allowed a massive pres-
ence of complex variable techniques in the classical
theory of minimal surfaces. For example the Gauss
map of a non-flat complete minimal surface must be
dense in the unit sphere S3[6]. Furthermore there
are some inequalities which estimate the curvature
of all minimal surfaces whose Gauss map omits a
fixed geodesic disc in Sy [7]. In this study we in-
vestigate some properties of the image of the Gauss
map of n—surfaces as some applications of the the-
ory of differential equations. The paper is based on
the following Theorem which is a consequence of
the fundamental theorem of existence and unique-
ness of solutions of systems of first order differential
equations and asserts the existence and uniqueness

of integral curves on n—surfaces [5]-[9]. Some ap-
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plications of this Theorem for introducing a gener-

alization of tangent vector fields on n—surfaces has

done earlier [8].

Theorem 1.1. [10] Let S be an n—surface, let X
be a smooth tangent vector field on S and p € S.
Then there exists an open interval I containing 0

and a parameterized curve o : I — S such that,
1. a(0) =p,
2. a(t) = X(a(t)) for allt €1,
3. If B: 1 — S is any other parameterized curve
in S satisfying (1) and (2), then I C I and
B(t) = aft) for allt € I.
Theorem 1.2. Let S = f~1(c) be an n—surface
and X be a smooth vector field on U whose re-
striction to S is a tangent vector field on S. If
a : I — U is any integral curve of X such that

a(ty) € S for some tyg € I, then a(t) € S for all
tel.

2 MAIN RESULTS

Let a = (a1,...,any1) € R"1a # 0.
n—plane we meant the set

By an

P={(z1,...,vp41)|a171 + - - + @pp1Zn41 = ¢}

for some ¢ € R. Evidently, the image of the Gauss
map of an n—plane is a single point. In the follow-

ing, we establish a converse for this fact.

Theorem 2.1. Let the image of the Gauss map of
an n—surface S be a single point v and B be an
open ball which is contained in U. Let p € BN S
and H = {x € R""Y|z-v =p-v}. Then BNH C S.

Proof. Let zg € BN H, w = xy — p and consider
the constant vector field X(¢) = (¢,w). X is a
smooth vector field on U whose restriction to S is
tangent to S and its integral curve through zq is
a(t) = (t+ 1)zg — tp with ¢ € I for some open in-
terval I containing {—1,0}. Since a(—1) = p, then
Theorem 1.2 asserts that a(t) € S for all ¢t € R.
Therefore g = a(0) € S and BN H C S. O

11

Theorem 2.2. Let the image of the Gauss map of
an arc wise connected n—surface S be a single point
v. Letpe S and H={x € R""|z-v=p- v} be
an n—plane through p. Then S C H.

Proof. Let zg € S and « :
tinuous map such that a(t1) = p, a(tz) = zo. Let

[t1,t2] — S be a con-

a(t1) - v < a(te) - v and consider the open subset
O={zec R a(ty) - v<az-v<alty)- v}
Thus O is an infinite union of n—planes
Heygg) = {z € R"z - v = a(ty) - v}

for some tg with t; < tg < ta. Let B C U is an
open ball containing a(to) and 1 € Hy,)NB . Let
X be the constant vector field X (q) = (¢, w) with
w = x1 — aty) defined on B. A similar argument
as in the proof of Theorem 2.1 shows that z; € S.
Therefore ONB C S which is impossible. Similarly
a(ty) - v > a(tz) - v tends to a contradiction. O

Corollary 2.3. The image of the Gauss map of an
arc wise connected n—surface S is a single point if

and only if S is a part of an n—plane.

Theorem 2.4. Let S be an n—surface, a =
(a1, 1) € R*a #0 and

H = {(371, veey :1:n+1)|a1x1 4+ -+ an+1xn+1 = 0}

be an n—plane. If p € S and there is an open in-
terval I about 0 such that p+ta € S for allt € I,
then the spherical image of S is contained in the

n—plane H.

Proof. Let S be an n—surface such that for any
p € S and an open interval I about 0, p + ta € S
for all t € I. Let N be the Gauss map of S. Then
N_Ld/(t) for any smooth map o : [ — S and t € I.
Consider the map «a(t) = p+ta, then o/(t) = a and
N -a = 0, therefore a1 N1+ -+ ap41Np41 = 0 and
N is contained in the n—plane H. O
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Theorem 2.5. Let a = (ay,...,an+1) € R" Y a #
0 and S be an n—surface. If the image of the Gauss

map of S is contained in the n—plane
H = {(371, ...,xn+1)|a1:c1 + -+ an+1xn+1 = 0}

Then there is an open interval I about 0 such that
p+tae S foralltel.

Proof. Let N, the image of the Gauss map of S
is contained in the n—plane H, ie., a- N = 0.
Consider the constant vector field X (¢) = (¢, a) for
a = (ay,...,an+1). The integral curve of X through
p € Sis a(t) = ta+ p,t € I for some open interval
I about 0. The restriction of X to S is tangent to
S and «(0) = p € S. So Theorem 1.2 implies that
a(t)e Sforalltel. O

Corollary 2.6. Leta = (ay,...,ant1) € R"a #
0 and S be an n—surface. Then the image of
the Gauss map of S is contained in the n—plane
H={(x1,...,Tnt1)|a1x1 + - - - + ant12n41 = 0}, if
and only if there exists an open interval I about 0
such that p+ta € S for allt € I.

Example 2.7. Let U = {(z,y,2) € R3||z| > 2},
f:U — R be defined by f(z,y,2) = (y*> — 2% —
2) (2?2 +y* —1) and S = f720). Then S is a
non connected 2—surface which is a union of two
disjoint connected 2—surfaces. The image of the

Gauss map of S is the union of the circle
(> +92 12 +22=0
and the two following disjoint circles
(42 + 2212+ (22 —1)2=0

Since these circles intersect each other in the points
(:I:\%,:I:\/LE,O), the image of the Gauss map of an
n—surface for some n € N, however, generally not
an m—surface for any m € N.

Lemma 2.8. For any open subset U of the
n—sphere Sy, there exists an n—surface S whose

image of its Gauss map is U.

12

Proof. Let O be an open subset of R"! such that
U=0n§S. Clearly S = f71(0) for f defined
by f(z1,....,@p41) = 23+ -+ 22, — 1. Define
g:U — Rbyg= flo, then U = g1(0) is an

n—surface with the required property. O

3 APPLICATIONS

Let ¢ be the half line in R? with equation z, =
px1 + 0 for some p,0 € R such that x9 > 0. Define

(n—1)times

——f
the function f: Rx RT x Rx ---x R — R by

f<x17$27'-'7x7l+1): x%++$% 1_p.’13]_—0
+

for n > 2. Let S, = f~1(0) and

Zg

Yi =
VoR a4 el

for 2 < i < n+ 1. It can be seen that S, is

an n—surface of revolution obtained by rotating /¢

about the x; axis with unit normal

va%“'aynJrl)

N(x1, 22,y Tpy1) = (

So the image of the Gauss map of Sy, i.e., the circle

1 —P

2
ST = ———
p*+1 p?+1

2
Tyt T =

lies in the plane z; = _;2"+1,0 < ‘pf;‘H < 1.
Conversely, let C be the graph of a smooth map

(n—1)times

———
g:R—=Rtand f:RXxR*xRx---x R— Rbe
defined by

f(@1, @0, ooy @pgr) = \Ja3 + -+ 22 — gla)

Let Sc = f~1(0) be the n—surface of revolution
obtained by rotating C about the x; axis such that
the image of the Gauss map of S¢ lies in some plane
21 = b with 0 < |b| < 1. Let z; = ———2—— for

\/z§+‘..+zi+1

2 < i <n+ 1. Since the unit normal of S¢ is

—g'(z1)
N(z1,%2, s Tpy1) = (——e—e—
(9'(x1))* + 1
Z9 Zn+1

)

Vg @) +17 V(g @) + v
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it follows that ——2 1) __
(¢'(z1))2+1
+b

A Thus g(z1) = px1 + 0 for some constants

= b and hence ¢'(z1) =

p,0 € R. Also it can be seen that the image of
the Gauss map of Sy lies in the n—dimensional
right circular cone 23 = p*(z3 + - - - + 22,,).
Conversely if the image of the Gauss map of S¢
lies in an n—dimensional right circular cone 2?3 =
p*(x3+---+22 ;) with some constant p € R, then
a simple calculation shows that ¢'(x1) = £+p and so

g(x1) = £px1 + 6 for some 0 € R.

Corollary 3.1. Let g: R — RT be a smooth map
and f : R x R™ — R be defined by f(x1,12) =
x9 — g(x1). Let the image of the Gauss map of
the n—surface of revolution obtained by rotating the
curve C = f~1(0) about the x1 azis is denoted by
IG(Sc). Then the following statements are equiva-
lent:

1. IG(Sc) lies in the plane x1 = b with 0 < |b| <
1.

7

2. IG(Sc) lies in the n—dimensional right cir-
cular cone 23 = p*(x3+---+a2 ) with some
constant p € R;

3. Sc¢ is an n—dimensional right circular cone.

Corollary 3.2. With any smooth map g : R — RT
and f : Rx RT — R which is defined by f(x1,12) =
x2 —g(x1), IG(Se) lies in the n—dimensional per-
forated sphere S, — {£1,0,---,0}.

Corollary 3.3. There exists an n—surface of rev-

olution S whose image of the Gauss map is exactly
Sp —{%£1,0,---,0}.
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1 INTRODUCTION

A Riemannian metric on a flat manifold is called a
Hessian metric if it is locally expressed by the Hes-
sian of functions. Typical examples of these mani-
folds include regular convex cones, and the space of
all positive definite real symmetric matrices. The
first Hessian structures was studied by Koszul [4],
then Vinberg consider these metrics on convex cone
[8] and S.Y. Cheng and S.T. Yau use Hessian met-
The

geometry of Hessian manifolds is very similar and

rics to solve Monges-Ampere equations [3].

near to Kéahlerian manifolds. In fact, relations of
these two kind of manifolds was motivation of defin-
ing a flow on Hessian manifolds similar to Kéahler
Ricci flow.

In the following, after some preliminaries we
present a complete introduction to Hessian man-
ifolds and define our flow and obtain some condi-
tions on which the flow is convergent. Similar to
other flows on Riemannain manifolds, this flow is

an evolution equation which can be used in order

14

to deform initial metric into a suitable metric that
can specify the topology and geometry of underly-

ing manifold.

2 Preliminaries

let M™ be an n-dimensional C*° manifold and T M
denote the tangent bundle of M, with projection
map m: M — TM. If (z' 2% -

coordinates on M, we set

,a™) are local

q" = x'om, ¢t = dat,

then (q1> e ’qn,anrl, e
nates on 2n-dimensional manifold T'M.

,q*") form local coordi-

Definition 2.1. Let X be a vector field on M, it’s

vertical lift XV is a vector field on TM defined by
XV = w(X)or we AN (M),

where w is a 1-form on M, that is regarded as a
function on TM here.
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Definition 2.2. Let D be a linear connection on
M, horizontal lift of vector field X, X¥ is a vector
field on TM defined by

X" (w) = D%.

Remark 2.3. The span of horizontal lifts at
t = (p,v) € TM is called the horizontal subspace
Hpw) of TYTM at point (p,v).

Remark 2.4. The span of vertical lifts at
t = (p,v) € TM is called the vertical subspace
Vipw) of TLTM at point (p,v).

Definition 2.5. If V be a neighborhood of p € M
such that exp is a diffeomorphism of a meighbor-
hood V' of 0 in T,M onto V,(normal neighbor-
hood), then T: m= (V) — T,M be a C*> map which
translate each Y € w=1(V) in a parallel manner
from ¢ =7w(Y) to p along the unique geodesic in V
from q to p, and for v € T,M the R_, be a map
defined by

R_,: T,M — T,M,

v—=v—u,
the conmection map
Kpuy: TipyTM — T, M,
of connection D is defined by
K(X) := d(exporoR_,)(X),
Jor all X € T, .\ TM.

We show that the horizontal subspace H,,v)

is the kernel of connection map at (p,u), i.e.
K(XV) =0, K(X") =X, VX € T(,.,,TM.

Theorem 2.6. The tangent space T, ., TM of
tangent bundle TM at point (p,u) is the direct sum

of it’s vertical and horizontal subspaces, i.e.
Tpuy TM = Hp,u) & Vip,u)-

[1].

15

Remark 2.7. For each tangent vector Z €

Tip,u)TM we can write
Z=XH XV,

where X, Y are determined by X =
Y = K(2).

dn(Z) and

2.1 The lifts in local coordinates

Let (z!,---,2") and (¢',--,q", ¢"+' - ,¢>") be
local coordinates on M and T'M respectively. Then
for a point p € M, {%}p fori=1,---,n form a
base for tangent space T, M and{a%i}(nu) is a base
for T(, )T M at point (p,u).
sions for vertical and horizontal lifts we have

Using local expres-

i H _ i _ - k n-+j 9

(8mi) = g j%:jl(rijow)q gk’ M)
9., 0

(3xz’) = o (2)

2.2 The almost complex structure
on TM

Let J: TTM — TTM be a linear endomorphism
of the tangent bundle of T'M characterized by

dr(JX) = -K(X), and — K(JX)=dr(X),
for all X € 7(M), so we have

JXV)=-XH J(XH) =XV,
therefore the endomorphism J satisfies

J? = —Idrru,
hence it’s an almost complex structure on 7M.
Proposition 2.8. Almost complex structure J on

TM is complex if and only if (M, D) is flat, i.e.
R=0./1]
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3 The Sasaki metric on T M

Definition 3.1. Let (M, g) be a Riemannian man-
ifold. The induced metric g on T M by g defined by

g(X,Y) = [g(dn(x),dn(Y) + g(KX, KY)]or, (3)
VXY e 7(TM);

is called Sasaki metric.

Since dmoJ = K and KoJ = dm, g is Hermi-
tian with respect to almost complex structure J.

Theorem 3.2. Let V be the Levi-Civita connec-
tion of (T'M, g)with the Sasaki metric g and V be
the Levi-Civita connection of g then

1) (V¥ (pay = (VT = 3(Ry(X, Y)Y,

(p,u

(Rp(u, Y)X)T + (VX))

(p,u)’

N[

2) (V)

pu)

3) (Viv) (Rp(u, X)Y)H,

N|—=

(pou) —

4) (?})fc‘\//)(p’u) =0.

4 Hessian Manifolds and their

Tangent Spaces

Definition 4.1. A Riemannian metric g on a flat
manifold is called a Hessian metric if g can be lo-

cally expressed by
62
gij = aziad;jy ¢ € COO(M)a

where {z1,--- 2"} is an affine coordinate system
with respect to D. Then (M, D, g) is called a Hes-

sian manifold.

Proposition 4.2. Let (M, D) be a flat manifold,
then (M, D, g) is a Hessian manifold if and only if

9gij Ogrj ..
Wclza_xil7 V7/7.]7k:1a"'an'

[7].

Definition 4.3. Let (M, D, g) be a Hessian mani-
fold. we denote difference tensor of D and V, Levi-

Civita connection of g by

16

A tensor field Q of type(1,3) defined by

Q= Dn,
is called Hessian curvature tensor.

Proposition 4.4. Let R be Riemannian curvature

tensor for g. Then

Riji = %(Qijkl — Qjikt)- (4)

[7].

4.1 The tangent bundle of Hessian
manifolds

Let (M,D,g) be a Hessian manifold. With the
same notation of section (1) we set

2 = qj + iqn‘i'j’

(5)

so {z!,--- 2"} yield a holomorphic coordinate sys-
tem on T'M, and T'M is an n-dimensional complex
manifold.

Proposition 4.5. The following conditions are

equivalent.

. (M,D,g) is a Hessian manifold.
. (TM,J,g) is a Kdhler manifold.

Proposition 4.6. Fvery complete Hessian mani-
fold M with constant Hessian curvature tensor has

a complete Kdhlerian complete tangent bundle T M .

Definition 4.7. Let (M, D, g) be a Hessian mani-
fold and v be the volume element of g. we define a

closed 1-form o and a symmetric 2-form B by

D¥% = a(X)v,
B = Da,

the o and B are called the first and the second
Koszul form of g.



17

The 45" Annual Tranian
Mathematics Conference

ug 6-29

Proposition 4.8. Let R;;,; and Rz‘Tj be the Rie-
mannian curvature tensor and the Ricci tensor of
Kahlerian manifold (TM, J,g) , then we have
1
Ry5 = —5Bijom,

1
Rijkf = EQijklmT-

(6)
(7)

5 A special flow on Hessian

manifolds

We suppose the Hessian manifold (M, D, go), then
we consider an evolution equation on M by
3gij 1

o~ 2

(8)
where 3 is the second Koszul form. This equation
defines a geometric flow on M and we show that
the metrics along the flow remain Hessian with

respect to affine coordinate system of D.

Lemma 5.1. The evolved metrics by (8) remain

Hessian along the flow.

Proposition 5.2. The flow (8) on Hessian mani-
fold (M, D, g) induces Kdihler Ricci flow on tangent
bundle (TM, J, g).

Theorem 5.3. Let (M, go) be a complete Kdihler
manifold with bounded nonnegative bisectional cur-
vature.  Assume that M is of mazimum volume
growth, that is v(M, g) > 0. Then the Kahler-Ricci
, with g(x,0) = go(x) has a long time solution.
Moreover the solution has no slowly forming sin-
gularity as t approaches oo.[5]

Theorem 5.4. Let (M, go) be a complete Hessian
manifold with constant Hessian curvature tensor
(¢ > 0). Then the Hessian flow (8) has a long
time solution.

Theorem 5.5. Assume (M, g;3) is a complete non-
compact Kahler manifold with bounded curvature
and that R;; + g;; = f;; for some smooth bounded

17

function f on M. Then there exists a long time
smooth solution to Kdhler Ricci flow and converges,
ast — oo, on every compact subset of M, to a com-

plete Kdhler- Einstein metric §;;(x,00).[2]

Corollary 5.6. Let M be a complete Hessian man-
ifold with constant Hessian curvature tensor and
that Bij + gij = fi; for some smooth bounded func-
tion f. Then Hessian flow has a long time solution
and converges, as t — o0, on every compact Sub-

set of M, to a complete Hessian- Einstein metric

gij(fﬁ, OO)
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is the linearized operator of the (r+1)th mean curvature of the hypersurface, i.e., L,.(f) = tr(P.oV2f) for f €

C>=(M), where P, is the rth Newton transformation, V2 f is the Hessian of f, L,z = (L,x1, ..
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(z1,...,Tnt+1). In this paper, we prove that the only L,-finite type cones shaped on spherical hypersurfaces

are r-minimal ones.
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1 INTRODUCTION

We say that an isometric immersed hypersurface
z: M™ — R""! is of L,-finite type if z = Y 0_, z;
for some positive integer p < oo, z; : M — Rl is
smooth and L,x; = \jx;, \; € R, 0<i<p, L, is
the linearized operator of the (r+1)th mean curva-
ture of the hypersurface, i.e., L,.(f) = tr(P.o V2f)
for f € C°°(M), where P, is the rth Newton
transformation, V2f is the Hessian of f, L,z =
(Lrz1, ..., Lixpgr),x = (21,...,2p41). Ifall Ajs
are mutually different, M™ is said to be of L,-p-
type. An L,.-p-type hypersurface is said to be null
if one of the A\;;1 < i < p is zero.

The study of submanifolds of finite type began in
the late seventies with B.Y. Chen’s attempts to find
the best possible estimate of the total mean cur-
vature of compact submanifolds of Euclidean space
and to find a notion of “degree” for submanifolds of
Euclidean space (see [9] for details). Since then the
subject has had a rapid development and so many
mathematicians contribute of to it. The Laplace
operator A can be seen as the first one of a se-

quence of n operators Lo = A, Ly, ..., L,_1, where
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L, stands for the linearized operator of the first
variation of the (r + 1)th mean curvature arising
from normal variations of the hypersurface (see [2]).
Therefore, from this point of view, it seems natural
and interesting to generalize the definition of finite
type hypersurface by replacing L, instead of A and
study the properties of such hypersurfaces. Having
this idea, for the first time, Kashani in [6] intro-
duced such hypersurfaces and called them L,-finite
type hypersurfaces.

For a compact submanifold M of the unit hyper-
sphere S™ of radius 1 centered at the origin, J. Si-
mons [7] proved that if M is minimal in S™, then
CM — {0} is minimal in R"™!, where CM denotes
the cone over M. In terms of finite type terminol-
ogy, Simons’ result says that CM —{0} is of 1-type
when M is of 1-type. In [4], O.J. GARAY general-
ized Simons’ Theorem and showed that CM — {0}
is of finite type if and only if M is minimal in S™.
Here we generalize the result of [4] for conic hyper-
surface and prove the following Theorem.
Theorem: The conic hypersurface CM — {0} is of
L,-finite type if and only if M is r-minimal in S™.
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2 Preliminaries

In this section, we recall some prerequisites
about Newton transformations P, and their asso-
ciated second order differential operators L, from
[1, 3, 10, 5].

Consider an isometrically immersed hypersurface
x : M"™ — R"!in the Euclidean space, with the
Gauss map N. We denote by V° and V the Levi-
Civita connections on R"*!' and M, respectively,
then, the basic Gauss and Weingarten formulae of

the hypersurface are written as
V%Y =VxY+<SX,Y >N

and
SX = V&N

for all tangent vector fields X,Y € (M), where
S x(M) — x(M) is the shape operator (or Wein-
garten endomorphism) of M with respect to the
Gauss map N. As is well known, S defines a self-
adjoint linear operator on each tangent plane 7, M,
and its eigenvalues k1(p), ..., k,(p) are the princi-
pal curvatures of the hypersurface. Associated to
the shape operator there are n algebraic invariants

given by

ST(p) :UT(Hl(p)v"'aﬁn(p))’ 1 S?"Sn,

where o, : R® — R is the elementary symmetric

function in R™ given by

E Tiy oo Tj,.-

i< <ldpe

or(T1,y .0, Xy) =
Observe that the characteristic polynomial of S can
be written in terms of the s, as

n

Qu(t) = det(t] — S) = (=1)"s,t" ",

r=0

(1)

where sy = 1 by definition. The rth mean curva-
ture H, of the hypersurface is then defined by

<n)Hr:sr, 0<r<n.
r

In particular, when r =1
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H, = lzn:/ii = ltr(S) =H
n e~ n
is nothing but the mean curvature of M, which is
the main extrinsic curvature of the hypersurface.
On the other hand, H,, = ki---K, is called the
Gauss-Kronecker curvature of M. A hypersurface
with zero (r+1)th mean curvature in R"*! is called
r-minimal (see [8]).

The classical Newton transformations P, :
x(M) — x(M) are defined inductively by

Po=1 and P, = s,1—SoP,_, = (:) H,I-SoP,_,

for every r = 1,...,n where I denotes the identity

in x(M). Equivalently,

P = zi:o(—w‘sr_jsj = i(—l)j( " ) H,_;87.

i=0 "
(2)

Note that by the Cayley-Hamilton theorem stating
that any operator T is annihilated by its character-
istic polynomial, we have P, = 0 from (1).

Each P.(p) is also a self-adjoint linear oper-
ator on the tangent space T, M which commutes
with S(p). Indeed, S(p) and P.(p) can be simulta-
neously diagonalized: if {ey,...,e,} are the eigen-
vectors of S(p) corresponding to the eigenvalues
A1(p)y ...y An(p), respectively, then they are also
the eigenvectors of P,(p) with corresponding eigen-

values given by

pir(p) = Ai(p)---Xi (),  (3)

>

1< iy i
for every 1 < i <n.

Associated to each Newton transformation
P,, we consider the second-order linear differential
operator L, : C°(M) — C*(M) given by

Ly (f) = tr(P, o V*f).

Here, V2f : x(M) — x(M) denotes the self-adjoint
linear operator metrically equivalent to the Hessian
of f and is given by

< V2f(X),Y >=<Vx(Vf),Y > XY € x(M).
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Let {E17 ..
M and observe that

., E,} be alocal orthonormal frame on

div(P (V) =Y < (Ve P)(V), B >+
=1

> < P.(Vg, V), Ei >=< divP,, Vf > +L.(f),
1=1
(4)

where div denotes here the divergence on M.
Since divP, = 0 (see [1]), as a consequence, from
(4) one gets that

Ly (f) = div(P.(V [)). (5)

Now we recall the definition of an L,-finite
type hypersurface from [5].

Definition 2.1. An isometrically immersed hyper-
surface x : M™ — R is said to be of L,-finite
type if x has a finite decomposition x = Y ;- x;,
for some positive integer m satisfying the condition
that L.x; = \ix;, N € R,1 < @ < m, where x; :
M™ = R are smooth maps, 1 <i < m, and xq
is constant. If all \;’s are mutually different, M™
is said to be of L.-m-type. An L.-m-type hypersur-
face is said to be null if one of the \j;1 <i <m is
zero. The polynomial p(t) = [[i2,(t — \;) is called
the minimal polynomial of M for L.

We should mention that, in a similar way to
Proposition 1 of [3], if M is of L,-finite type, then
p(L.)(x — xo) = 0.

3 Proof of Theorem

We give the proof of Theorem, after stating lem-
mas 3.1, 3.2 and 3.3.

Let M be a compact hypersurface of S™. The
cone over M, C M, is defined by the following map,
M x [0,1] = R™"™; (m,t) — tm. Let Hs and H!
denote the sth mean curvature vectors of CM —{0}
in R™*! and that of M in S™, respectively, and de-

note by V and V' the connections of R"*! and
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M. Let m be any point of M and choose a local
orthonormal frame {E;}"~' tangent to M so that
Vg, Ej(m) = 0. Let ¢ be the unit vector field of
CM given by %. Then the integral curves of £ are
rays from the origin of R"*!. By parallel transla-
tion in R"*! along the rays of M, we can extend
{E;}7= and ¢ to an orthonormal local frame field
on C'M, which we also denote them by the same
letters. At each time t € (—¢,e) we have on CM
a homothetic copy of M, M;, which lies on S™(t),
depending on t. Then we have

Vi Ej(w,t) = V', Bj(x, ) +o' (Bi, Bj)(x, 1)~ (1/0)¢,

(6)
where V¢ and o are the Levi-Civita connection
and the second fundamental form of M; in R™t!;
respectively. Since M and M; are homothetic and
V', Ej(m) =0, from (6) we obtain that

Ve Ej(m,t) = (1/t*)o(E;, Ej)(m) — (1/t)¢. (T)

Lemma 3.1. Let z: M1 — S™ be an isometric

immersion of a compact hypersphere M into S™,
and CM —{0} be the punctured cone over M. Then
we have

< SE;,E; >= (1/t*) < S'E;,E; >, S€ =0, (8)

Hy(m,t) = ((n+1-7r)/(n+1)t*") H.(m), (9)
n+1
r
(10)
where S (P.) and S" (P!) are the shape operators
(rth Newton transformations) of C M —{0} in R™+1

and that of M in S™, respectively.

< P.E;,E; >= (1/t*") < P.E;,E; >, P.{ = (

Lemma 3.2. Under the hypothesis of Lemma 3.1,
for a smooth function f on CM — {0} we have

_ 1.1 n

(T 0 = g (Lo o) + (1) 7 m)

0% f (n—2r)0f

() + L2 (¢

(Gt mty+ =20 ),

(11)

where Lyand L, denote the linearized operators of
the (r + 1)th mean curvature of CM — {0} and
M, respectively, and f; is defined by fi(m) =
f(m7 t)7 t e (07 1]'
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Lemma 3.3. If z : M™ ! — S™ is an isometric
immersion of a compact hypersphere M into S™,

then for any integer | we have

I () = ((n— )/ (n+ D@Dy

Bd Ltx + p2dsi e - 4+ B L2x + BYdiLa),
(12)

where B = (")H.(m), d] = oi(ay,...,a;), a; =
(=2r — 2)j((n — 2r) + (=2r — 2)j — 1) and
or(xq,..
functions in x1,...,x;.

.,xj) denote the elementary symmetric

Now we suppose there exists a minimal poly-
nomial of degree p, Q(t) = tP + aytP™1 + -+ + q,
such that

Z£+1($at)+a1ff(x,t)+- ~tapLy(r,t) =0, «; €R.

(13)
Then, by substituting (11) into (13), we have

L£+1x + (5(1117 + a1t2(r+1))L£m + (ﬂng + alﬂdzl)fltz(r-i-l)

+ gt TTINLP g o (BPAD + oy B AR 2T

NI ap_lﬁd%t(2p—2)(r+1) + apt2p(r+1))LTx =0,
(14)

where 3 = (7)H/(m). Since equation (14) holds

for every (m,t) in CM — {0}, (14) is true for any ¢

in (0,1] at every chosen point m in M. Therefore,

we conclude that H],; = 0. The converse follows
from (9).
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Abstract: In this talk the Lie group SO(4) is considered as a 2-plectic manifold. The standard 2-plectic
structure on SO(4) is induced by the Killing form. This 2-plectic structure induces a Cartan connection on
SO(4). The torsion and curvature tensors of this connection are calculated. Furthermore we show that there

are 2-plectic structures on gggg ~ 53 and gggg induced by closed left invariant 3-forms on SO(4).
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1 INTRODUCTION adjoint invariant inner product on g defined by
<A’B> = _K(AaB)a

where K is the Killing form on g and A, B € g. As-
sume that o is the biinvariant Riemannian metric
on G induced by (.,.). Define the 3-form w on G

A 2-plectic manifold is a a smooth manifold M en-
dowed with a closed 3-form w on it which is nonde-
generate, in the sense that if txw =0 for X € TM,

then X = 0. 2-plectic structures arise in the ge- by

ometric formulation of classical field theory much w(X,Y,2)=o(X,[Y,Z]), X,Y,ZeTG.

in the same way that symplectic structures emerge

in the Hamiltonian description of classical mechan- Since o is nondegenerate and biinvariant then so is
ics ([3],[2],[1]). In this formulation, a 3-dimensional w. Thus w is closed. Furthrmore, since

field 'theory '1s described by a finite dilmensmnal 2- K(A,[B,C]) = K(B,[C, A]) = K(C,[A, B]),
plectic manifold (M,w) as a ” multi-phase space

” instead of an infinite dimensional phase space. for all A, B,C in g, then w is totally antisymmet-
Using the 2-plectic form w, one can define a sys- ric. So w is a 2-plectic structure on G. Choose
tem of partial differential equations which are the a basis £ = {e1,....,en} for g and let Ei,...,E,,
analogue of Hamiltons equations in classical me- are left invariant vector fields induced by e, ..., em,
chanics. and ©!, ..., 0™ are left invariant 1-forms dual to
Let G be a compact semisimple Lie group with Lie FEy, ..., E,,, respectively. Denote by ij the struc-
algebra g and let (.,.) denotes the positive definite ture constants of g and by o;;the components of &

*Corresponding Author
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with respect to £. Then the 2-plectic form w reads
w = Yijuoi;CL,0° AOF A B

For more details about 2-plectic manifolds and Lie
groups refer to [2],[5].

We recall that a connection V on G is called left
invariant if for any two left invariant vector fields
XY, the vector field VxY is also left invariant. A
left invariant connection is called a Cartan con-
nection, if for any A € g, the curve ¢t — et is a
geodesic. It is well known that there is a one-to-one
correspondence between the left invariant connec-
tions on G and bilinear forms on g with value in g
([?])- Using the 2-plectic structure w, we construct
a left invariant connection on a compact semisim-
ple Lie group G. To do this, let b : g* — g be the
isomorphism induced by o. The 2-plectic form w

induces a bilinear form « : g X g — g as follows
(A, B) = (tatpwe)’,

where e is the identity element of G. Now the left

invariant connection V induced by w is defined by
Vi Ej = (alei,e))",

where AL denotes the left invariant vector field in-
duced by A € g. The connection V is a Cartan

connection, since « is skew-symmetric.

2 The 2-plectic structure on

SO(4)

Consider the set £ = {ey,...,e6} as a basis for Lie
algebra so(4) of the Lie group SO(4), where

0 1 0 O 0 0 1 0

-1 0 0 O 0 0 0 O
61 = 762 -

0 0 00 -1 0 0 0

0 0 0 O 0 0 0 O

0 0 01 0 0 0 0

0 0 00 0 0 1 0
€3 = y €4 =

0 0 0 O 0 -1 0 0

-1 0 0 O 0 0 0 0

23

0 0 0 0 0 0 0 O

0 0 0 1 00 0 O
€5 = , €6 =

0 0 0 O 0 0 0 1

0 -1 0 O 0 0 -1 0
Since eje; — eje; = [e;, 5] = Zijek, then the

nonzero constant structures ij with respect to &

are as follows
Cly=—1,C05 = 1,05 = —1,C% = —1.

Notice that ij = —Cﬁ- = —C’gk. On the other
hand since K(A, B) = —tr(AB), one can see that
04 = 26;5. Thus the 2-plectic form on SO(4) reads

w=—-12(0'"0%NE*+0'N\O*NO°+B%NO3 N O
+0* A O° A BY),

Remark 2.1. Notice that the 3-forms w; = d(©! A
05), wy = d(O©% A ©°) and w3 = d(©% A ©1),
also are 2-plectic structures on SO(4) which are
not 2-plectomorphic to w, in the sense that there
is no diffeomorphism ¢ : SO(4) — SO(4) satis-
fying o*w; = w, i = 1,2,3. Since these 2-plectic
structures are exact but w is not.

Theorem 2.2. Let V be the Cartan connection
on SO(4) induced by w, and T, R are its tor-
sion and curvature tensors respectively. For any
X,Y,Z in T(SO(4)) the following statements hold
a. VxY = ;—;[X,Y],

b. T(X,Y) = ZL[X,Y],

c. R(X,Y)Z = %[[X,Y],Z].

3 The SO(4)-Homogeneous

spaces

In this section we show that some SO(4)-
homogeneous spaces have 2-plectic structures in-

duced by closed left invariant 3-forms on SO(4).
Theorem 3.1. The homogeneous spaces %

gggg ~ S3 admit 2-plectic structures induced by a

closed left invariant 3-form on SO(4).

and
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Sketch of proof. Consider the closed left
invariant 3-form a = ©3 A03A0°% on SO(4). Then

Kera, = {v € so(4) : t,a =0} = Span{e1,ez2,e4},

where e is the identity element of SO(4).
But

Span{ey, ea,eq} = T.(SO(3)) C T.(SO(4)).

Thus « induces a foliation on SO(4) with leaves
diffeomorphic to SO(3) and hence it induces a 2-
plectic structure on ggg; ~ 53,
ment works for %E;‘g, when we consider the 3-form

B =d(©>AN0*—03A6d).

A similar argu-

Theorem 3.2. There is no a 2-plectic structure
on %%)0(2) induced by closed left invariant 3-
forms on SO(4).

Sketch of proof. SO(2) x SO(2) imbeds
into SO(4) in two ways. Thus T.(SO(2) x SO(2))
spans by {ej,es} or {es,es}.
Zi<j<k Z/Z'jk@i A ©7 A OF be a closed left invariant

3-form on SO(4) such that it induces a 2-plectic
50(4)
50(2)x50(2)

Now let v =

structure on Since te, v = te,v = 0,

then v reads

V= 193102 N O3 N O 4 15350% N O3 N O

24

—l—l/245@2 INCRNCE + V345@3 AO*A OO,

Now imposing the condition dv = 0 proves the

statement.
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1 INTRODUCTION

Let X be a non-empty set. A subset p of P(X) is
called a generalized topology (GT as an acronym)
on X if it contains () and any union of elements
of u belongs to p [2]. A set X with a generalized
topology p on it, is called a generalized topologi-
cal space (GTS as an acronym) and is denoted by
(X, ). A subset A of X is called p-open (or u-
closed) if B € p (or X — B € pu). A GTS (X,p)
is called strong [3] if X € p. For A C X, we show
the union of all y-open subsets of A, by i,(A) and
the intersection of all u-closed sets containing A by
cu(A). i, (A) and ¢, (A) are called the interior and

closure of A, respectively [2].

*Speaker
fCorresponding Author
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2 on Submaximal GTS

A point x € X is called a p-cluster point [9] (or p-
limit point) of a set A if UN(A—{z}) # 0 for each
U € pwith € U. E. Ekici [8] defined a GTS to be
generalized submaximal (or a submaximal GTS) if

each p-dense subset is a p-open set.

Let (X,u) be a GTS and A C X. The pu-
frontier (or p-boundary) of A [14] is defined to be
OuA = ¢, (A) Ney(A°). Tt is known that in a sub-
maximal topological space X, the frontier of every
subset A of X has empty interior. Not all the gen-
eralized submaximal spaces have this property as

it is shown in Example 2.1.

Example 2.1. Let X = {a,b,¢,d} and
wo= {0, {a} (O} {a b}, {e.db, {a,bych, {a,b,d},
{a,c,d},{b,c,d}, X}. It is easy to check that (X, )
is a submazimal GTS, but for A = {a,c} we have

i,(0,A) = {c, d}.
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Let A be a subset of a GTS (X, ). Then A is called
gu-closed [15] if ¢,(A) C U whenever A C U and
U € p AGTS (X,p) is called pTy [15] if every
gu-closed subset of X is p-closed. A GTS (X, ) is
called pTp [9] if {z} is an intersection of a p-open
and a p-closed subset of X, for every z € X.

Lemma 3.1. Fvery srtong uT% GTS is uTp.

Being strong is necessary in Lemma 3.1 as it
is illustrated in the following example:

Example 3.2. Let X = {a,b} and p = {0,{a}}.
Then (X, 1) is a pTy GTS which is not uTp.

The converse of Lemma 3.1 is not true in
general, even if (X, u) is strong. A C X is pu-
regular-open (briefly, pr-open) [6] if and only if
A =i,c, A and B C X is p-regular-closed (briefly,
pr-closed) if and only if B = ¢,i,B. A subset
d(p) = § of P(X) is defined in such a way that
A C X belongs to § if and only if for every x € A,
there exists a u-closed set F' so that € i,F" C A.
It is well known that ¢ is a GT on X [6]. The el-
ements of § are exactly the unions of pur-open sets
[6]. A set AC X is d-closed if and only if A =csA
[6]. A set AC X is d-open if and only if A =isA
[6].

Definition 3.3. A subset A of a GTS (X, pu) is
called 6-generalized closed (or gs-closed) if A C U
and U € p implies cs(A) CU.

Definition 3.4. A GTS (X, ) is pTs if every gs-
closed subset of X is -closed.

Theorem 3.5. The following are equivalent for a
GTS (X, p):

(1) X is pTs.
(2) For every xz € X, {z} is §-open or p-closed.
(8) For every x € X, {x} is ur-open or p-closed.

Corollary 3.6. Fvery puTy GTS is ,uT% .
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The converse of Corollary 3.6 is not true in
general.

Corollary 3.7. Every /LT% GTS is NT%.

The converse of Corollary 3.7 is not neces-

sarily true.

4  p-completely regular
generalized topological

spaces

Let (X, u) and (Y,v) be two generalized topologi-
cal spaces. A function f : (X,pu) — (Y,v) is said
to be (p,v)-continuous [2] if for any v-open set U
inY, f~Y(U) is p-open in X. As [9] a GTS (X, i)
is pTy if and only if for every z,y € X, x # v,
there exist U,,U, € p such that x € U, y € Uy
and U, N U, = 0. It is well known that a finite
Hausdorff topological space is discrete , but there
is a non-discrete Hausdorff GTS which is finite. A
GTS (X, ) is called pT3 [9] if for every z,y € X,
x # y there exists a U € p such that x € U and
y¢U.

Definition 4.1. Let R be the real line with the or-
dinary topology. If a pTy GTS (X, u) has a base
consisting of p-open and p-closed sets, then it is
called p-zero-dimensional. A pTy GTS (X, p) is
called p-completely regular if for every x € X and
every closed subset F C X such that x ¢ F there
exists a (u, R)-continuous function f : X — R such
that f(z) =0 and f(y) =1 fory € Y. If the car-
dinality of every nonempty member of u is greater

than one, then we say that (X, p) is crowded.

We give an example of a crowded pu-
completely regular GTS which is finite.

Example 4.2. Let X = {a,b,c,d} and p =

expX \ {{a}, {b},{c},{d}}. Then (X,u) is a zero-
dimensional space since

8= {{a,b},{a, ¢}, {a,d},{b,c}, {b, d}, {c,d}}
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is a base for the GTS such that every member of
B is closed. Therefore the generalized topological
space is p-completely reqular.

Definition 4.3. We call a GTS (X, 1) a general-
ized door space (or a p-door space) if every subset
of X s either p-open or u-closed.

Example 4.4. If X = {abyec}, p =
{0,{a}, {0}, {a,b}} and v = {0,{a},{c},{a,b},
{a,c},{b,c}, X}, then (X,p) and (X,v) are both
generalized door spaces.

It is easy to prove that {«} is p-open if and
only if x is not a p-cluster point. Contrary to topo-
logical spaces, a ul, generalized door space may
have more than one p-cluster point. The following

example is an evidence:

Example 4.5. Let X = {a,b,c,d} and p =
P(X) — {{a},{b}}. Then (X,u) is a Ty gener-
alized door space having {a} and {b} as u-cluster
points.

Theorem 4.6. FEvery strong generalized door space

is generalized submaximal.

Remark 4.7. Being strong is necessary in The-
orem 4.6. Suppose that X = {a,b,c} and p =
{0,{a},{b},{a,b}}. Then (X,p) is a generalized

door space which is not generalized submaximal.

The converse of Theorem 4.6 is not true in

general, as it is shown in the following example:

Example 4.8. Let X = {a,b,¢,d} and
no= {(D’ {a}’ {C}, {a’ b}’ {0” c}7 {a, b, C}, {aa ¢, d}
,X}. Then (X,u) is a submazimal GTS which is

not a generalized door space.

Theorem 4.9. Every p-subspace of a generalized

door space is again a generalized door space.

In the rest of this paper we study pu-
completely regula generalized topological spaces.
Finally we consider C(X), the set of all continu-
ous functions from a GT space (X, ) to the real
line with the standard topology s,
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Abstract:

Classical Morse theory provides a powerful tool to obtain topological structure of a closed manifold
M from the local behavior of a Morse-Smale function f: M — R around its critical points. A direct result
of this construction are Morse inequalities that provide lower bounds for the number of critical points of
f in term of Betti numbers of M. These inequalities can be deduced through a purely analytic method
by studying the asymptotic behavior of the deformed Laplacian operator. This method was introduced by
E. Witten and has inspired a numbers of great achievements in Geometry and Topology in few past decades.
In this paper, adopting the Witten approach, we provide an analytic proof for the so called equivariant Morse
inequalities when the underlying manifold is acted on by the Lie group G = S' and the Morse function f is
invariant with respect to this action.
Keywords: Morse inequalities, Equivariant Cohomology, Invariant Morse function, Deformed Laplacian.

1 INTRODUCTION complex; is generated by the critical points of f

and graded by their Morse indices, as in the cellu-

. . . . lar complex. However its differentials are defined

Classical Morse theory with all its variants are ) . o .
) through the gradient lines between critical points
among the great achievement of the modern geom- o .
whose indices differ by one. We refer to [?] for a
etry and topology. Its relevance to topology begun . . .
. detailed exposition of this theory. Amongst oth-

by the fundamental observation that the cellular ) ] ] )

. ers, this construction led to the innovation of Floer
structure of a closed manifold M can be recon- Homol d solved (partially) the Amold
omology and solve artia e Arnold con-
structed through level sets of a Morse function f oot gyf 2 P Y
ecture, c.f. [?].
on M. In particular this give a way to reconstruct !

the cellular chain complex and therefore the coho- An immediate consequence of the recon-

mology of M, as is explained cleatly in [?] and [?)]. struction of the singular cohomology via critical

oints of a Morse function is the Morse inequali-
The seminal paper of E. Witten [?] which P 4

ties. Roughly speaking, they provide lower bounds
was inspired by ideas from quantum field theory, SV SP &, they prov b

for the number of critical points in term of the
Betti numbers of M, i.e. the rank of the coho-
mology spaces of M. As far as one is interested in

shed a new light on Morse theory by providing a
new chain complex for computing the cohomology
of M. This complex; called Morse-Smale-Witten

*Corresponding Author
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these inequalities rather than the cohomology it-
self, there is a very elegant and conceptual analytic
derivation. This is the Witten idea of deforming
the de Rham complex in an appropriate way using
the Morse function and then study the asymptotic
behavior of this complex.

Morse theory can be generalized in other
directions. For instance in some situation there
is a Lie group G acting on M and preserves f.
This problem naturally arises in n-body problem
where the central configurations are critical points
of some Morse function which are symmetric with
respect to the action of SO(n) (c.f. [?]). Another
example is the problem of finding the number of
closed geodesics of a Riemannian metric where the
Lie group is S'. Actually this last example was
among the first applications of Morse theory that
was worked out by Morse in [?], see also [?, chapter
3]. In these cases the critical levels of f are clearly
orbits of the action. The Morse-Bott theory ignore
the invariance of f under the action and provides
lower-bounds for the number of these critical levels
(see [?] and [?, page 344]). However; as it is clearly
explained in [?, pages 351-355]; to get best results
one has to assume the G-invariance of f and this re-
quires an appropriate cohomology theory that takes
the group action into its construction.

This is the equivariant cohomology theory
which is introduced originally by E. Cartan in
1940s.

equivariant cohomology may be reconstructed from

As in ordinary Morse-Bott theory, the

a cellular chain complex generated by critical level
of f. This is done by A. G. Wasserman in [?, sec-
tion 4] for a compact Lie group G. Nevertheless the
Morse-Smale-Witten complex for equivariant coho-
mology has been worked out recently, for G = S*,
by M. J. Berghoff in his PhD thesis [?]. This con-
structions lead to the equivariant Morse inequali-
ties whose precise statement might be found in [?,
page 149] or in [?, page 351].

In this paper we consider also the case G =
S and prove the equivariant Morse inequalities by
adopting the Witten method to deform the Borel

30

complex.

2 Preliminaries and Results

Let G = S* be a compact Lie group that acts on a
topological space X and let EG be a contractible
space that is acted on, freely and continuously, by
G. Such spaces exist and are unique up to homo-
topy equivalence and the quotient BG := EG/G
is the classifying space of G. The diagonal ac-
tion of G on X x EG is free and the quotient
Xg := (X x EG)/G is called the homotopy path
space. The equivariant cohomology of X; that we
denote by H((X); is by definition the singular co-
homology (with coefficient in C) of the homotopy
path space

He(X) = H*(Xa) (1)

When X is a differential manifold (that we
denote by M from now on) and the action is smooth
there is a more geometric approach to the construc-
tion of the equivariant cohomology. We consider
the simplest case when the Lie group G is just the

circle St.

Let M be a closed smooth manifold of di-
mension n which is acted on by the group G = S*.
This action is supposed to be smooth and not nec-
essarily free. The Lie algebra of S' is R with a
fixed element 1. This element generates a vector
field v over M which is tangent to the orbits and
The vec-

tor field v is called the infinitesimal generator of

vanishes at fixed points of the action.

the action and we denote its ¢-time flow by ¢, .
Let QL (M) C Q*(M) consists of all invariant dif-
ferential forms w satisfying ¢;(w) = w for t € R,
or equivalently £,(w) = 0. Consider the algebra
Q;,(M) = C[t] ® Qg (M). This algebra is graded
by the rule deg(t* ® w) = 2k + deg(w). The linear

map

deq : Qug(M) — QF (M)

deg(t* @ w) =tF @ dw + tF T @ i,w (2)
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is a differential, i.e. d2, = 0 and increases the de-
gree by one. The equivariant de Rham cohomology
groups HE (M) are the cohomology groups of this
graded differential complex. It turns out that these
groups are isomorphic to the groups introduced by
(??) when X is a smooth manifold.

The cohomology space HE(M) is a com-
plex finite dimensional vector space. So one can
define the equivariant Betti numbers by B :=
dim HE(M).

Let f: M — R be an invariant smooth func-
tion, i.e. v.f = 0. An orbit o is critical if one
point on it (then all points) is critical point for
f. For x € o let N, stands for the quotient space
T, M/Tyo. For v € M and X,Y € T, M the Hes-
sian of f is a symmetric bi-linear form defined as

follows

Hi(X,Y) = X.(Y.f) = (VxY).f

Here V is the Riemannian connection on T'M as-
sociated to a Riemannian metric g. Because S!
is compact it is always possible, throgh an averag-
ing procedure, to assume g be S'-invariant. With
this assumption it is true that if X or Y belong to
Tyo then Hf(X,Y) = 0. Therefore the Hessian de-
fines a well defined symmetric bi-linear form on V.
Using the Riemannian metric, we can identify N,
with the orthogonal compliment of T,.0. We denote
the restriction of H to N C TM by ﬁf. We say a
critical orbit o be transversally non-degenerated (or
simply non-degenerated) if H; is non-degenerated
at any points of 0. The Morse index of such orbit
is the dimension of the maximal subspace of N,
on which the Hessian is negative-definite. In the
sequel we reserve the notation o for a non-trivial
orbit and we denote a trivial orbit by its geometric
image, that is a point p in M. Let ¢; and dj de-
note respectively the number of critical points and
orbits with Morse index k. Our aim is to provide an
analytic proof for the following equivariant Morse

inequalities via Witten deformation:

31

Theorem 2.1. With ¢ := dx+crp+cp—o+cr—a+...
the following inequalities hold for k =10,1,2,...

~ ~ ~ -1
Ck—ck—l-f—'-':i:CoZﬁfq— fq +~-~iBSq,

Actually the inequalities for k > n—+1 are the same
that the inequality for k = n.

Note that, when the action is free these in-
equalities reduce to the ordinary Morse inequalities
for the function f: M — R, while it reduces to the
Morse inequalities for the function f when the ac-
tion is trivial.
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Abstract: Let (M, F) be a forward geodesically complete Finsler manifold satisfying 2Ric;, + Ly gjx >
2)gjk, where V is complete lift of the vector field V on M and A > 0. It is shown that M is compact if

and only if the norm ||V| is bounded on SM. In particular, a forward complete shrinking Finslerian Ricci

soliton (M, F, V') is compact if and only if ||V is bounded on SM, in such case, the fundamental group is

finite and hence the first de Rham cohomology group is zero.

Keywords: Finsler geometry, Ricci soliton.

1 INTRODUCTION

The Ricci flow in Riemannian geometry was intro-
duced by R. S. Hamilton in 1982, cf. [4], and
since then has been extensively studied thanks to
its applications in geometry, physics and different
branches of real world problems. Theoretical physi-
cists have also been looking into the equation of
quasi-Einstein metrics in relation with string the-
ory. Ricci flow is a process that deforms the met-
ric of a Riemannian manifold in a way formally
analogous to the diffusion of heat. G. Perelman
used Ricci flow to prove the Poincaré conjecture.
Quasi-Einstein metrics or Ricci solitons are con-
sidered as a solution to the Ricci flow equation
and are subject of great interest in geometry and
physics. Let (M, g) be a Riemannian manifold, a
triple (M, g, X) is said to be a quasi-Einstein met-

ric or Ricci soliton if g satisfies the equation

2Rc+ Lxg = 2)g, (1)

*Corresponding Author
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where Rc is the Ricci tensor, X a smooth vector
field on M, Lx the Lie derivative along X and A a
real constant. A Ricci soliton is said to be shrink-
ing, steady or expanding if A > 0, A=0or A <0,
respectively. If the vector field X is gradient of a
potential function f, then (M, g, X) is said to be

gradient and (1) takes the familiar form
Rc+VVf=M\g. (2)

Perelman has proved that on a compact Rieman-

nian manifold every Ricci soliton is gradient, cf.
[5]. Moreover, on a compact Riemannian manifold
a quasi-Einstein metric is a special solution to the
Ricci flow equation defined by

9
ot

A quasi-Einstein metric is considered as special so-

g(t) = —2Rc, g(t=0):=g,. (3)

lution to the Ricci flow in Riemannian geometry.
The concept of Ricci flow on Finsler mani-

folds is defined first by D. Bao, cf., [2], choosing

the Ricci tensor defined by H. Akbar-Zadeh. This
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choice of D. Bao for definition of Ricci tensor is
completely suitable for definition of Ricci flow in
Finsler geometry. In fact, H. Akbar-Zadeh has
used Einstein-Hilbert’s functional in general rela-
tivity and introduced definition of Einstein-Finsler
spaces as critical points of this functional, similar

to Hamilton’s work.

Some recent work has focused on the natu-
ral question of extending this notion to the Finsler
geometry as a natural generalization of Rieman-
nian geometry. In [3], it is proved that if there is
a quasi-Einstein Finsler metric on a compact man-
ifold then there exists a solution to the Ricci flow
equation and conversely, certain form of solutions
to the Ricci flow are quasi-Einstein Finsler metrics.
Since Ricci solitons generalize Eienstein manifolds,
it is natural to ask whether classical results like
Bonnet-Myers theorem for Eienstein manifolds of
positive Ricci scalar remain valid in the Ricci soli-
ton case. In this work, it is shown that a forward
geodesically complete connected Finsler manifold
satisfying in certain form is compact if and only if
it is bounded. More intuitively, it is proved that
a compact shrinking Ricci soliton has finite funda-

mental group.

2 PRELIMINARIES

Let M be a real n-dimensional differentiable man-
ifold. We denote by T'M its tangent bundle and
by m : TMy — M, fiber bundle of non zero tan-
gent vectors. A Finsler structure on M is a function
F:TM — [0,00), with the following properties:
I. Regularity: F' is C'*° on the entire slit tangent
bundle T'My = TM\0.

II. Positive homogeneity: F(x,\y) = AF(x,y) for
all A > 0.

III. Strong convexity: The n x n Hessian matrix
9ij = ([4F?],i,s) is positive definite at every point
of TMy. A Finsler manifold (M, F) is a pair con-
sisting of a differentiable manifold M and a Finsler

37

structure F'. The formal Christoffel symbols of sec-
ond kind and spray coefficients are respectively de-
noted here by

i isl 393;‘ 39jk Ogis
Vik =9 5(8xk Oz’ + oxI )’ (4)
where g;;(z,y) = [3F7]yi,s, and
N S
G'= Sy’y" (5)

We consider also the reduced curvature tensor R};
which is expressed entirely in terms of the x and y

derivatives of spray coefficients G*.

, 1, 0G* ?Gt - 02G!
v (99— — 4 j_Z =
By : F2 (28xk B:Cjayky +26 OyI Oy*
oG 0GY
- 3yj 3yk)' (6)

In the general Finslerian setting, one of the re-
markable definitions of Ricci tensors is introduced
by H. Akbar-Zadeh [1] as follows.

Ricjy, : = [%F2Ric]yjyk,
where Ric = R! and R}, is defined by (6). Akbar-
Zadeh’s definition of Einstein-Finsler space related
to this Ricci tensor is obtained as critical point of
Einstein-Hilbert functional and hence suitable for
definition of Finslerian Ricci flow. One of the ad-
vantages of the Ricci quantity defined here is its
independence to the choice of the Cartan, Berwald
or Chern(Rund) connections. Based on the Akbar-
Zadeh’s Ricci tensor, in analogy with the equation
(3) , D. Bao has considered, the following natural

extension of Ricci flow in Finsler geometry, cf., [2],

0 .
ok = —2Ricj, g(t=0):=g,.

This equation is equivalent to the following differ-

ential equation
%(log F(t)) = —Ric, F(t=0):=F,, (7)

where, F is the initial Finsler structure.

3 MAIN RESULT

Let (M,F;) be a Finsler manifold and V =

v'(z) 52 a vector field on M. We call the triple
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(M, Fy,V) a Finslerian quasi-FEinstein or a Ricci
soliton if g;i, the Hessian related to the Finsler
structure Fy satisfies

2Ricjy, + Engk = 2\gjk, (8)

where, V is complete lift of V and X is a real num-
ber. A Ricci soliton is said to be shrinking, steady
or expanding if A > 0, A = 0 or A < 0, respec-
tively. It said to be a forward complete (resp. com-
pact) Ricci soliton if (M, F') is forward complete
(resp. compact). Note that according to the Hopf-
Rinow theorem, two notions forward complete and

forward geodesically complete are equivalent.

Theorem 3.1. Let (M, F) be a forward geodesi-

cally complete Finsler manifold satisfying

2Ricjp, + E‘ygjk > 2\Gjk, (9)
where, V is complete lift of V and X\ > 0. Then,
M is compact if and only if |V| = g(V,V)2

is bounded on SM and moreover, in such case,
diam (M) is bounded.

Corollary 3.2. Let (M, F,V) be a forward com-
plete shrinking Ricci soliton. Then, M is compact
if and only if ||V'|| is bounded on SM and moreover,
in such case, diam(M) is bounded.

Theorem 3.3. Let (M, F) be a compact Finsler
manifold satisfying (9) where, V is complete lift of
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V and A > 0. Then the fundamental group w1 (M)
of M is finite and therefore Hy,(M) = 0.

Corollary 3.4. Let (M,F,V) be a compact
shrinking Ricci soliton. Then the fundamental
group w1 (M) of M is finite and therfore Hj,(M) =

0.
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1 INTRODUCTION

Throughout this lecture the field of complex num-
bers, C, would be considered as our base field. All
the schemes and varieties are considered on this field.
This manuscript of our lecture is organized in three
sections. After gathering together definitions and
backgrounds in section 2, we explain how one can
fit the linear spaces inside projectivized Prym tan-
gent cones of the Theta divisor of a general Prym-
Canonical curve into a family, family (1). Finally in
the last section, section 3, we show that the focal

schemes of this family are singular schemes.

2 (g-4)-dimensional Family of
(g-5)-Planes arising from Sin-
gularities of Prym-Theta Di-

visor

Let C' be a general smooth curve of genus g and
I C—C , an étale double cover of C. Then by Hur-

*Corresponding Author
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witz formula C is a curve of genus 2g—1. Throughout
we assume that g > 7. Denote by 7 the line bundle
corresponding to this double cover. The line bundle
n satisfies n2 = 0. Denote by J(C) the jacobian of C
and let Py := Prym(C,C) c J(C) be the prym va-
riety associated to the double covering f, with = the
theta divisor of P;. By generality of C, the divisor
= has no singularity of exceptional type. Let Sing(Z)
denote the singular locus of the theta divisor =. For
g =
scheme while for ¢ > 8 it is (g — 7)-dimensional.
Let a3, o : C~'§’g_2 — WSQ_Q be the Abel-Jacobi map
on C' and set S = (a3, _,) *(Sing(Z)). For general

7 the scheme Sing(E) is a zero-dimensional

curves C' and for g > 7 the scheme S is of dimension
g—4.

By geometric Riemann-Roth theorem, for any
divisor D, € S the linear span of 55, which we de-
note it by < D, >, is a (2g — 6)-dimensional linear
subspace of P22 := P(H%(C,wz)*). These linear
spaces fit into a (g—4)-dimensional family of (29 —6)-
dimensional linear subspaces of P2972. We denote
this family by A. See [1], [3], [8], [5] and [6] for simi-
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lar families and their applications.
For a line bundle L € Sing(Z), the variety Q:

o= U

D.ea—1(L)

<Dy> c P22

is by Kempf-Riemann theorem a quartic hypersurface
in P29-2, In fact Q, is the projectivized tangent cone
of © at the point L, for which © is the theta divisor
of J(C).

Consider that the space of canonical differential forms
on C splits into direct sum of the space of canonical
and the space of anti-canonical differential forms on

C. Therefore one has the equality
H(C,wa)* = H(C,we)* @ HY(C,we ®@n)*.
This equality gives an inclusion:
P(H'(C,wc @ n)*) C P(H(C,wg)") = P92,

The generality assumption of C' implies that Q, does
not contain P9=2 := P(H°(C,wc ®n)*). Therefore

1~
QL= §QL P92

is a quadric in P972. Moreover @, is a quadric at
most of rank six which is singular for g > 8.

The geometry of @1’s, when they are at most of rank
4, have been demonstrated in [2].

Now results of [§] together with generality of C' im-
ply that the variety @ is the projectivized tangent
cone of = at L. Again generality of C' together with
corollaries 2.7 and 2.21 of [8] imply that the linear
space A, =< D, > ‘P92 is of dimension g — 5.
This implies in its own right that the 3-dimensional
family of (2g — 6)-dimensional linear subspaces of
P29=2 parameterized by a~!(L), cut on P972 the
3-dimensional family of (g — 5)-dimensional linear
subspaces A and these A,’s are the linear subspaces

contained in projectivized tangent cone of = at L.

The discussion just has been done shows that when
L varies in Sing(Z), the linear subspaces contained
in Qp’s fit into a family:

C SxP92

™ (1)

0+ =

40

which is a (¢ — 4)-dimensional family of (¢ — 5)-
dimensional linear subspaces of P972. The focal map
of this family at a general point s € S

¢s : TS,s ® OAS — ~/\[AS/P9*2

is a morphism between vector bundles of ranks g — 4

and 3 respectively. Consider the map:

P:S — Grass(g—5,9—2)

N @

S —
and notice that this is a finite to one map which im-

plies that for a general s € S the map
HO(¢$) Ts s — HO(NAS/P9*2)

is injective (See [3], page 5).

The injectivity of H°(¢s) implies that for general
s € S the map ¢, is not identically zero. Since other-
wise the map H®(¢,) would be a zero map which is a
contradiction by it’s injectivity. The discussion now
concludes that the degeneracy locus of the focal map,
F, is not the whole space of P972 and therefore it is
expected to be a curve.

3 Non-Smoothness of Focal lo-

cus’s of the family (1).

Denote by C) the prym-canonical model of C in
P92,
larity, for any line bundle L € Sing(Z) one has the
inclusion C,, C Q. For a line bundle L € Sing(Z),

set Fr = Uséofl(L)F&

Since = does not have an exceptional singu-

The following Lemma is well known in the theory of
Algebraic Curves.

Lemma 3.1. For a divisor D on a smooth projective
curve C, the linear series | D | is of dimension > r
if and only if for any effective divisor Dy of degree r
there exists D €| D | such that D > D;.

Theorem 3.2. For any line bundle L € Sing(Z), the

inclusion Cy, C Fy, is valid.
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Proof. For a line bundle L € Sing(Z), since C), is con-
tained in @, it is enough to prove that for a linear
space A, contained in @)1, one has C,,N A, C F;. For
a point p € C,; N A, set f~1(p) = {p,q}. By Lemma
(3.1), for a general point ¢ € C' there exists at least a
divisor D €| D | containing the points p, ¢ and ¢ in
its support. Therefore there is a curve X C a~1(L)
such that for any « € X the linear space A, gener-
ated by the divisor x, contains p and ¢. Therefore for

any z € X one has the inclusion:
Ly, NP9 2C A, NPI2=A,

for which L, , is the line in P29~2 passing through the
points p and ¢. Now [§] implies that p € A,. There-
fore there are 1-dimensional family of linear spaces
A, passing through p. By moving the line bundle L
within the scheme Sing(Z) one gets a (g — 6)- dimen-
sional family of A’s passing through p. Since g > 7,
this proves that p belongs to F. Therefore any point
p of Cy, belongs to Fy. This finishes the proof. O

The proof of Theorem (3.2) implies that through any
point p of C,, it passes at least (¢ — 6)-dimensional
family of Ag’s through p. We prove more than this
in Lemma (3.3). The lemma in fact implies that at
least (g — 5)-dimensional family of A,’s pass through
a point p € C,,.

Lemma 3.3. For any line bundle L € Sing(Z), there
exists a surface Y C a (L) such that through any
point D of Cy it passes 2-dimensional family of Ag’s
parameterized by Y, through p.

Using Lemma (3.3), for a line bundle L €
Sing(E), one can interpret the linear spaces contained
in Qr, parametrrized by &~1(L), as linear spaces pass-
ing through the points of C;,. Therefore although the
linear spaces inside the projectivized tangent cone of
the prym variety at the points L € Sing(Z), which
are parametrized by a~!(L), are of high codimen-
sion; but any member of this family cuts the curve

C), at least in one point. Summarizing we have:

Lemma 3.4. Any member of family (1), As, cuts the

curve Cy, at least in one point.

41

Consider that Lemma (3.3) implies that the
focal map of the family (1), drops rank twice at any
point p € C, N F,;. Now by this together with results
of the paper [[7], it is seen immediately that:

Theorem 3.5. For any s € S the focal scheme of
the family (1) at s € S, Fs, is a singular scheme.
Precisely the set Cyy N Fy, which by Lemma (3.3) is a

nonempty set, is contained in Sing(Fy).
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1 INTRODUCTION

Finsler metrics have many important applications
in Physics and biology(see [3]). A very interesting
type of Finsler metrics are Randers metrics which
for the first time were introduced by physicist Ran-
ders in 1941.

A Randers metric F' on a connected smooth man-
ifold M can be written as F' = « + (3, where « is
the underling Riemannian metric on M and § is
an smooth 1-form on M which for all z € M the
length of the form 8 with respect to « is less than
one or | B |lz< 1( see [7]). Since the Riemannian
metric « induces a bijection between 1-forms and
vector fields on M, the 1-form S corresponds to a
vector field V on M. If the vector filed V' is parallel
with respect to the Riemannian metric «, then the
Randers metric F' is said to be of Berwald type and
if the 1-form g is closed, then the Randers metric F’
is said to be of Douglas type. Douglas metrics are
more generalized than Berwald metrics( see [5]).
In [1] we have generalized some results from the

*Corresponding Author
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Randers metrics of Berwald type to the Randers
metrics of Douglas type. Our aim in this paper is
to extend Berwald metrics on 4-dimensional hyper-
complex Lie groups.

Hypercomplex structures appear in the study of
black holes and sigma model spaces and they have
many application in physics. In [4] Barberis classi-
fied 4-dimensional hypercomplex Lie groups. Then
Salimi Moghaddam in [12] gave explicit formulae
for computing sectional curvatures on these spaces.
Later on he generalized his study for Randers met-
rics of Berwald type on these spaces and in [13] he
gave explicit formulae for computing flag curvature
of these metrics. In this paper we extend his study
for the Randers metrics of Douglas type. In fact we
first equipped these Lie groups with a left invariant
Randers metrics of Douglas type, then we obtain
their flag curvature formulae explicitly. We also in-
vestigate the set of all homogeneous geodesics on
these spaces with a left invariant Randers metric

of Douglas type.
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2 On 4-Dimensional Hyper-

complex Lie groups

Here we remind the classification of 4-dimensional

hypercomplex Lie groups given in [4].

Theorem 2.1. Let G be a hypercomplex 4-
dimensional simply connected Lie group with a left
imwvariant Hermitian metric g. Then G is isomor-
phic to one of the following Lie algebras:

(D) Y X]=[2X]=WX]=[.Z]=[Y,W] =
[Y, W] =0,

(2) [Y,Z] =W, [Z,W]|=Y, W,Y|=2Z, and X is
central,

(@) X Z]=X, [v.Z] =Y, [X,W]=Y, [Y,W]=
—-X,

(4) [Xa Y] =Y, [X’ Z] =7, [Xa W] =W,

(5) [XvY] =Y, [XvZ] = %Zv [XvW] =
W, [Z, W] =3Y,
where {X,Y, Z, W} is an orthonormal basis.

Recall that if G is a Lie group with a left
invariant Randers metric F', where F' is defined by
the Riemannian metric a = aijd:ci ® dz? and the
vector field V', then I is of Douglas type if and only
if V satisfies

< [m,n],V >=0, for all m,n € G, (1)

for more details see p.94 theorem 3.2 in [2]. Also
more exactly a Randers metric F' on a smooth n-

dimensional manifold M can be written as

F(z,y) =Vo, <y,y>+a, <y,V>  (2)

where a = a;;dz’ ® dz? is the Riemannian metric,
xeM,yeT,M and a, < V,V ><1( see [8]).

Theorem 2.2. The Randers metrics of Douglas
type on 4-dimensional hypercomplex Lie groups are
given as follows

(1) F(s) = \ Zz La?+Kia1+Koar+ Ksag+Kya,
where K§ + K3+ K2+ K7 <1,

(2) F(s) = \/ZZ L a2 + Kyaq, where |[K| < 1,

(3) F(s) = /Xt a? + Ksas + Kyay, where

zlz
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K2+ K2 <1,

(4) F(s) = /3ot a2 + Kya1, where |K,| < 1,
(5) F(s)= \/Zl L a2 + Kyay, where |Kq| <1,

where s = a1 X + a2Y + a3Z + a4W is a vector in
the lie algebra G of G.

Proof. In the case 1 of theorem 2.1 by using Eq.(1)
where V = K4 X + KoY + KsZ + K4W is a vec-
tor in G and m,n € G are orthonormal, we have
V=K X+ KyY + K3Z + K,W. If we replace V'
in Eq.(2) we have F(s) = \/Zf La? + Kyay. Also
since F is a Randers metric we have K7 + K3 +

K2 + K3 < 1. In other cases in the same way we
obtain the desired result. O

Theorem 2.3. Let G be a four dimensional hyper-
complex Lie group, which is equipped with a Ran-
ders metric F' of Douglas type. Also let (P,s) be a
flag in G such that {t,s} is an orthonormal basis
of P with respect to the left invariant Riemannian
metric g. Then the flag curvature formulae on 4-
dimensional hypercomplex Lie groups in 5-cases re-

spectively are given as follow.

Case 1:
K(P,s)=0, (3)
Case 2:
. (a2b3 —a+ 3b2)2 + (a2b4 — a4b2)2
K(P’ 8) o 4(1 +K1&1
(azby — asbs)? (@)
4(]. + K1a1)2
Case 3:
K(P, S) _ —{(albg — bgal)(aY — bX)

(1+ Ksaz + Kya4)?
(a1b3 — agbl)(alZ — a3X)
(14+ K3Z + K,W)?
(CLng — agbg)(agz — a3Y)}
(1+ Ksas + K4a4)?
3((a? + a3)K3)? Kzaz(a? + a3)
4(1 + Ksas —|—K4a4)4 (1 + Kszas +K4(L4)3,
(5)

+

Case 4:

—{(a1by — a2b1)2 + (a1b3 — Cl?,bl)2

K(P.s) = 1+ K X)?
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(a2b3 — a3b2)2 + (a1b4 — a4b1)2

(14 K X)?
(a2b4 — b2a4)2 + (a3b4 — a4b3)2}
(1+K:X)?
L 3W(a3 + a5 +ad)* | Kyai(as + a3 +af)
A1+ K1 X)* 1+ KX)?
(6)
Case 5:
K(P _ —{a1b2 — a2b1 + %(a3b4 - a4b3))2
(P ) = (14 Kya1)?
1(a1bs — agby + 3 (azby — byaz))?
(]. + K1a1)2
}1((111)4 — b4a1 — %(G,ng — a3b2))+%((a2b3 — b2a3)2
(]. —+ K1a1)2
n (agby — agb2)? + (asby — asbs)?}
(]. + K1a1)2

3((2taital i, )2

A(1 + Kya)®

2 2 2
Klal(%—JrZ%ﬂ)

(1—|—K1a1)3 (7)

Proof. In the case 1 of theorem 2.1 by using the

following equation

2<U(X,Y),Z >=<[Z,X],Y >+ < |Z,Y], X >,

(8)
for all X,Y,Z € G, we have

U(s,t) =0, (9)

where s = a1 X + a2Y 4+ a3Z + a4W and t =
b1 X +bY + b3Z + byW. We can use the follow-
ing formula which is given in theorem 2.1, p.72 in
[6] for calculating the flag curvature of the Randers

metrics of Douglas type;

a? _
K(P,s) = S R(P) + (3 < Uy ),V >2
—4F < Ul(y, U(yvy))’ u>), (10)

where K (P) is the sectional curvature of the Rie-
mannian metric g. If we apply Eq.(9), then we have
Eq.(3).
In the case 2 of theorem 2.1 by using Eq.(11) we
have

U(s,t) =U(s,s) =U(t,t) =0,
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where s = a1 X + a2y + a3Z + a4W and t =
b1 X +bY +b3Z + byW. Also the sectional curva-
ture is given in [12]. If we replace them in Eq.(10),
then we have Eq.(4).

In the case 3 of theorem 2.1 similar to case 1 we
get

1
U(S, t) = 5(()1(13 + agbs + a1bs + a2b4)X—|—

1
5(—@4()1 +asby —aibg + agbg)Y + (—a1b1 — ang)Z,

where s = a1 X +axY +a3Z +asW and t = b1 X +
b2Y + bsZ + byW. Then we have < U(s,s),V >=
—K3(a? +a3) and < U(s,U(s,8)),V >= —(a? +
a2)azK3. Also the sectional curvature K is given in
[12]. If we replace them in Eq.(10) we have Eq.(5).
In the case 4 of theorem 2.1 since

-1
[](87 t) = (a2b2 +a3b3+a4b4)X—|— 7((1,1()2 +b1a2)Y

1 1
—i(albg + blag)Z — 5((11[)4 + b1a4)I/V,

where s = a1 X +a2Y +a3Z +asW and t = b1 X +
boY + b3 Z + byW. Then we have < U(s, s),V >=
(a2 + a2 + a})K, and < U(s,U(s,9)),V >=
—Kiai(a3 + a3 +a?). Also the sectional curvature
K is given in [12]. If we replace them in Eq.(10)
we have Eq.(6).

In the case 5 of theorem 2.1 by using the following
equation

2<U(X,\Y),Z >=<[Z,X],Y >+ < |Z,Y], X >,

(11)
for all X,Y,Z € G, we have
2b b b
Uls ) = (TR0 T8y
—bias — a1by bsas + asby — bras — a1bs
(A2 . %
—b3a2 — agbg — b1a4 — a1b4
( . w
where s = a1 X + Y + a3Z + a4W and
t = b X + bY + b3Z + b W. Then we

have < U(s,s),V >= %Jr—aﬁlﬁ and <
U(s,U(s,s)),V >= w. Also the sec-
tional curvature K is given in [12]. By replacing
them in Eq.(10) we have the desired result. O
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Here we remind the following theorem from
[11].
Theorem 2.4. A finsler metric F' on a manifold
M (dimM > 3) is locally projectively flat if and
only if F is a Douglas metric with scalar flag cur-
vature.

So by theorems 2.6 and 2.4 we have the fol-

lowing result.

Corollary 2.5. FEvery hypercomplex four dimen-
stonal Lie group with the Randers metrics of Dou-

glas type is a locally projectively flat Finsler spaces.

Here we state the exact form of homoge-
neous geodesics on hypercomplex four dimensional

Lie groups.

Theorem 2.6. Let G be a four dimensional hyper-
complex Lie group, which is equipped with a Ran-
ders metric F' of Douglas type. Theny is a geodesic
vector of (G, F) if and only if y has one of the fol-

lowing forms

(1) y=a1 X + asY + a3Z + a,W
(2) y=a1 X+ aY +asZ + a,W
(3) y =a3Z + a,W

4 y=aX

B)y=mX

Proof. By the following formula in [9, 10], for the

case 4 we have
a X +aY +a3Z + asW

4
Zi:l a’lz
+a2Y + asZ + asW, 6]'] >=0,

< a1X1 —+

,[alX

where e; = X,Y,Z or W which implies that y =
a1 X. The proof of (1), (2), (3) and (5) are simi-
lar. O
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1 INTRODUCTION

A classic theorem about Riemannian manifolds of
non-positive curvature ([16]) states that a homo-
geneous Riemannian manifold M of non positive
curvature is simply connected or it is diffeomor-
phic to a cylinder over a torus (i.e, it is diffeo-
morphic to R¥ x T%, k + s = dimM). It is in-
teresting to reduce the homogeneity condition to
weaker conditions and see what happens to the
topology of M. When M is homogeneous then
there is a connected and closed subgroup G of
the isometries of M such that the orbit space of
the action of G on M, % is a one point set. A
weaker condition is that dim% =1lor2 (ie, M
be a cohomogeneity one or cohomogeneity two G-
manifold). There are some interesting theorems
about topological properties of cohomogeneity one
G-manifolds of non-positive curvature under condi-
tions on G and M (see [1],[12], [13], [15]). Thereis a
topological characterization of cohomogeneity one
UN D-Riemannian manifolds ( Riemannian mani-
folds with the property that the universal covering
manifold decomposes as a direct product of nega-

tively curved manifolds) in [13]. Following the pa-

*Corresponding Author
fCorresponding Author
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pers [9-11], where the first author proved various re-
sults about topological properties of cohomogeneity
two negatively curved G-manifold M under some
special conditions on M or G, we are going to con-
sider some cohomogeneity two UN D- manifolds in
the present paper. We topologically characterize a
U N D-manifold M which is acted on isometrically
by a connected and closed subgroup G of isome-
tries, under the condition that the fixed point set

of the action is not empty
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Abstract: In this paper, we investigate a symmetry classification of a nonlinear third order partial differ-

ential equation u; — uz2; + Uy f(u) — augugzz — buugs = 0 where f(u) is smooth function on v and a,b are

arbitrary constans. Three special cases of this equation, using Lie group method , is given.
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1 INTRODUCTION

The theory of Lie groups of differential equations
was developed by Sophus Lie. In this paper, we
study the following third-order nonlinear equation

(1)
There are three cases to consider: 1) b # 0, a =
arbitrary constant, 2) b =0, a # 0, and 3) b = 0,
a = 0. In [?], Clarkson, Mansfield and Priestly are

Up — Ug2y + Uy f(U) — Uz — buugs =0

concerned with symmetry reductions of the non-
linear third order partial differential equation given
by

up — €Ugzy + (K — u)uy — vty — Puguzz =0, (2)

Where e, k,

special cases of (?7) are:

and (§ are arbitrary constants. The

i) Cammasa-Holm (CH) equation wu; — ug2; +
(k + 3u)uy = wugs + 2uzu,2, k -arbitrary
(real), describing the unidirectional propaga-
tion of shallow water waves over a flat bottom
(letf(u) =k+3u,a=2,b=11n (?7).

ii) Degas peris-Procesi (DP) equation u; —uz2;+
(k + du)u, = wugs + 3ugugz, k -arbitrary
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(real), is another equation of this class (let
flu)=k+4u,a=3,b=11in (7).

iii) Fornberg whitham (FW) equation u; —ugz2s +
(1 + w)uy = uugs + 3ugzu,2, is another equa-
tion of this class (letf(u) = 14u,a =3,b=1
in (77)).

iv) BBM equation u; — ugz2; + uz + (vu), = 0,
is another equation of this class (let f(u) =

1+u,a=0,b=0in (?7)).

2 Method of Lie symmetry

In this section, we recall the general procedure for
determining symmetries for an arbitrary system of
partial differential equations [?]. Let us consider
the general system of a nonlinear system of par-
tial differential equations of order n, containing p
independent and ¢ dependent variables is given as

follows

A, (z,u™) =0, v=1,--- (3)

1 ,oP), u = (ub,--- ,u?) and

Involving z = (x,---
the derivatives of u with respect to x up to n,

where u(™) represents all the derivatives of u of
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all orders from 0 to m. The one-parameter Lie
group of transformations of the system (?7?): z; =
zt+ el (z,u) + O(€?), 4y = w + ed? (z,u) + O(€?),
Wherei = 1,---,p,j = 1,---,q and &',¢/ are
the infinitesimal of the transformations for the in-
dependent and dependent variables, respectively
and € is the transformation parameter. We con-
sider the general vector field v as the infinites-
imal generator associated with the above group
f:l gl (I, U’) Oy + Zg‘:l ¢j (I’ U’) Oui- A sym-
metry of a differential equation is a transformation,

v =

which maps solutions of the equation to other solu-
tions. The invariance of the system (??) under the
infinitesimal transformation leads to the invariance
conditions. (Theorem 2.36 of [?], Theorem 6.5 of

7).

A (z,u™)] =0, Ay(z,u") =0,
(4)

where v™ is called the n'" order prolongation of
the infinitesimal generator given by v"” = v +
Zgzl Ekqbi(x,u(”))aui, where k = (i1, iq4),
1 <ip <p, 1< a<n, and the sum is over all
k’s of order 0 < #k < n. If #k = «, the coefi-
cent (bf; of au;c , will depend onlly on a’th and lower
order derivatives of u and? ¢¥(z,u") = Di(d; —
vy (E])) + 30, €'y, where w] = Oul [0z
and wuy, ; := Juj, /0x" There are tree cases to con-

sider.

3 Classical Symmetry Method

In this section, we will perfom Lie group method
for Eq.(?7?). on (2! = z,2% = t,u! =), (,t,4) =
(z,t,u) + e(&(z,t,u), 7(x, t,u), p(z,t,u)) + O(e?),
where € < 1 the group parameter and ¢! = ¢, €2 =
7 and¢! = ¢ are the infinitesimals of the transfor-
mations for the independent and dependent vari-
ables respectively, the associated vector fields is of
the form v = &(z, ¢, u) Op+7(x,t,u) Op+¢(x, t,u) Oy
and the third porolongation of v is the vector field

,U(3) _ ’U+¢x 8uz +¢t 6’[“ +¢x2 (9u12 +¢xt auzt+ . .+¢ttt 6uttt; this case o o

(5)
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with coefficent
¢ =Di(¢p =Y &ul) + > &uri  (6)
i=1 i=1

where Dy, is the total derivative with respect to in-
dependent variables. By Theoreom2.36 in [?], the
invariance condition for Eq. (??) is given by,

0 [ty — g2y + Uy f (1) — Qg2 — buugs] = 0, (7)

whenever [u; —ugz2s + g f(u) — atzug2 —buugs] = 0.
the condition ?? is equvalent to

0 —bugs b (f (u)—au,)9" —aus 6™ —bug™ —¢** =
(8)
whenever [u; —ug2s + g f(u) — atzuge —buugs] = 0.
substituting (??) into invariance condition (?7?),
yields the determining equations. there are three

cases to consider.

3.1 b#0, a =arbitrary constant.

Infinitesimal generators of every one parameter Lie
group of point symmetries in this case are:

v = —tag;‘ktat_waua vg =0, w3 = 0.
(9)

we have
flu)=—-1+K(bu+1) (10)

to compute the Adjoint representation, we use the

Lie series

2
Ad(ewp(evi)vy) = v;—eloi, o)+ 5 [on, [or, vl =
(11)
where [v;,v;] is the commutator for the Lie
algebra,e is a parameter, and 7,5 = 1,2,3, then
we have the table 1.

TABLE 1

Adjoint representation table of the infinitesimal generators in

case V1 V2 V3

V1 v1 e “vg (—e® + 1)ve + v3
€vy + v2 —€ev1 + V3

V3 v1 Vo U3

0,
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3.2 a#0,b=0

to find complete solution of the determining sys-
tem, we consider | = dimSpampg{fy, f,1} three
cases are possible

i) I =1, then f = constant,
ii) [ =2, then f,= af + 3,

iii) I =3, then af, + 8f +v#0, «a#0.

Case i) In this case with substituting f =
constant in determining system the Infinitesimal
generators of every one parameter Lie group of

point symmetries are:

v = 8:5, Vg = 6,5, V3 = 8u (12)
Case ii) In this case with integrating from
fu= af + B with respect to u we obtain

fw =2 1 ceon (13)

«@

where C' is an integrating constant. Infinitesimal
generators of every one parameter Lie group of
point symmetries in this case are:
c2(Cae™ — )

= —t0
U1 t+ CaZeau

8’(1,7 V2 = 6t; U3 = 837
(14)
the Adjoint representation table of the infinitesimal

generators v; is given in table 2.

TABLE 2
Adjoint representation table of the infinitesimal generators in
this case
case | vi v2 v3
V1 v1 e‘va v3
V2 v1 | —evy t+w2 | vg
V3 U1 V2 v3

Case iii) Infinitesimal generators of every one
parameter Lie group of point symmetries in this
case are:

v = 8t, Vg = 895 (15)

33 b=0,a=0.

in this case, to find a complete solution of the com-

plete set of determining equation with assumption
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fu # 0 two general cases are possible:
N f [
1) == — =
fu fu

where c is constant.

h(u).

¢, i1)

Case i) In this case with integrating from }% =c
with respect to u we have

f(u) = Le

where L is an integrating constant. Infinitesimal

ol

(16)

generators of every one parameter Lie group of

point symmetries in this case are:

v1 = —t0; — Oy, Vo =20y, V3= 0,. (17)

the Adjont representation table of the infinitesimal

generatorsv; is given in table 3

TABLE 3
Adjoint representation table of the infinitesimal generators in
this case
case | vi V2 v3
V1 v1 e‘va v3
V2 v1 | €v1+v2 | v3
v3 U1 U2 U3

Case ii) In this case, we find that the compo-
nents &, 7 and ¢ are £ = &(x), 7 = 7(¢) and
¢ = A(x)u + B(x,t). Infinitesimal generators of
every one parameter Lie group of point symmetries

in this case are:

v = t(‘?t, Vg = at. (18)
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1 INTRODUCTION

The definition of local Lie group is generalized in
[1], by using of top spaces[2]. Let us recall the def-
inition of a local Lie group and its generalization,
local top spaces.

Definition 1.1[3] A smooth manifold L is called a
local Lie group if there exists

e a distinguished element e € L, the identity

element,

e a smooth product map p: U — L defined on
an open subset ({e} x L)U (L x {e}) CU C
(L x L),

e a smooth inversion map i : V' — L defined
on an open subset e € V C L such that
Vxi(V)cU,and i(V)xV CU,

all satisfying the following properties:
(i) Identity: p(e,x) =z = p(x,e) for all x € L,

(ii) Inverse: p(i(x),x) = p(z,i(x)) = e for all
zeV,

*Corresponding Author
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(i) Associativity: If (z,v), (v, 2), (u(x,y),z) and
(z, pu(y, 2)) all belongs to U, then

w(p(z,y), 2) = p(x, p(y, 2)).

Definition 1.2. A smooth manifold H is called a
local top space if there exists

e aset e(H) C H, the identity elements,

e a smooth product map p: U — H defined on
an open subset (e(H) x H)U (H x e(H)) C
UcC(HxH),

e a smooth inversion map ¢ : V. — H defined
on an open subset e(H) C V C H such that
Vxi(V)cU,and i(V)xV CU,

all satisfying the following properties:

(1) Identity: For each x € H there is a unique ele-
ment e(z) such that p(e(z),z) = x = p(z, e(x)).
(i) Inverse: p(i(z),z) = p(z,i(z)) = e(x) for all
zeV.

(i) Associativity: If (z,v), (v, 2), (u(x,y),z) and
(z, pu(y, 2)) all belongs to U, then

w(p(z,y), 2) = pu(, p(y, 2)).
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(iv) ple(@), e(y)) =

(ivv) e : H — H is a smooth map.

e(p(z,y)), for each z,y € H.

One can use the symbol (H,pu,U, i, V) for a local
top space H with the functions pu, i, U and V as
the above definition.

Example 1.1. Let H C T be a neighborhood of
e(T) in the top space T and U be any open subset
of H x H such that (e(T)x HY)U(H xe(T)) CU C
(H x H)N p~Y(H). In addition let V be any open
subset of H such that e(T) C V C H Ni~'(H),
and (V x4(V))U(i(V)xV) C U. The group multi-
plication p and inversion ¢ on T' then restricted to
define local top space multiplication and inversion

maps on H.

Definition 1.3. Let M be a smooth m-
dimensional manifold. A frame on M is a
set of vector fields V. = {v1,...,u} such that
{v1(z), ..., vm(z)} form a basis for the tangent space

TM, at each point x € M.

Remark 1.1. Let V be a frame for M. There
exists functions Cf; such that:

[Ui, Uj] = Eijvk.

The functions C’fj are called structure functions of
the given frame. The frame V is said to have rank
0 if the functions C’fj are all constant. For exam-
ple the structure functions of the Lie algebra g are

constant.

Left and right multiplication with z are defined
with:

lo(y) = p(,y), re(y) = ply, )

Definition 1.4.[3] A local Lie group L is regular if,
for each x € L, the maps [, and r, are diffeomor-
phisms on their respective domains of definition.
Definition 1.5. A local top space H is regular
if e71(e(x)) is regular local Lie group, for every
reH.

Definition 1.6.[3] A local top space H is as-
sociative to order n if, for every 3 < m < n,
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and every ordered m—tuple of group elements
(21,22, ..., Tyy) € L*™ all corresponding well de-
fined m—fold products are equal. A local group
is called globally associative if it is associative to

every order n > 3.

2 Homeomorphisms of local

top spaces

Theorem 2.1. If H is a regular local top space
with finite number of identities which is locally as-
sociative then it admits a left invariant frame of
rank 0. Conversely if M is a manifold that admits
a rank 0 frame, then it can be endowed with the
structure of a right regular, locally associative local
top space having the given frame as left invariant

Lie algebra elements.

Proof. Let H be a locally associative, regular local
top space. Given a tangent vector vey € T My,
for t € H, we define v, = dl,ve(;). By associativity
v is left invariant. Hence dl,(v,) = v(u(z,y)), for
any (z,y) € U. By right regularity the set of left
invariant vector fields defines a global frame on H.

Conversely if M is a manifold that admits a rank
0 frame, then it can be endowed with the structure
of a right regular, locally associative local lie group
having the given frame as left invariant Lie alge-
bra elements[3]. Since local lie groups are local top
space too the theorem is proved.

Remark 2.1. Any manifold admitting a global
frame V = {vy, ..., v, } also admits a global coframe
6 = {61, ...,0,,} which is defined by < §;,v; >= 5;
at each x € M. The dual structure equations for
the coframe are df, = ij 0; A 0;. The structure
functions are the same as structure functions for V.
The dual coframe to a left invariant frame on a local
top space is known Maurer-Cartan coframe and its
structure functions are called Maurer-Cartan equa-

tions.

Definition 2.2.[3] A subset U C L of a local Lie
group L is said to generate L if L = JU™. Here
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U™ < L denotes the subset consisting of all group

elements x € L which can be written as a well de-

fined n-fold product of elements z1,...,x, € U.

Definition 2.3.[3] A local Lie group L is connected
if

e [ is a connected manifold,

e The domain of definition of multtiplication

and inversion maps are also connected,

e if U is any neighborhood of identity, then U
generates L.

Definition 2.4.[3] A local top space H is con-
nected if H be a union of connected local Lie

groups.

Theorem.[3] Suppose L and M are connected m-
dimensional local Lie groups, and 6, n denote their
respective right invariant Maurer-Cartan coframes.
If a map ¢ : L — M satisfies ¢*(n) = 6 and and
¢(e) = e, then ¢ defines a local group homeomor-

phism from L onto its image.

The following theorem is an immediate conse-

quence of pervious theorem.

Theorem 2.2. Suppose that H is a connected lo-
cal top spaces with finite number of identities, L is
a connected local Lie group and 6, n denote their
left invariant Maurer-Cartan coframe. If a map
¢ : H — L satisfies ¢*(n) = 0 and ¢(e(t)) = e,
then ¢ defines a local top space homeomorphism.

Proof. The connected local top space H with

the set of identities {ey,...,e,} is union of con-
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nected local Lie groups L1, La,...,L, [1]. Now
¢; = ¢|L1 : Ly — L, 1 < i < n, has the prop-
erties of the above theorem and consequently is a
local homeomorphism. Hence ¢ : H — L is a local
homeomorphism too.

Theorem 2.3. Let H be a local top space with fi-
nite number of identities. Then there is a covering
top space H of H which is also a local covering of
an open subset M of a global Lie group G.

Proof.
Ly, ..., L, there are local covering groups ¢; : L; —

Since H is union of local Lie groups

L;. In addition L;’s and consequently L;’s are dif-
feomorphic. Hence L; are also local covering of M,
where M C G is an open subset of a global Lie
group G [3]. Let H = UL;. One can give H a top
space construction such that the map ¢ : H-— H ,
®|L; = ¢;, be a local covering. Hence H is a local

covering of M too.
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Abstract: Let C.(X) ={f € C(X) : |f(X)| <RNo} and Cr(X) be the socle of C(X). Similar to C'(X) it is
shown that uniform ideals and minimal ideals in C.(X) coincide. Essential ideals in C.(X) via a topological

property are characterized. We define essential z.-filter and it is shown that essential z.-filters behave like

zce-ultrafilters and prime z.-filters. It is shown that X is a C'P-space if and only if every essential ideal in

C.(X) is a z.-ideal. C.(X) enjoys most of the important properties of C'(X). We observe that if X is an

almost discrete space, then Cr(X) is an essential ideal in C.(X). For essentiality of Cp(X) in some subrings
of C(X) the cardinality of I(X) is important. In particular, if |I(X)| < oo, then Cr(X) is not essential in

any subring of C(X).

Keywords: essential, zero-dimensional, z.-ideal, socle, almost discrete space.

1 INTRODUCTION

In [5], the subalgebra C.(X) of C(X) consisting
of functions with countable image are introduced
and studied. It turns out that C.(X), although
not isomorphic to any C(Y) in general, it enjoys
most of the important properties of C'(X) (note,
some of these properties do not hold for C*(X)
unless X is finite). The socle of C'(X) which is
the sum of all minimal ideals of C(X) is charac-
terized topologycally in [6, Proposition 3.3]. In
fact, Cp(X) = {f € C(X) : |f(X)| < oo}, and
it is a useful object in the context of C(X). In
[5], topological spaces in which points and closed
sets are separated by elements in C.(X) are called

c-completely regular space and it is observed that

*S. Soltanpour
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these spaces coincide with zero-dimensional ones.
Consequently for any topological space X there
exists a zero-dimensional space Y which is a con-
C.(Y), see [5].
We recall that a nonzero ideal E in a commuta-

tinuous image of X and C.(X) =

tive ring R is called essential if it intersects every
nonzero ideal nontrivially. An ideal A in C.(X) is
said to be uniform if any two nonzero ideal con-
tained in A intersects nontrivially. Let I be an
ideal in C.(X), then Z.[I] = {Z(f) : f € I} and
Z(X) ={Z(f) : f € C(X)}. U Z7MZ )] = 1,
then T is called a z.-ideal. If FF C Z.(X) be a 2-
filter, then it is called z.-filter. The set of uniform
ideals in C¢(X) and the set of minimal ideals in
C.(X) coincide similar to C'(X). We characterize
essential ideals in C.(X) via a topological property.
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We define essential z.-filter and it is shown that es-
sential prime z.-filter behave like z.-ultrafilter and
prime z.-filter. A space X is called a CP-space if
C.(X) is regular. X is a C'P-space if and only if
each ideal in C.(X) is a z.-ideal. Every P-space
is a C'P-space and a characterization of C' P-spaces
similar to one for P-spaces is given in [5]. In zero-
dimensional spaces, P-spaces and CP-spaces are
the same. We prove that X is a C'P-space if and
only if every essential ideal in C.(X) is a z.-ideal.
If X is an almost discrete space, then Cr(X) is an
essential ideal in C.(X). For essentiality Cp(X)
in some subrings of C(X) the cardinality of I(X)
is important. If |I(X)| < oo, then Cp(X) is not
essential in any subring of C'(X). All topologi-
cal spaces that appear are assumed to be infinite
completely regular Hausdorff unless the contrary is
stated explicity and for undefined terms and nota-

tions the reader is referred to [4], [5].

2 Uniform ideals of C.(X)

Theorem 2.1. Let X be a zero-dimensional space
then I is a nonzero minimal ideal of C.(X) if and
only if |Z:[I]| = 2 and for every 0 # f € I,
IX\Z.(f)] =1 and X\Z.(f) is closed.

Corollary 2.2. Fvery minimal ideal of C.(X) is

a z.-ideal.

The set of uniform ideals in C.(X) and the set of
minimal ideals via C'(X) coincide.

Theorem 2.3. If X is a zero-dimensional space
and A is an ideal in C.(X), then the following are
equivalent.

(i) A is a uniform ideal in C.(X).

(ii) For any two nonzero elements f,g € A, fg # 0.
(i) A is a minimal ideal in Co(X).

3 Essential ideals in C.(X)

Theorem 3.1. If X is a zero-dimensional space
and E is a nonzero ideal in C.(X), then the fol-
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lowing are equivalent.

(i) E intersects every nonzero z.-ideal in C.(X)
nontrivially.

(ii) E is an essential ideal in Co(X).

(iii) Ann(E) = (0).

(iv) NZ.[E] is a nowhere dense subset of X.

proposition 3.2. If X is a zero-dimensional
space, then

(i) The Principal ideal fC.(X) is an essential ideal
if and only if Z.(f) is a nowhere dense subset of
X.

(ii) Every free ideal I of C.(X) is an essential ideal.
(iii) If ¢ is a nonisolated point in X then the ideals

Of and MS are essential ideals.

Theorem 3.3. Every pseudoprime ideal in C.(X)
is either an essential ideal or an isolated maximal
ideal which is at the same time a minimal prime
ideal.

4 Essential z-filter

Next we give a natural definition of an essential
zc-filter.

Definition 4.1. A z.-filter F' in a space X is called
an essential z.-filter whenever F N F' # {X} for

every nontrivial z.-filter F'.

The following result shows that the essential z.-
filters behave like the z.-ultrafilters and prime z.-
filters.

Theorem 4.2. (i) If E is an essential ideal in
C(X), then Z.[E] is an essential z.-filter.

(ii) If F is an essential z.-filter, then Z 1[F] =
{f € C(X) : Z.(f) € F} is an essential ideal in
C.(X).

Theorem 4.3. X is a C'P-space if and only if ev-

ery essential ideal in C.(X) is a z.-ideal.

proposition 4.4. Every proper ideal of C.(X) is
nonessential if and only if every z.-ideal of Ce(X)
is nonessential.
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5 On essentiality of Cr(X)

Theorem 5.1. Let X be an almost discrete space
(i.e., the set of isolated points of X is dense). Then
Cr(X) is an essential ideal in any subring T of
C(X) which contains Cp(X).

Corollary 5.2. If X is an almost discrete space,
then Cp(X) is an essential ideal in C.(X).

Corollary 5.3. If X is an almost discrete space,
then for every f € C.(X) there exists g € C.(X)
such that fg € Cp(X).

The following results show that for essentiality
Cr(X) in some subrings of C(X) the cardinality of
I(X) is important.
proposition 5.4. If |[I(X)| > Yo, then Cp(X) is
an essential ideal in R+ Cp(X).

Proof. Let ¢ = r+ f, 0 # r € R, and 0 #
f € Cr(X). We note that Cr(X) = Y @e;C(X),
where for every i, e; is an idempotent in C(X).
Since f € Cp(X), f =e1f1 + ...+ enfn. There-
fore for every j # 1,...,n, fe; = 0.
gej = rej € Cp(X)N(g), and if 7 = 0, then
(9) = (f) € Cr(X). O

proposition 5.5. Let |I(X)| < oo, then Cp(X) is

not essential in any subring of C(X).

Hence

Proof. Let I(X) = {x1,22,...,2,} and
y T = T4

1
ei(x)—{ 0 ,z+#ux;
eC(X), where

Q
5|
>
i
&
=
“@
i/
]
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is an idempotent and C'(X) = eC(X)P®(1—e)C(X).
Now, if T is a subring of C(X) contains Cp(X),
we have T = (eC(X)(1 — e)C(X)) N T. But
T = (1—-¢e)C(X)NT is an ideal of T such that
Cp(X)NTy = {0}. O
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1 INTRODUCTION

For an N-dimensional complex space C with co-
ordinates z := xp+iyg, k=1,..., N, the complex
structure is defined on the tangent space TCY by

le] o
J (m) =
bitrary connected submanifold M of CV and for

o) 1o} . __0 _
7, and J(g-) == —5-. For an ar

each point p € M, the complex tangent plane of M
is defined as TxM = T, M N J(T,M). This bundle
can be divided into its conjugated holomorphic and
antiholomorphic subbundles 7%9M and T%'M as
T°M = T"OM@T%! M. Such submanifold is called
Cauchy-Riemann (CR for short) whenever the di-
mension of this space is constant as p varies in M.
It also is called generic when T,M + J(T,M) =
T,CN.
generic CR-manifold M C CV can be represented
;W)
with w = u + iv and with N = n + ¢ as the graph

As is known [8, 4], every real analytic
locally in some coordinates (z1, ..., 2y, w1, . ..

of some ¢ real functions:
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In this case, the integers n and c are in fact the
CR-dimension and CR-codimension of M and the

real dimension of M is dimgrM = 2n + c.

2 CLASSIFICATION

Our aim in this paper is to classify all real analytic
generic CR-manifolds of real dimensions < 5. At
first, one should notice that the two cases n = 0

and ¢ = 0 are not interesting in CR~geometry, for:

M = RC,
M=cCr,

respectively. Hence, one assumes n,c > 1. A plain
inspection shows that there are in fact four possi-
bilities for n and ¢ so that the corresponding CR-
manifolds being of real dimensions < 5:

m+c=3 = {n=1, c=1,
m+c=4 = {n=1, c¢=2,
=1 =3
2n+c=5 = e eTe
n=2 c=1.
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In order to distinguish these cases, dimensions must
be emphasized:
C4

5
Mc

M3 cC? M*ccC3,

Before proceeding to classify these CR-

manifolds, we need the following result from [4].

Proposition 2.1. On a CR-generic submanifold
M?7Fe C G of smoothness C* (k > 1) which is
locally represented in coordinates:

(Zl,...,Zn, wl,...,wc)

with w = w4 1iv as the graph of ¢ real valued func-

tions:
’U1:()01(2’1,...,Zn,zl,.-.,zn,’lll,.--,Uc),
Uc:QDC(Zlv'")Zn7217"'72n7u17 7uC)7
a local frame for TVOM :
(L1, L0)
is constituted of the n vector fields:
0
L= — Al o;Ye, Us Af o, Ye, Ue
! 8z1+1(xyu)8w1+ +1($yu)8wc
0 1o}
;Cn:i Al o; Yo, Ue A,Cl o, Jeo, Ue )
0zn+"(xy")aw1+ + (xy“)awc

whose coefficient functions are given, for i =
1,...,n, explicitly by:

=201,z P1,uz Pl,uc
—2¢22 Tt P2u  P2ue

—2¢c,z; Pe,ug T+ Peu,

Al = - U ,
it Pru Pliuc
P2,u;1 co P2,uc
Pe,uy s Pcue
L+ P1u =201,z
$2,uq e —2¢2.
Af == Pc,uy —2¢c,z; 0
T+ P10y Pluc
P2,u1 P2,uc
Pe,ug i+ Qe ue
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This proposition suggests one to proceed
the desired classification according to the struc-
ture of Lie algebra generated by the associated local
frame of T°M = T1°M @ T%'M. By this general
strategy, it is found in [4] and [3] six (holomor-
phically) non-equivalence classes of real analytic
generic CR-manifolds of dimensions < 5, denoted
by LI g, Hlp, IV, V).

2.1 General class |

The first class | comprises all 3-dimensional CR-
manifolds M3 C C? of the equal CR-dimension and
CR-codimension 1 such that for any local vector
field generator £ of THOM? the set {L, L, [L, L]}
constitutes a frame for the complexified bundle
C®r TM?.

Proposition 2.2. In coordinates (z,w = u+iv) €
C2, every real analytic generic CR-manifold be-
longing to the general class | can be represented as

the graph of a single certain polynomial of the form:

(1): v=2Z+ 220, (z,E) + 2Z O1(u).

Here by O:(x), we mean monomials of de-
grees > t in terms of the variable(s) x.

2.2 General class Il

This class, comprises all real analytic generic CR-
manifolds M* C C? of real dimension 4, of CR-
dimension 1 and of CR-codimension 2, in which
for any local generator £ of T9M% the set
{c, L, [£,L], L, [£,L]]} constitutes a frame for
the complexified bundle C @g TM?.

Proposition 2.3. In coordinates (z,w; = wuj +
iv, we = up + ive) € C3, every real analytic
generic CR-manifold belonging to the class Il can
be represented as the graph of two certain polyno-

mials of the form:

an 1 =zE—|—zEOg(z,§)—|—z§Ol(u1)+z201(u2),

vy = 222 + 222 + 2202 (2,Z) + 2201 (u1) + 2Z O1 (u2).
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2.3 General class lll;

This third general class comprises all 5-
dimensional CR-manifolds M® < C* of CR-
dimension 1 and CR-codimension 3 such that
for any local generator £ of TVOM?®, the set
{L, L, [E,Z], L, [E,ﬂ], L, [E,m]} constitutes
a frame for the complexified bundle C ®g TM?®.

Proposition 2.4. In coordinates (z,w; = wuj +
iV, We = U +1i vy, w3 = uz +iv3) € C, every real
analytic generic CR-manifold belonging to the class
Il can be represented as the graph of three certain

polynomials of the form:

Proposition 2.5. In coordinates (z,w; = uj +
Tv1,We = Uz +ivy, w3 = ug+ivs) € Cc?, every real
analytic generic CR-manifold belonging to the class
Il can be represented as the graph of three certain

polynomials of the form:

(m, : + zZuz O1 (Z,E,ul, uz) + zZu3 O1 (Z,E,ul,ug, ug),

v1 = 2Z + 1 2222 + zEOg(z,E) + 2zu1 O1 (z,E,ul)
+ 2Zu2 01(2,Z,u1,u2) + 2Z2u3 O1(2,Z, u1, ug, us),

vy = 227 + 222 + 2z 03 (z,E) + z2zZu1 O1 (z,E, u1)

v3 =22°Z 4 227° + 32%2% + 22 03(2, Z)

+ 2zZuy O1 (Z,E,ul) + 2Zu2 O1 (z,E, ul,ug)

+ 2Zu3 01 (2, %, u1, uz, uz).

vl = 2Z + zEOg(z,E) + 2201 (u1)
+ 22 01 (u2) + 22 O (u3),
Vg = 222 + 272,422 0y (Z,E) + 2201 (u1)
+ 22 01 (u2) + 2Z O1(us3),
v3 =1 ( 2z — 272) + 2202(2,2)

+ 2z Ol(ul) + ZEO]_(U/Q) + 2z 01(U3).

2.4 General class lll,

Similar to Ill;, this class includes 5-dimensional
CR-manifolds M® c C* of CR-dimension 1 and
CR-codimension 3, too. The difference is that in
this case and for any local generator £ of TH9M?,
one has at every point:

3

{c.Z, [£,2], [c. [£,2]]}),

4 [£.2). £, [¢.2]), [Z [£.2]]}).
5 = rankc ({£. Z. [£,Z], [¢. [£,2]), [£, [£, [£.Z]]]}).

More precisely and in contrary to the class
I1l;,  here the complexified bundle C ®
TM® can mnot be generated by the set
{c, L, [£,LC], [, [L,L]], [C,[£,L]]} since the
rank of this subbundle is 4 < dimgM® =
5. Hence, one needs to replace the length 3
Lie bracket [£,[£,L]] by the length 4 bracket
[E, [ﬁ, [ﬁ,ﬂ]] and, because of its rank, the new
et {£.Z. [£.2). [ [£.2]). [£. £ [2.Z]]])
constitutes a frame for C ® TM?5.

I
]
>
2
Q
—_
5
5
~
B
—
— — ~—

(
4= rankc(
(

Il

o

=]

Ea
Q

~

i)
i)
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2.5 General class 1V,

This is the first class that comprises CR-manifolds
of CR-dimension 2. More precisely, every 5-
dimensional CR-manifold M5 of C? in which for
any two local generator fields £, Lo of T M3, the
set {L1, Lo, L1, L2, [L1,L1]} constitutes a frame
for the complexified bundle C ®g TM? belongs to
this class.

Proposition 2.6. In coordinates (z1,z2,w = u +
iv) € C3, every real analytic generic CR-manifold
belonging to the class IV1 can be represented as the

graph of a single polynomial of the form.:

(V) v = 2171 + 20%2 + O3(21, 22,71, %2, 1),

with remainders satisfying:

0= 03(0,0,31,22,’11) = 03(2’1722,0,0,’&).

2.6 General class IV,

Similar to IV1, this class includes 5-dimensional real
analytic generic CR-manifolds M® Cc C? of CR-
dimension 2 and codimension 1 such that for any
two local generator fields £, Lo of T%1M?, the set
{Ly, Lo, L1, Lo, [L1,L1]} constitutes a frame for
C ®gr TM?®. But in contrary, in this case we as-
sume that the Levi form Levi-Form™ (p) is of con-
stant rank and such that lastly, the Freeman form
Freeman-Form™ (p) is nondegenerate at every point
(see [8] for the relevant definitions).
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Proposition 2.7. In coordinates (z1, z2,w = u +
iv) € C3, every real analytic generic CR-manifold
belonging to the class IVy can be represented as the

graph of a single polynomial of the form.:

— 1 — 1 — —
v = 2121 + 5 212122 + 5 22Z171
(IV),:
5t
+ O4(z1, 22,71,%2) + uO2(21, 22,71, 22, u),

with remainders both satisfying:

0= O(0,0,El,iz,u) = O(zl,ZQ,O,O,u).

3 THE EQUIVALENCE
PROBLEM

Among the recent century, the problem of equiv-
alence of CR-manifolds of various dimensions had
been one of the most interesting investigated ques-
tions. In 1907, Henri Poincaré initiated the prob-
lem of equivalence of real hypersurfaces of CR-
dimension and codimension 1, those constitute the
first general class I. This problem solved later on
by Elie Cartan [2] in 1932, whom initiated also a
powerful algorithm to answer similar questions in
CR-geometry, in differential geometry, in mathe-
matical physics, in differential equations and many
others. Afterwards, the problem of equivalences in
general class | and also its associated Cartan ge-
ometry investigated several times for example in
[6, 5]. The equivalence problem of the second class
[l has been recently considered in [1], where the
authors also investigated the associated Cartan ge-
ometry in the framework of Tanaka theory. But
undoubtedly, the most complicated problem is the
equivalence of the elements of the general class Ill;.
This problem has been solved very recently by the
author jointed by Joél Merker in the long memoir
[7]. Finally, the equivalence problem of the next
three classes Ill, V1,1V, is in progress by the au-
thor jointed with Joél Merker and his Ph.D student
Samuel Pocchiola and will be presented very soon

in the near future.

To the best of our knowledge, there is no
any classification of CR-manifolds of real dimen-
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sions bigger than 5 and also it is the maximum
dimension that the equivalence of CR-manifolds is
considered. In other words, classification of CR-
manifolds of higher dimensions and the solution of

their equivalence problems are still open.
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1 INTRODUCTION

In Riemannian geometry, E. Cartan defined the ax-
iom of r-planes as follows. A Riemannian manifold
M of dimension n > 3 satisfies the axiom of r-
palnes, where r is a fixed integer 2 < r < n, if
for each point p of M and any r-dimensional sub-
space S of the tangent space T, M there exists an
r-dimensional totally geodesic submanifold V' con-
taining p such that T,V = S. He proved that if

M satisfies the axiom of r-planes for some r, then

M has constant sectional curvature, cf., [6]. The
axiom of r-spheres in Riemannian geometry was
proposed by Leung and Nomizu as follows. For

each point p of M and any r-dimensional subspace
S of T, M, there exists an r-dimensional umbilical
submanifold V' with parallel mean curvature vec-
tor field such that p € V and T,V = S. They
proved that if a Riemannian manifold M of dimen-
sion n > 3 satisfies the axiom of r-spheres for some
r, 2 < r < n, then M has constant sectional cur-
vature, cf., [2]. Tt is shown that if one drop in the
axiom of spheres the requirement that V' has par-

allel mean curvature vector field, then this weaker

*Corresponding Author
TSpeaker
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axiom for n > 4 and r = n — 1 implies that M is
confopmally flat. One could extend this result to
the case 3 < r < n. In Finsler geometry, Akbar-
Zadeh defined the axiom of 2-planes as follows. A
Finslerian manifold M of dimension n > 3 satisfies
the axiom of 2-planes if for each point p € M and
every subspace Ey of dimension two of T, M there
exists a totally geodesic surface S passing through
p such that 7,5 = E5. He proved that every Finsler
manifold satisfying axiom of 2-planes is of constant
sectional curvature in the connection of Berwald,
cf., [3], page 182. In this paper, we propose the ax-
iom of spheres in Finsler spaces and prove that if
a Finsler manifold M of dimension n > 3 satisfies
the axiom of spheres then it has constant sectional

curvature in the Cartan connection.

2 PRELEMINARIES

Let M be a real n-dimensional manifold of class
C*. We denote by T'M the tangent bundle of tan-
gent vectors, by p : TMy — M the fiber bundle of
non-zero tangent vectors and by p*T'M — T My
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the pulled-back tangent bundle. Let (z,U) be a
local chart on M and (z¢, ") the induced local co-
ordinates on p~1(U). A Finsler structure on M is
a function F : TM — [0,00), with the follow-
ing properties:(i) F is differentiable C* on T My;
(ii) F is positively homogeneous of degree one in
y, that is, F(x, A\y) = AF(x,y), for all A > 0; (iii)
The Finsler metric tensor g defined by the Hes-
sian matrix of F?, (g;;) = (%[%Fﬂ), is posi-
tive definite on T'My. A Finsler manifold is a pair
(M, F) consisting of a differentiable manifold M
and a Finsler structure F' on M. We denote by
TT My, the tangent bundle of T'My and by p, the
canonical linear mapping p : TTMy — p*T M,
where, p = p,. There is the horizontal distribu-
tion HT'M such that we have the Whitney sum
TTMy= HTM @ VTM. This decomposition per-
mits to write a vector field X € x(T'Mp) into the
horizontal and vertical parts in a unique manner,
namely X = HX + VX. In the sequel, we de-
note all vector fields on T'My by X , }A’, etcetera and

the corresponding sections of p*T'M by X = p(X),

Y = p(Y), respectively, unless otherwise specified,
cf., [3].

2.1 Geometry of submanifolds

Let i : S — M be an immersion and S a sub-
manifold of dimension k of the manifold M. We
identify any point « € S by its image i(x) and any
tangent vector X € T,.S by its image i.(X), where
i, is the linear tangent mapping. Thus T,S be-
comes a sub-space of T, M. Let T'Sy be the fiber
bundle of non-zero tangent vectors on S. T'Sj is a
sub-vector bundle of T'M, and the restriction of p
to T'Sy is denoted by ¢ : T'Sy — 5. We denote by
T(S) = i*TM, the pull back induced vector bundle
of TM by i. The Finslerian metric of M induces
a Finslerian metric on S where we denote it again
by g. At a point z = gz € S, where z € TSy,
the orthogonal complement of 75,5 in quS is de-
noted by N,.S, namely, T,(S) = T.(S) @& N,.S,
where T,,(S) N Ny S = 0. We have the following
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decomposition:

TS =q¢*TS @ N, (1)
where, N is called the normal fiber bundle. If TT'S,
is the tangent vector bundle to T'Sy, we denote by o,
the canonical linear mapping o : TT'Sy — ¢~ 'TS.
Let X and Y be the two vector field on T'Sy. For
z € TSy, (V4Y). belongs to T,.S. Attending to
(1) we have

VY =ViY+a(X,Y), Y =oY), X=oX),

(2)
where V is the covariant derivative of Cartan con-
nection and a(X,Y) the second fundamental form
of the sub-manifold S. It belongs to N and is bi-
linear in X and Y. It results from (2) that the in-
duced connection V is a metric compatible covari-
ant derivative with respect to the induced metric g

in the vector bundle ¢*T'S — T'Sj.

2.2 Shape operator or Weingarten
formula

Let S be an immersed submanifold of (M, F'). For
any X € x(T'Sp) and W € I(N) we set

VW = Ay X +V W, (3)
where Ay X € T(¢*TS) and VW € [(N). It fol-
lows that ¥V is a linear connection on the normal
bundle N, cf., [5].

map

We also consider the bilinear

A D(N)®@T(TTSy) — [(¢*T5S),
AW, X) = AwX.

=

For any W € T(N), the operator Aw
(TTSy) — T'(¢*TS) is called the shape opera-
tor or the Weingarten map with respect to W. Fi-
nally, (3) is said to be the Weingarten formula for
the immersion of S in M, cf., [5].
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2.3 Totally umbilical submanifolds
in Finsler spaces

The mean curvature vector field n of the isometric
immersion i : S — M is defined by

1 N
n= EtTgOé(hX,Y)7 (4)

where X,Y € I'(¢*TS) and "X is the horizontal
lift of X, cf., [1]. We say that the mean curvature

vector field 7 is parallel in all direction if ?;217 =0
for all X € T'(¢*T'S).

Definition 2.1. [1] A submanifold of a Finsler
mamnifold is said to be totally umbilical, or simply
umbilical, if it is equally curved in all tangent di-

rections.

More precisely, let i : S — M be an isomet-
ric immersion. Then 7 is called totally umbilical if
there exists a normal vector field £ € N along ¢ such
that its second fundamental form o with values in

the normal bundle satisfies

a(th Y) = g(X, Y)ga (5)

for all X,Y e I'(¢*T'S), where "X is the horizontal
lift of X.

Remark 2.2. Leti: S — M be an isometric im-
mersion. If S is totally umbilical then the normal

vector field € is equal to the mean curvature vector
field n.

2.4 Genaralization of Schur’s theo-
rem

Let Go(M) be the Grassmannian fiber bundle of
2-planes on M. Denote by 77 1Gao(M) — SM the
fiber induced on SM by 7 : SM — M, where SM
is the unit sphere bundle. Let P € 77 1Go(M) be a
2-plane generated by vectors X and Y linearly inde-
pendent at = 7z € M where z € SM. By means
of the hh-curvature tensor R of the Cartan connec-
tion one defines the function Ky : 7 1Go(M) — R
as follows
9(R(X, Y)Y, X)
el A = ey e g v
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K5 will be called the sectional curvature at z € SM
following the 2-plane P(X,Y") generated by X and

Y in the Cartan connection. We have
Ky(z,0,X) = K(z,v,X),

where v is the canonical section and K is the flag
curvature, cf., [3], page 156.

Genaralization of Schur’s theorem. Ks(z, P)
is independent of 2-plane P(X,Y) (dim M > 2) if
and only if the curvature tensor R of the Cartan

connection is defined by
R(X,Y)Z = K[g(Y,Z)X — g(X, Z)Y],

where K is a constant and X,Y,Z € T, M, cf., [3].

3 MAIN RESULTS

We propose the axiom of r-spheres in Finler spaces
as follows:

Axiom of r-sphere. Let (M, g) be a Finsler man-
ifold of dimension n > 3. For each point x of M and
any r-dimensional subspace E, of T, M, there ex-
ists an r-dimensional umbilical submanifold S with
parallel mean curvature vector field such that z € S
and 1,5 = E,.

We shall prove

Theorem 3.1. If a Finsler manifold of dimension
n > 3 satisfies the axiom of r-spheres for some T,
2 < r < n, then M has constant sectional curvature

in Cartan connection.

sketch of proof. Suppose (M,g) be a
Finsler manifold that satisfies the axiom of r-
spheres and consider the Cartan connection on the
pulled-back bundle p*TM. Let X,Y and Z be
three orthonormal vectors at + = pz,z € TM
where x is an arbitrary point of M and E, be an
r-dimensional subspace of T, M containing X and
Y and normal to Z. By the axiom there exists an
r-dimensional umbilical submanifold S with paral-
lel mean curvature vector field 5 such that € S
and TS = E,. By means of Codazzi equations in
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Finsler spaces we show that for vectors X,Y € T, S
and Z € N, S we have

9(R(X, Y)Y, X) = g(R(X, 2)Z,X).  (6)
Thus the common value of (6) does not depend
on the 2-plane P(X,Y). Therefore by means of

generalization of Schur’s theorem M has constant
sectional curvature.
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1 INTRODUCTION

Nonstandard Analysis initiated by Newton and
Leibniz, was accompanied by logical contradictions
which advances in mathematical logic in the twen-
tieth century could resolve them. Nonstandard
methods can give a special insight in topological
matters as they are mainly a new way to look at old
things. Using a type-theoretical version of higher-
order logic, A. Robinson in 1960 [6], introduced the
notion of an enlargement which is a main tool in
nonstandard topology. An enlargement is a cer-
tain kind of nonstandard model satisfying a sort of
saturation property which is closely related to an
essential feature of nonstandard methods in topol-

ogy, i.e., compactness.

The connections between nonstandard ex-
tensions and ultrafilters have been repeatedly con-
sidered in the literature, starting from the semi-
nal paper by Luxemburg. M. Di Nasso and M.

*Corresponding Author
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Forti introduced a notion of topological extension
of a given set X. The resulting class of topolog-
ical spaces includes the Stone-Cech compactifica-
tion X of the discrete space X, as well as all non-
standard models of X in the sense of nonstandard
analysis (when endowed with a natural topology).
They gave a simple characterization of nonstandard
extensions in purely topological terms, and they es-
tablished connections with special classes of ultra-

filters whose existence is independent of ZFC.

In [4], the ultrafilter semigroup (07, +) of
the topological semigroup T' = ((0,+00),+) con-
sists of all nonprincipal ultrafilter on T' = (0, +00)
converging to the 0 has been described. According
to [4], in a topological semigroup T, [7] has been

presented.
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2 Preliminary

Let T be a family of sets that together with A and
B contains the intersection AN B. By a filter in I
we mean a non-empty subfamily F C I' satisfying
the following conditions:

(F1) 0 & F.

(FQ) If Ay, Ay € F, then Ay N Ay € F.

(F3) If Ae Fand AC B€eT, then Be F.

A filter F in I" is a maximal filter or an ultrafilter
in I, if for every filter A in I' that contains F we
have A = F.

A filter F on (X,7) converges to a point
x € X if 7, C F, where

T, ={UCX:2e€V CU for some V €7}

is the collection of all neighborhoods of x € X. In
this case, the point is called a limit of the filter F
and we write x € limJF. A point z is called a clus-
ter point of a filter F if x belongs to the closure of
every member of F. Clearly, x is a cluster point
of a filter F if and only if every neighborhood of x
intersects all members of F. This implies in par-
ticular that every cluster point of an ultrafilter is a
limit of this ultrafilter. It is obvious that a subset
A C X is closed in 7 if and only if a limit of any
filter containing A belongs to A.

Let X4 denote X with discrete topology.
Now we describe the Stone-Clech compactification
B8Xq of X4. We take the points of 65Xy to be the
ultrafilters on Xy, identifying the points of X, with
T={ACX,:zxcAlandlet A={pefXy:Aec
p} for A C X. The topology of X, is defined by
stating {4 : A C X} as a base for the open sets.
Then clgx,A = Afor A C X,. If Abe a filter then
A={pepBXy:ACp}is a closed subset of 3Xj.
Also, if T be a subset of 85Xy, then A = T is
a filter and clgx,T = A. For more details see [5]
and [8]. If X be a completely regular space, then
the Stone-Cech compactification of X has been de-
scribed by similar way as space of z-ultrafilters, see
[2].

If X and Y are any completely regu-
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lar spaces, then any continuous function f
X RightarrowY has a unique continuous extension
85X — BY.

Lemma 2.1. Let f: Xg — Yy be a function. For
each p € Xy,

) ={AC Xq: f(A) € p}.
In particular, if A € p, then f(A) € f5(p).

Proof : See [5].

Now we review the definition of partition
regularity and a theorem that connect it with ul-
trafilters.

Definition 2.2. Let R be a nonempty set of subsets
of X. R is partition regular if and only if whenever
F is a finite set of P(X) (P(X) is the set of all
subsets of X ) and | JF € R, there exist A € F and
B € R such that B C A.

Theorem 2.3. Let R C P(X) be a nonempty set
and assume O ¢ R. Let

R'={Be€P(X): ACB for some A € R}.

Then (a), (b) and (c) are equivalence.

(a) R is partition regular.

(b) Whenever A C P(X) has the property that ev-
ery finite nonempty subfamily of A has an inter-
section which is in R, there is U € BGq such that
ACUCR.

(¢) Whenever A € R, there is U € X4 such that
AceUCR.

Proof. [5, Theorem 3.11].

3 Description of topological

concepts by ultrafilters

Let (X, 7) be a topological space. For x € X, with
respect to 7 on X, we define
¥ ={pepfXs:x€ ﬂ clx A}.
A€p

In fact, z* is the collection of all ultrafilters con-

verge to z. It is obvious that T € z*. We say p € z*
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is a near point to x. We define B(X) = (J,cx =*

and co* = fXg — B(X). p € B(X) is called
bounded ultrafilter and p € 0o* is called unbounded
ultrafilter. For FF C X define F* = {p € X4 :p C
Rp, where Rp = {AC X :clx(A)NF #£0}. Tt is
obvious that z* C F*, for each x € F'.

Theorem 3.1. Let (X,7) be a Hausdorff topolog-
ical space.

a) p € oo* if and only if for each x € X there exists
A € p such that x ¢ clx(A).

b) If 7, C p then p € z*.

¢) Let U C X, then U is a neighborhood of x if and
only if U € p for each p € x*.

d) Let A C X. Then x € clxA if and only if
ClﬁXdA Nax* # (.

e) For each x € X, 17, = (a* is a filter and
CZBXd (J}*) =Ty = mUe'rI CZﬁXdU'

f) Let A C X, then x is an interior point of A if
and only if x* C clgx,A. In particular, A is open
if and only if 2* C clgx, A for each x € A.

Proof. a) Let p € co*, so p & a* for each
z € X. Hence x & (4, clxA. Thus z & clx A for
some A € p.

Conversely, suppose for each x € X, there
exists A € p such that x ¢ clx A. Hence p ¢ B(X)
and thus p € co*.

b) Let U € p for each U € 7, thus UN A # 0
for each U € 7, and for each A € p. This implies
x € clx A for each A € p. Therefore p € x*.

c) Let U € 7, and p € x*. Since UN A # ()
for each A € p, so U € p.

Conversely, let U € [,c,.p and z ¢

intx (U). Then x € clx(U°), there exists p € fX4
such that U¢ € p C R. This is a contradiction.
d) By Theorem 2.3, there exists p € X4 such that
A € p € z*. This implies that clgx, AN z* # 0.
Now let clgx,ANa* # ), so there exists p € z*
such that p € clgx,A. Thus A € p € z* and so
T € clxA.

e) and f) are obvious.

For every net S = {Za}aer in a topologi-
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cal space X, the family F(S), consisting of all sets
A C X with the property that there exists o, € T
such that z, € A whenever a > «o, is a filter
in the space X,( see Theorem 1.6.12 in [3]). So
{{za : @ > ao} : ao € I} has the finite intersection
property.

Theorem 3.2. Let X be a topological space. Then:
(a) Let {xo}tacr be a net in X. If x, — p in fX4
for some p € x*. Then xo — x in (X, 7).

(b) Let {xo}tacr be a net in X and let xo — = in
X. Then there exists p € x* that is a cluster point
of {Za}acr in BXq.

(c) Let A C X be closed. Then A is compact if and
only if clgx, AN oo* = 0.

Proof : (a) Let U be an open neighborhood

of . Then U € p,(Lemma 3.1), and so there exists
B € I such that z, € U for each o > 3. This im-
plies z, — z in (X, 7).
(0) {{zy : v > B} : B € I} has the finite inter-
section property then there exists p € X, that
{zy :~v > B} € pwhen 8 € I. Since z, — z in
X. Thus for each open neighborhood U of z, there
exists § € I such that z, € U when v > 8 and
so U € p. By Lemma 3.1 ii), implies p € z*. Tt is
obvious p is cluster point of {x4 }aer in SX4.

¢) Let A C X is compact and clgx, ANoo* #
0, so there exists a net {z,}aes in A such that
zo — p for some p € clgx,A N oo*. Since A
is compact so there is a subnet {zg} such that
xg = x € A and so by (b), there is ¢ € z* such
that xg — ¢. This implies p = ¢, and hence by

Lemma 3.1 we have a contradiction.

Conversely, Let clgx,ANocc* = and A C X
is not compact. Hence there is a net {x}aer in 4
such that any subnet of {z,}qcs is divergent in A.
Since 8X, is compact, so there is a subnet {zg}
such that x3 — p € clgx,A. Also p € co*, because
if p ¢ oo* then p € y* for some y € X. So by (a),
xg — y in X. This implies that y € clx A and this
is a contradiction. Thus p € clgx,(A)Noo* and we

have a contradiction.

Theorem 3.3 (Robinson’s Compactness). Let
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(X, 7) be a topological space. Then A C X is com-
pact if and only if for every p € clgx, A there exists
x € A such that p € x*.

Theorem 3.4. Let (X,7,) and (Y,7,) be topo-
logical spaces. Then the following statements are
equivalence.

a) f: X =Y is continuous.

b) For each x € X, f8(z*) C (f(x))*.

¢) f%: B(X) — B(Y) is well defined and continu-
ous.

Let f: X —» Y
is continuous, and pick p € z*. We must show
f2(p) € (f(x))*. By Lemma 2.1, we have

o) ={ACY: f}(4) ep}.

Now let f~*(A) € p for some A C Y, so x €
clxf1(A). Hence there exists a net {z,} C
f~1(A) such that z, — x and so f(za) — f(z).
This implies f(x) € clyA and hence f°(p) €
(f ()"

b) implies a).

Proof : a) implies b).

Let fP(z*) C (f(x))* for
each * € X. Let there exists a net {Zs}aer
such that z, — z for some x € X and f(z,)
is not convergent to f(x). Since z, — x so for
each open neighborhood U € 7, of x there exists
Bu € I such that z, € U for each a > By. Thus
A={{zq:a>py}:z €U e 1.} has the finite
intersection property. Therefore there exists an ul-
trafilter p contains A. It is obvious p € z*,( because
for each A € p and for each open neighborhood U

of z, we have ANU # 0 sox € clxA.)

Since f(zo) is not convergent to f(z), so
there exists a sub net {xg} such that xg — = and
for some open neighborhood U of f(x), f(zg) ¢ U
for each 8. Since U is an open neighborhood of
f(z) so for each B C Y, if f(z) € clyB then
UNB # (). This implies (f(z))* C clyU, in partic-
ular, U € f#(p) and hence f~1(U) € p, (see Lemma
2.1 and 3.1). Now we have {xg: 8} N f~1(U) # 0,
and this is a contradiction.

a) and b) implies c). It is obvious.

c) implies a). Let U € 7y then clgy,(ry) C
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gy, (U). This implies clgx,(Tx) C
(f) " elav,(U)) = clgx,(f~(U)). This implies
fﬁl(U) € Tx.

Theorem 3.5 (Open Mapping). Let (X,7x) and
(Y, 7y) be two topological spaces, let f: X =Y be
a continuous function and x* be a closed subset of
B8Xy for each x € X. Then f is open if and only if
(f(x))* C fB(x*) for each x € X.

Theorem 3.6. Let (X,7x) and (Y,7y) be two
topological spaces, let f : X — Y be a continu-
ous function, and let K be a compact subset of X.
Then f(K) is compact.
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Abstract: we present a procedure to find a first integral and consequently an integrating factor for a class

of second order ODEs.
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1 INTRODUCTION

We obtain some of the foundational results about
A-symmetry, first integral and integrating factor for
vector ODEs of second order 7 = f where 7 = ui +
wj and f = Fy(x,u,w, i, )i 4+ Fy(z,u,w, 0,10)]
also w and w are arbitrary functions, @ denote the
derivative of u with respect to x and w denote the
derivative of w with respect to x. Using a the-
orem, we obtain a procedure to find an integrat-
ing factor pi(x,u,w,d,w) of i = Fy(z,u,w,u,w)
and an integrating factor ps(x,u,w,d,w) of w =
Fi(z,u,w,4,w) and consequently a first integral
I(z,u,w,u,w) for vector ODEs of second order

P

2 Integrating factor for cou-
pled 2-order ODEs

In this section, we present a procedure to find an in-
tegrating factor and consequently a first integral for

a vector ODEs of second order of the form 7 = f.

*Corresponding Author

We consider a vector ODEs of second order

P=f (1)

where # = wi + wj and f = Fl(m,u,w,d,u'}):i +

Fy(x,u,w,1,1w)j also u and w are arbitrary func-

tions, % denote the derivative of u with respect to

x and w denote the derivative of w with respect to

x. Therefore we have coupled second order ODEs
of the form

i = Fy(z,u,w,0,w), (2)

(3)

where F; and F5 are analytic functions of their ar-

W = Fy(x, u,w,4,w).

guments.

We denote by A = 0, + 40, + wd, +
F10y, + F20,
a vector ODEs of second order of (1).

the vector field associated with
Func-
tion I(x,u,w,q,w) is a first integral for (1),
such that A(I) = 0.
of (2), is any function pi(x,u,w,d,w) such

that  p(z,u, w, w0, w)(4 — Fi(x,u,w,,w))

An integrating factor

D, I(z,u,w,u,w) and

of (3),

an integrating factor

is any function po(z,u,w,d,w) such

fDepartment of Mathematics, College of Basic Sciences, Karaj, Islamic Azad University, Alborz, Iran.
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that  po(x,u,w, 4, w)(w — Fo(z,u,w,d,w)) =
D, I(z,u,w,u,w).
The vector field v = &(z,u)d, + n(x,u)d, is
a A-symmetry of u(™) = F(z,u("=) if and only if
[ (=D A] = A =Dl 7 4 (4)
for some A € C®(MW), 7 = —(A+\)(&(z,u)) and
oDl = ST Dy 4+ A (1), [1].
Using (4), the vector field v1 = 9, is a A;-
symmetry of (2) if and only if
(A1) A = Fru—MFi0)00— (Fou+ M Foy) 0y = 0,
(5)

where vy‘l’(l)] = 0, + M0, and the vector field
Vg = Oy 18 & Ag-symmetry of (3) if and only if

(A()\2)+>\§—F2w—)\2F2w)5’w—(F1w+)\2F1m)3ﬂ =0,

(6)

where vg)‘z’(l)] = 0w + X204
Theorem 1. A system of the form

I, = (Mt — Fr) + pp(Aw — F),

I, = —pa ),

Ly = —a)o, (7)

Iy = o,

Ly = po,

is compatibly for some functions Ay (z, u, w, @, w),

>\2(xauaw7uvw)a Hl(x7u7w7ua IU) and ,U,Q(I,U,w,’d, IU),

if and only if p; is an integrating factor and v; = 0,
is a Aj-symmetry of (2) also us is an integrating
factor and vy = 0y, is a Ag-symmetry of (3). In this
case I(x,u,w,u,w) is a first integral for a vector
ODEs of second order of (1).

Proof: Let I(x,u,w,,w) be a first integral for a
vector ODEs of second order of (1), then pq = I
is an integrating factor of (2) and pe = I; is an
integrating factor of (3). Let v; = 9, be a A;-
symmetry of (2) then A(I) = 0 and vPMI(1) =0
also, Let vy = 0, be a Ay-symmetry of (3) then
A(I) = 0 and v*2(M(T) = 0, hence we get

Al =0= I, = —ul, —wl, — Fip — Faus,
U[)‘l’@)]([) =0= Iu = —>\1[1-L = —)\1/.1,1
’UD‘Z’(Q)](I) =0=1,=—X1; = —AQ/J,Q.
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Therefore we have the system of the form (7).
We prove that, when (7) is compatible, necessarily
vy = O, 18 a Aj-symmetry and necessarily vy = 0y,
is a Ag-symmetry. The compatibility conditions be-

tween the equations (7), provide the following con-

ditions
AN) = Fro+MF— M+ %(qu-i-)szu)
1
(8)
AX2) = Fou + XoFay —Ag‘f‘%(Flw‘F)\ZFlw)
9)
A(pr) = —pa(Fra — A1) + peFoy, (10)
A(p2) = —p2(Fap — A2) + p1 Frw, (11)
AMiw = —Alwll + Aafigy + Aoy iz, (12)
Miu = —Aiaf — Mg, (13)
How = —A2who — A2fi24, (14)
Hlw = —A2ai2 — Aopi2q, (15)
Hou = —Alifl — Afia, (16)
Mo = Hoa- (17)

Using (8), we get (A(/\l) + A= Fy — )\1F1u>#1 -
(qu + /\1F2u>,u2

Ly = p2 # 0, hence
(Fout A Poa ) T =
Fro — /\lFm)aﬂ — (P + AlFM)aw — 0 and by

comparing of (5), implies that v; = 9, is a Aj-

0, since I, = py # 0 and
A()\l)ﬁ-)\%—Flu—)\lFlu)Iﬂ—

— I

, or correspond (A()\l) +A2—

e N O

symmetry of (2) also using (9) and by comparing
of (6), implies that vo = 9, is a Ay-symmetry of
(3).

Using (10) and (11), we get

A
AL = Alm) _ &qu + Fiq, (18)
M1 H1
A
Ay = M — ﬂFm} + Fh. (19)
H2 H2

In summary, a procedure to find integrat-
ing factors p1, e and consequently a first integral
I(z,u,w,u,w) for a vector ODEs of second order
of (1) is as follows:
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e Using (18) and (19), substituting A\; and Ay
into (8),(9),(12)-(17) and solving them, we
get, integrating factors p; of (2) and pe of

(3).

e Substituting py and po into (18) and (19), we
obtain, the functions A\; and Ao, therefore the
vector field v; = 9, is a Aj-symmetry of (2)
and the vector field vo = 9, is a Ao-symmetry
of (3).

e Substituting the functions pq, po, A1 and Ag
into the system (7) and solving them, we find
a first integral I(z,u,w,u,w), for a vector
ODEs of second order of (1).

Example 2.
We consider the Kepler problem in the u —w plane,
that is,

Pt 7% =0, (20)
where 7 = uwi + wj and r = |#|. The respective
equations of motions are

= F(zuw,a),  (21)
(W + )}
i = —m = Fy(z,u,w, i),  (22)

Using (18) and (19), substituting A; = 442 and
Ao = A2) into (8),(9),(12)-(17) and solving them,
we get, u1 = w and py = w that are particular so-
lutions of this equations. Substituting p; = w and

w2 = w into (18) and (19), we obtain, the functions

AL = —Afﬁl) =% and Ay = —AL’;” = % therefore the
vector field v; = 9, is a A\j-symmetry of (21) and

the vector field v = 9, is a Ag-symmetry of (22).
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Substituting the functions p; = w, pe = u, \; = %
and A2 = % into the system (7) and solving them,
we find a first integral I(z,u, w, %, w) = wu — uw,
for a class of second order ODEs of (20).
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1 INTRODUCTION

Hu introduced reduced cohomology group on
groups in the paper [2] and said relationships be-
tween it and cohomology groups and cohomology
local groups. If every local p-map f : VP — C
of X into C for every p > 0 extends to a local p-
map f* : XP — C defined throughout X? and X
act on C simply, then HE(X, C) is isomorphism to
HY(X,0).

On the other word, Goldbring is said if X be a
Hausdorff topological local group and ¢ open con-
tinuous map. and X extend to topological group H
and let ¢ : H — H be the unique extension of ¢ to
and endomorphism of H then is a contractive near-
automorphism and quotient H on union of kerp™ is
locally isomorphic with topological local group X.
Now, we prove that cohomology topological
local group is isomorphic with cohomology
extended topological group of topological lo-
cal group.

For working we will use of theorem Goldbring [3]

*Corresponding Author
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2 Primary Definitions

Definition 2.1. Let X be a set with topology Tx
is called topological local group that satisfying the

following condition.:

(i) There is supposed to be an element e € X
such that exx and x xe exist for every xr € X

and xxe =ex*xx;

(1)) Vx,y € X,V € x)ay € V= 3U € 7x)
yeUand zU CV;

(i11) The set D =: {(z,y) € X x X|zy € X} is a
neighborhood of (e,e) in X x X, and multi-
plication (z,y) — zy : D — X is continuous
at (e,e);

(iv) X1 =X;

(v) Inversion x — x=1 : X — X is continuous at

€.

(i) (VyeX,Verx)yeV= AU ecrx)eclU
and Uy C V.
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Definition 2.2. We say that a topological local
group X is enlargeable if there exists a topologi-
cal group G and a morphism ¢ : X — G such
that ¢ : X — ¢(X) is a homeomorphism related

to equivalent.

Definition 2.3. Let X and G are topological local
groups, X operates on the left G means:

There is a neighborhood X1 of 1 in X and
a neighborhood Gy of 1 in G such that for every
x € X1, g € G1 there exists xg € G with the fol-
lowing condition:

1. xg is continuous on x and g;
2. We always have 1g = g For each g € G1.

3. If gi,90 € G1 and g1go is defined in Gy
then xg1 € Gy is defined for oll x € X3

93(9192) = (3391)92

4. If z1,20 € X1, g € G1 are so that x2g and
x172 are defined on G1 and X1 respectively,

r1(229) = (T172)g

3 Cohomology of Topological

local groups

In this section, we describe the cohomology of topo-
logical local groups HP(X,C). We shall use the
non-homogeneous cochain exclusively. X is a topo-
logical local group, N a group and C' is a center of
N.

We are going to define a coboundry operator for

every p > 0:
§:C%(X,C) — CPT(X,0)

Let k € C7(X,C), then there is f : V' — C such
that k& = [f] such that V be a neighborhood of 1
in X. such that for every x € Vj, xc is define in
neighborhood U; of 0 € C and choose Vi C Vj and
VP c f~1(U;y). Let Vi be a neighborhood 1 € X
such that zy € V; for all z,y € V4. Now we define
a locally (p + 1)- map

77

(5f(l‘1, ...,.TQ) =
xlf(xlv "'7xp+1)+
4
Z(—l)lf(xh vy LiLi41, ~-7»Tp+1)
=0

+(=1) ' f(m1, ey p)

For each (z1,...,2p11) € V&' We can be
verified that the locally (p + 1)- cochain [df] de-
pends only on the given locally p- cochain k such
that 6k = [6f] and ¢ is a homomorphism and
3ok = 0.

3.1 Main Theorem

Lemma 3.1. [3] Suppose X be a Hausdorff topo-
logical local group and ¢ open continuous map. Let
H be enlargement of X and let p : H — H be the
unique extension of ¢ to and endomorphism of H.
Then the map @ is open. and for F =, ker(¢™)
we have :

1. F is a discrete normal subgroup of H and
(TOJ_I(F> =FI;

2. ¢ descends to a contractive

near-
automorphism
vorp:H/F - H/F, @p(aF):=¢(x)F;
3. for any symmetric open neighborhood U C X
of 1 with U x U C D, the image n(U) of U
in H/F id open, and map

z— ok U—H/F
is an isomorphism X|y — (H/F)|xw) of
topological local groups.

Hu introduced reduced cohomology group on
groups in the paper [2] and said relationships be-
tween it and cohomology groups and cohomology
local groups. If every local p-map f : VP — C
of X into C for every p > 0 extends to a local p-
map f* : XP — C defined throughout X? and X
act on C simply, then HY (X, C) is isomorphism to
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N
SO
v

HY(X,C).
We want to use this subject and explain the follow
theorem.

theorem 3.2. We consider presupposition Lemma
3.1. Then HY(X,C) cohomology of local group X
on abelian group C' is isomorphism to cohomology
of topological group HE(H/F,C) for all p > 1.

Proof. By Lemma 3.1 is an isomorphism
Top: Xlu = (H/F)|xw)

of topological local groups then continuous open
map 7 o ¢ induces an isomorphism (7 o ¢)* on co-

homology of topological local groups
HY(X,C)— HY (H/F,C).

We have X is enlargeable to topological group H
then for every topological group C' and continu-
ous map X — C|, by [4, Theorem 4.1] there exists
unique continuous map H — C' which commutes
this diagram. F' is a closed normal subgroup of H
then H/F is a topological group and v is a con-

e H-— " H/F

tinuous map. Therefore local p-map 7(U) — C
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extends to H/F — C then by [2, Theorem 12.4],
we have reduce cohomology HY (H/F,C) is isomor-
phism wit local cohomology H? (H/F,C). So

HE(X,C) = HP(H/F,C).
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Abstract: Let C.(X) be the subalgebra of all real-valued continuous functions with countable image. We

introduce and study C.;(X) as the set of all functions in C.(X) with compact support. We also define X,

as the subspace of X such that X = Ugcc, (x)suppf. It is shown that Ce,(X) is isomorphic to Cer(Y), as

pure objects if and only if X, homeomorphic with Y.
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1 INTRODUCTION

In this paper, all of spaces are zero-dimensional and
hausdroff . C(X) denote the ring of all continu-
ous real-valued functions defined on X and C.(X)
is subalgebra of all functions with countable range
inC(X). This ring i.e., Co(X) introduced in [4].
This paper is devoted to an investigation of sub-
space of X i.e., X for which purity C.,(X) char-
acterized through this subspace. At first, we state
some preliminary definitions, results and symbols.
Every ideal of C.(X) is denoted by Ic and Za(f)
is the zero set, for f € C.(X), see [4]. Cex(X) and
OF are defined as follows: C..(X) = {f € Co(X) :
CLxcozf = suppf is compact}

OF ={f € Co(X) : K CintgxCLx Zc(f)}

Ideal I, of C.(X) is Pure if for each f € I, there
exists g € I. such that f = fg and in this case
g(x) =1 on support(f).

Maximal ideals of C.(X) are precisely the sets
M? N Ce(X) for each x € X, such that M?* is

*Corresponding Author
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maximal ideal in C.(X), see ( [3] and [9] ).

Bkoueh in [2] proved that if X is locally compact,
then Cyx(X) = {f € C(X)
pure. Abu-osba and Ezeh in [1] without assum-

: suppf is compact} is

ing local compactness characterized purity of the
ideal C%(X) C C(X) using the subspuce Xj i.e., the
set of all points in X with compact neighborhood.
These interesting results motivates us to introduce
and study C.r(X) and C¢; in this the present pa-
per. We denote Cor(X) = Ufecck(X) suppf, so
X C Xy, if Cx(X) is pure (see[1]).

2 The properties of X, and
Cex(X)

The following results investigate same properties

Cer(X) and relations between X, and C.x(X).

Lemma 2.1. Ci(X) is an ideal in C(X).

Proof. Let f,g € Cr(X), 2(f +¢9) 2 z(f) N z(g),
hence CLxcoz(f+¢g) C CLx(X — (2(f)Nz(g9)) =
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CLx(X — =(f) U (X = 2(g)) = CLx(cozf U
cozg) = CLxcozfU CLxcozg is compact. So
CLxcoz(f + g) is compact, since X is Hausdroff
and f,g € cx(X) ,SO f +g € Cip(X). We
show that f.g € Ci(X), for every f € C(X)
and g € Cr(X). For this, CLx(X — z(f.9)) =
CLx(X —2(f)Uz(g) = CLx(cozf) NCLxcozg C
CLxcozg. By suppose CL(x)cozg is compact.
Since CL,(cozf) N CLy(cozg) is closed and X is
Hausdroff, so C'Lxcozf.g is compact. Hence f.g €
CK(QL‘) O

Theorem 2.2. If I is an ideal in C(X), then
I. =1NC.(X) is an ideal in Co(X).

Proof. Let f.g € I., since I is a ideal of C(X)
f+g el But Im(f+g) C Imf+ Img. by
suppose [Imf + Img| < Vo, so |[Im(f + g)] < N,
ie, f+ge€ C.(X). Consequently f+ g € I.. But,
if felc, ge C(X), then f.g € C.(X) and since
f eI and I is aideal C(X) we infer that f.g € T
and we are done. O

Corollary 2.3. C.x(X) is an ideal of Co(X).

Proof. By Theorem 2.2 and this fact that
Cor(X) = Cr(X)NC(X). O

Definition 2.4. Ideal I. in C.(X) is called a Z,-
ideal if Z(f) € Z(I.) then f € I., for every
f € C.(X) or the otherhand Z ~1(Z(I¢)) = IcR.

Lemma 2.5. Cog(X) is a Z¢ ideal.

Proof. Let, Z(h) = Z(f)foreveryf € Cc,(X) and
h € C.(X). Then, suppf = CL (X — Z(f)) =
CL,(X — Z(g) = suppg is compact s0 g € Ce(X).
r

O

Lemma 2.6. Let ¢ be a ring and I an ideal in ¢.
Then an ideal A of I is prime in I if and only if
A=1nNP, for some P, prime in @. furthermore,

p is unique if A is proper.

Proof. See[T]. O
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Corollary 2.7. Let I be an ideal of C(X), then its
mazimal ideals are precisely the ideals of the form
INM, where M is mazimal in C(X) and M does

not contain.

Proof. Let, A= MNI,M 2 I and M is maximal
ideal in C(X). Then £ = Lo =~ MiK — C](\f)

is field, which implies A is a maximal ideal of I.

Conversely, Suppose A is a Max ideal of I. By
Lemma 2.6. there exist M prime in C(X) such
that A = I N M. We claim that M is Maximal
ideal in C(X). To see this, assume there exist an
ideal M’ in C(X) with M € M’ C C(X). Let
s € C(X)\ M’, the residue class ring % is field,
with unity e + A say, then e?s+ A = es + A, which
implies e(e — s) € A. Since M is prime and e ¢ M,
soes—s € M. Simce A=INMcInNnM CI
and A is Maximal in I we infer that TN M' = A
or INM' =1. But es—s € M’', hence es ¢ M’,
so we must that I N M’ = A. Now let v € M’
then e € IN M’ = A, which implies that ze € M.
Hence x € M. This shows M’ = M.

The uniqueness follows from lemma 2.6.

Previous results, we share for C.(X).

Lemma 2.8. let I. is an ideal in C.(X), then.
its mazximals are precisely the ideals of the form
I.N M., whence M, is mazimal in C.(X) and M,

does not contain.

Proof. Since is a commutative ring with unity.
see[3] O

Lemma 2.9. X = ¢ if and only if Cer,(X) = (0).
Proof. let Xo = ¢ ie., Usec,, suppf = ¢ so
suppf = ¢ for every f € Cer(X). Hence cozf = ¢
for every f € Coi(X) L., f =050 Cox(X) = (0).
Conversely, It is evident, f = 0, then suppf = ¢.
Hence X = ¢. O

Remark 2.10. We introduced subspace X; C X
in section 1, the set of all points in X with compact
neighborhood (nhood). But, in the general case,

X; # Xy. Here we give an example of a space
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such that X # X1 . In [1 J,we has be shown that
X1, = coz(Cx(X)) so X, is an open subspace of X,

Example 2.11. Let X = [—1,1] with all points
are isolated except for x = 0 has its usual nhoods.
Then X1, = X — {0} . It is enough ,let be

fla) = 1 z=a

0 otherwise
for every a € X — {o}, f € Cx(X). Now , let

1 *
r r==-n€e”
g(z) = "
0 otherwise

then suppg = {*,n € Z*} U{o},g € Cur(X) i.e
0inX. . Hence X; # X.

3 Relation between
Cox(X) and X

purity

Brouche in [3] proved that if X is locally compcat,
then Ci(X) is a pure ideal. Abu osba and AL.
Ezeh in [1] have shown that there are non-locally
compact spaces X such that C(X) is a non-trivial
pure ideal. in this paper,According to this we study
purity of C(X) and it’s Relationship with X.. At
first, we give an example of a pure ideal.

Example 3.1. Let X = Q with all points have
their usual nhoods except for x = o is isolated then
Co(X) = {f € Co(X) : f =0 except for x = 0}
Since Q is countable, so Co(X) = C(X). Since if
there exist f € Ci(X) such that f(z) # f(0) and
x € cozf, there are a sequence of rational num-
bers, {rn} say, that {r,} is convergence to x, in
this case, suppf is not compact i.e f ¢ Ce(X). We
show that Cox (X) is pure. Let g(0) =1 and oth-
erwise g = 0.Then g € Cox(X)and f.g = f,for
every f € Cok (X).

Theorem 3.2. Let I, be a Z. ideal contained in
Cer(X) then I, is pure ideal if and only if cozl. =
User, suppf.
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Proof. Let I. be pure ideal it is clear that cozl. =
Uger,cozf C Uger suppf. Now, if f € I, then
there exists g € I, such that f = fg. so g =1
on suppf. Thus suppf C cozg. Hence cozl =
User, suppf.

Cnversely,letcoz 1. = Ugper suppf. if g € I,
then suppg C Uyser suppf = cozl, = Uyper cozf.
So suppg C Ui, cozfi, for fi,fa,....fn € L
since I C Cg(X) and suppg is compact. Let
h=>", f% Then h € I. and cozh = |J}_, coz f;.
Whence X is zero dimensional and suppg is com-
pact, we have k(suppg) = 1 and k(Z(h)) = 0, for
ak € C.X). Hence g = gk and Z(h)) C Z(k).
therefore k € I, since I, is a Z, ideal .Thus is pure
ideal of Cx(X).

Corollary 3.3. X is subspace open of X if
Ceor(X) is pure..

Proof. Since coz(Cer(X)) = Ujec,, (x) suppf =
X O

Theorem 3.4. Let Co(X) be pure ideal then for
each proper ideal 1. of Ce(X), cozl. is contained
properly in X.

Proof. Suppose I. C Cex(X)), Evidently cozl. C
X -We show that cozl. # X, . Otherwise
Let f € Cux(X), Since Cer(X)
is pure ideal we infer that suppf C X, = cozl..
Hence suppf C U, fi,where f; € I, for each
i. Suppose g = >0 f2. Then g € I, and
cozg = J;_, coz f; Define

cozl, = X, .

h(z) = g(x) x € cozg
0

otherwise

then h € C.(X), since suppf C cozg. More-
over f =gh e I.. So Cet(X) =1, O

Remark 3.5. If C.,(X) is not pure, then theo-
rem 3-9 need not be true. Please note the following

example.

Example 3.6. Let X = [-1,1]U{1, ne N}
with the subspace topology. Then
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C(X) = { f € CulX) 5 cof C {2, n e N},
Cex(X) is not pure ideal of C.(X), since o ¢
c02Ce(X) but o € Xy .Because if cozf = {1, n €
N}, then suppf = {1,n e N}U{o}

Remark 3.7. whence the mazimal ideals of
Cer(X) are precisely the sets M. N Cerp(X) ( see
corollary 2.7) . So MZ& N Cep(X) is fived mazimal
ideal of Cer(X), for every x € Xy and MZ, fized
mazimal ideal in Co(X) , such that M2 2 Cer(X).
But the latter relation is true, because if Mg 2
Cer(X), then f(x) = 0, for every f € Cer(X).
Sox € Npeo, (x)Z(f) i-e., o & cozeep(X) = Xo.
This is a contradiction.

Finally using the previous results, we get our
the main result by the following theorem.

Theorem 3.8. Let Cor(X) and Cop(Y), be pure
ideals. Then X, is homeomorphic to Yy if and
only if Cer(X) is isomorphic to Ce,(Y).

Proof. If Ccr(X) is isomorphic to Ccr(Y), then
X, is homeomorphic to Y, . Whence Cu(X) ~
Cor(Y) and {MZNCo(X) :x € Xep} = X (set
of maximal ideals admits the hull-kernel topology).
Similarly {M* N Ce, (V) :y € Y} ~ Yy O

Conversely, suppose ¢ : Xg4 — Yy is
a homeomorphism. Let f € C.(Y),then f; o
¢ € CX.), where fi = f |y,. But cozf =
p(cozf1 o), since cozf C Y. Which implies that
o Y(cozf) = coz frop. Therefore CLx,, cozfiop =
CLy, ¢ (co2f) = ™ (CLycozf) = ¢~ (suppf).
Since suppf is contained in Y, for each f €
Cer(X), define g5 : X — R by

fO‘P(x) z€ Xy

95(z) = 0 r € X — o Y(suppf)

X is open, (here we used purity of Cer(X)) and
since suppgy = CLy,, cozf1 o ¢ is compact. Hence
gr € Cer(X). Now, define ¢ : Cop(Y) = Ce(X)
by @(f) = gy, then @ is a ring homomorphism.
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Now, we show that ¢ is one to one and onto.
Suppose @(f) = 0, then (f; o p)(z) = o for every
x € X¢. So cozfrop = @(cozf) = ¢, ie., f=o.
Let f € Cp(X). Define g: Y — R by

foo M y) yeYa

(y) =
9 o y €Y — o(suppf)

Then f € C.(X). (We used here purity Cex(X)).

Moreover if g(y) # o, then ¢~ l(y) €
cozf. So cozgC ¢(cozf). As a consequence
CLy,, (cozg) C CLy,p(cozf) = ¢(CLx(cozf) =
e(suppf). But CLy,,(cozg) = CLycozg = suppg.
Since suppg is compact, thus g € Ce(Y). Now

grop(x) zeXy

P(g)(z) = R r € X — o~ (suppg)
fFoytopln) xe X
o x € X — ¢~ (suppg)
—i(x)

so ¢(g) = f, i.e ¢ is onto. So Cex(X) is ring iso-
morphic to Cei (V).

Corollary 3.9. If C.,(X) is pure ideal, then
Cer(X) is isomorphic to Cer(Xep).

Proof. 1t is sufficient t, let Y = X in Theorem
3.8. O

4 Result

In this article, we prove that for every zero-
dimensional space X, topological properties sub-
space X of X characterize in terms of a suitable
algebraic property of C.x(X) as an ideal of C.(X).
We conclude X¢p, is a subspace of X with locally
compact neighborhood. This neighborhood is cre-
ated by suppf, for some f € C.(X).
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1 INTRODUCTION

A topological space X is said to be a Volterra space
(resp. weakly Volterra) [1], [2] if any finite intersec-
tion of dense G subsets is dense (resp. nonempty).
The name refers to a paper of Vito Volterra [3] who
proved that if f : R — R is any function such that
both C(f) = {z € R: f is continuous at x} and
D(f) = R — C(f) are dense in R, then there is
no function g : R — R such that C(g) = D(f)
and D(g) = C(f). Clearly, every Baire space is
Volterra, but the converse is not true in general.
In fact, if X = [0,00) with topology having basis
{[a,00) = F : a € X and F is a finite subset of
X}, then X is not of second category, because it is
the union of countably many closed, nowhere dense
sets {[0,n) : n € N}. However, each dense Gs-set
is of the form [a,00) — C, where a € X and C is
a countable subset. Therefore, the intersection of
any pair of such sets is also is dense. Hence, X

is Volterra. Gruenhage and Lutzer [3] have shown

*Corresponding Author
TSpeaker
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that a space that is T3 and has a dense metric sub-
space or is T3, metacompact, first countable and is
a o-space is Volterra if and only if it is Baire.

Let X = R~ U Q™" with topology inherited
from the reals, where R~ denoted the non-positive
reals and Qt the non-negative rationales, then X
is the union of dense G sets

Ay :R_U{I—): (p,q) =1 and q is even}
q
and
Ang‘U{gz (p,q) =1 and qis odd}.

But A1 N Ay = R~ is not dense in X. Thus X is
not a Volterra space. Since X contains a Baire sub-
set R™, the intersection of any countable G5 dense
subset of X is nonempty. So that it is a weakly
Volterra space. Hence, the class of weakly Volterra
spaces is strictly larger than the class of Volterra

spaces.

It is natural to ask under what condition(s) a

function, it preserves Volterra (or weakly Volterra)
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Unfortu-

nately, even continuous surjections do not preserve

property under image or preimage?

Volterra (and weakly Volterra) property under im-
ages. For example, the space of rational numbers
(which is not even weakly Volterra space) is the
continuous image of any countable set with discrete
topology, which is a Baire space. In the next sec-
tion, we will investigate stability of Volterra and
weakly Volterra property under images and preim-

ages of some mappings.

2 RESULTS

It is known that Baire Category is not preserved
under cartesian product. In 1998, Gauld et al. [1]
provided an example of a metric Baire space X such
that X x X it is not even weakly Volterra. We recall
that a topological space X is said to be resolvable if
it contains two disjoint and dense subsets. Cao and
Junnila [4] have show that the product space XxY
is not weakly Volterra if X is a Volterra space of
the first Baire category and Y is dense-in-itself sep-
arable metric space. Indeed, product of a Volterra
space which is of the first category and a resolvable
space that the points are G5 can not be a weakly
Volterra space.

Theorem 2.1. Suppose that X is a Volterra space
which is not of the first category and Y is a resolv-
able space with Ggs-set points. Then the product
space X XY is not weakly Volterra space.

Proof. There exists a decreasing sequence {G,, :
n € N} of dense open subsets of X such that
Mpen Gn = 0. As Y is resolvable, there exist dis-
joint dense subsets A and B in Y. Fix n € N.
The sets A’ = G,, x A and B' = G,, x B are
disjoint and dense in X x Y. Moreover, the fam-
ily {G,, x Y : n € N} is point-finite and open in
X xY and each set of the form G,, x {y} is a Gs-
set in X x Y. Hence, as A" = [J,c4 Gn x {a} and
B" = Jye g Gn x {b}, it follows that A" and B’ are
Gs-sets [4] which are disjoint and dense. O
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However, if product space of X x Y is
Volterra, then so is X and Y.

Theorem 2.2. (i) If product space of X xY is
Volterra, then so is X and Y.

(i) If product space of {X, : o € A} is Volterra,
then so is X, (Vo € A).

Proof. (i) Let A and B be two dense Gs subset of
X. Then A xY and B x Y are two dense Gs set
inXxYandso AxYNBxY =(ANB)xYis
dense. Therefore AN B dense in X.

(ii) Fix « € A. Let A and B be two
dense Gs subset of X,. Then A x H/#a X and
B x [[gzq Xp are dense in [[5. 4 X and so is
(AN B) x [[g2q Xp. Thus AN B dense in X,.
(Note that [T,cs Xa = [Toea Xa)- O

A space X is called P-space if every G-
subset of X is open. The space X called almost
P-space if each non-empty Gs-subset of X has non-
empty interior.

Note that, there is a hereditarily Baire space
and a hereditarily Volterra space such that the
product of them is not even weakly Volterra. In-
deed, consider R? the real numbers with the density
topology and let X = {f € 2«1 : f71(1) < w}
with the topology inherited from the countably
supported product topology on 2¢“*. Then each
subset of R? is Baire and X is P-space. But R% x X
is not weakly Volterra [5].

A function f from X to Y is called

(a) feebly open if for every open subset U of X,
int(f(U)) is nonempty.

(b) quasi open if for every open set V C X,
JU) Cintf(U).

(¢) feebly continuous if for every open subset W
of Y, int(f~1(W)) is nonempty.

(d) feeble homeomorphism if it is feebly open and
feebly continuous bijection.
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(e) quasi-continuous if for each open set V C Y,
we have f=1(V) Cintf~1(V).

Frolik [6] proved that if f is both continu-
ous and open mapping from a Baire space X onto
a topological space Y, then Y is Baire. In 1977,
Neubrunn improved Frolik’s theorem by showing
that the last result remains true if f only assumed

to be quasi-continuous and feebly open.

A similar result for Volterra and weakly

Volterra spaces has been proved in [1]:

Theorem 2.3. ([1, Proposition 5.1]) Suppose that
f: X =Y is continuous and feebly open. If X is
weakly Volterra then so is Y. If X is Volterra and

f s surjective then Y is Volterra.

In the case of Baire spaces, quasi-continuity
of f is sufficient. The following example shows that
we need the full strength of continuity and feeble

openness [1]:

Example 2.4. Let X =N, O denote the odd pos-
itive integers and E be the even positive integers.

For each pair (m,n) of positive integers let

Unn = {ze€X:eighter z>2m—1 and
€0 or xz>2n and xz€ E}.

Then {0} U{Uy,n : m,n € N} defines a topology
on X. It is readily checked that the two subsets O
and E are Gs and as subspaces are Volterra. From
ONE =0, it follows that X is not weakly Volterra.

Define f : E — X by f(e) = 5. The
function f is open because if Up,n, N E is open
in B then f(Upn NE) = Uz 2 ifn € E and
fUnnNE) = UnT-I—l’nT-%—l ifn € 0. Also, f is quasi-
continuous because for any open U, , C X, let
k = max{2n,2m—1}. Then Uy xNE C [~ (Upm,n)
and since Uy N E is dense in E it follows that
int(f~ (Upm.n)) is dense in f~ (Up.n). However,
E is Volterra but X is not even weakly Volterra.
Therefore quasi-continuous open bijections do mot
preserve Volterra property.

The next result gives a sufficient condition
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for preserving Volterra and weakly Volterra prop-
erty under preimages.

Theorem 2.5. Let f : X — Y be a one-to-one,
open and feebly-continuous function from topolog-
ical space X to Volterra (resp. weakly Volterra)
space Y. Then X is Volterra (resp. weakly Volterra)
space.

Proof. Let A and B be two dense Gs-subset of X.
Since f is one-to-one and open, f(A) and f(B) are
Gs-set in Y. Moreover, f(A) and f(B) are dense in
Y, as if V' be a non-empty open subset of Y, then
by almost continuity of f int(f=1(V))N A # 0 and
so f(A)NV # . Similarly, f(B) is dense in Y.

As Y is Volterra space, f(A) N f(B) is dense. Let
G C X be a non-void open set. Then f(G) is open
and intersects f(A4) N f(B) = f(AN B). Therefore
ANBNG # (. So X is Volterra space. A simi-
lar argument shows that if Y be weakly Volterra,
then so is X. The following example shows that
Volterra (resp. weakly Volterra) property may not
be preserved under preimage of continuous open
(or closed) continuous functions. O

The following example [1] shows that bijec-

tivity is necessary in Theorem 2.3.

Example 2.6. Let X =[0,2]NQ and Y = {0,1}.
Define f : X =Y by f(x) = 0 if x < /2 and
fl@y=14fx > V2. Then f is continuous, open
and closed but Y is Volterra whereas X is not weakly

Volterra; however both spaces are metric.

In our proof of Theorem 2.3, we need the full
strength of openness:
If A be Gs-set in X, then f(A) = f(N,en An) =
Mpen f(An). So image of Gs-sets under f are G5
if f be open. However, feeble openness does not
suffice to deduce that (), int(f(Ay)) # 0. More-
over, even if [ . int(f(An)) is non-void, then we

can not imply that it is dense in Y.
Mirmostafaee and Piotrowski [7] proved that

if f be quasi open and feebly continuous, and if U
be an open dense subset of X, then int(f(U)) is
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dense in Y, but it is not enough to prove density of
Mpen it(f(Ar)), unless Y is a Baire space.

Suppose that X is the set of real numbers of
with usual topology 7 and 7’ is the topology gener-
ated by TU{UNQ : U € 7}. Then the identity map
i: (X,7") = (X,7) is bijection, continuous and
nearly feebly open function. Since every nonempty
open subset of a Volterra space is weakly Volterra
[1, Corollary 4.2], (X, 7’) is not Volterra.
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Riemannian manifold or a product Riemannian manifold.
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Introduction its applied in some more branches of the sciences
and much has been published on this topic, see,
Let (X, d) be a metric space. A non-empty subset A for example [4, 5, 6, 8, 10]. Also in [1], md(X) is
of X is called a resolver of (X, d) if d(z,a) = d(y, a) computed in the cases that X is an n-dimensional
for all @ in A implies = y. The metric dimension Euclidian space E™, spherical space S™, Hyperbolic
md(X) of (X,d) is the smallest integer k such that space H™ and open subsets and convex sets of them
there is a resolver of (X,d) of cardinality & . A and also when X is a Riemann surface. In this pa-
resolver of (X, d) with cardinality md(X) is called per we are going to compute the metric dimension
a metric basis for X. As X resolves X every met- of a quotient Riemannian manifold or a product
ric space X has a metric dimension which is at Riemannian manifold.

most the cardinality |X| of X. For the first time
the concept of the metric dimension of a metric
space appeared in 1953 in [3], and attracted some
more attention in 1975 when it was applied to the
set of the vertices of a graph [7, 12]. Since then

*Corresponding Author
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Notations and examples

Let (X,d) be a metric space. For two distinct
points P and @ in X, we define the bisector B(P|Q)
by

B(P|Q) ={x € X [d(z,P) = d(z,Q)} (1)

A subset A of X fails to resolve X if and only if
there are distinct points P and ) in X such that
for all @ in A,d(P,a) = d(Q,a); then a subset A of
X is aresolver of X if and only if it is not contained

in any bisector.

For each open subset A in R (including R ),
since each point is between two points in A,(A is
open) then md(A) > 1. Also for each two distinct
point P and @ in A, B(P|Q) = {PLQQ} includes a
single point. Then each subset including two dis-
tinct points in A is a resolver for A. Then md(A) =
2. But for A = [a,b), a,b € R(including b = 00),{a}
is a metric basis for A. Then md(A) = 1.

Example () shows that for A C B C X in
general non of the inequalities md(A) < md(B) or
md(B) < md(A) is true. In fact the metric dimen-
sion of the subsets of a metric space depends hardly
on the shape of the subset.

For each two distinct points P,Q in S! the
unit circle, with P # £Q, {P,Q} is a metric basis
for S. Then md(S') = 2.

Let (X,d) be the following three standard

n-dimensional geometries of constant curvature:

(1) Euclidian space E™; that is R" = {x =
(1, n) | T € R} with the metric d(z,y) =
=yl

(2) Hyperbolic space H™; that is H" = {x € R™ |
xn > 0} with path metric derived from |dz|/zy,.
(3) Spherical space S™; that is S™ = {z € R"*! |
|z|| = 1} with path metric induced by the Euclid-
ian metric on R™*1.

Then the metric dimension of (X, d) in each
three cases is n + 1 [1].
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We denote by Bx(x,r), the open ball with
center « and radius r in (X,d). When (X,d) is
one of the above three cases, for each two distinct
points P and @, the bisector B(P|Q) is a Euclid-
ian, spherical or hyperbolic hyperplane [2, 9]. Then
in these cases each subset of n+ 1 points in X that
is not included in a hyperplane is a metric basis for
X. Then, in these cases, each open ball Bx(x,r)
includes a metric basis for X. We need these notes

and notations in the proofs of the next section.

1 The Metric Dimension of
Quotient and Product Rie-

mannian Manifolds

If (My, g1) and (Ms, g2) are Riemannian manifolds,
the product M; x Ms has a natural Riemannian
metric g = g1 @ go, called the product metric, de-
fined by

g(x1 + 22,91 +y2) = g1(21, 1) + g2(22, Y2).

where x;,y; € Tp, M; under the natural identifica-
tion Ty, poy M1 X Mo = T, My & Ty, M.

When we have two metric spaces, in general case
computing the metric dimension of the product
metric space of them is very complicated and is
not a constant function of there metric dimensions.
But in the case of Riemannian manifolds(without
boundary) we have the following theorem.

Let (M1,g1) and (Ma, g2) be two Rieman-
nian manifolds and d; be the path metric derived
If the metric dimension of (M;,d;) be
m;, then the metric dimension of (M x Ma,d) is

from g;.

my +mg — 1. Where d is the path metric derived
from the product metric g = g1 ® go.

Sketch of the proof. We show that if
{p1,P2,03, -, Pm, } and {q1, 92,43, -, @m, } be met-
ric basis respectively for (Mp,dy) and (Ma,ds),

then {(plaqi)a (pjaql) | 1= 1u ”-amlaj = 27 '“7m2}
is a metric basis for (M; x Mo, d).
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md(RxS) =3 and md(T™) = md(S* x ST x
Slx...xSHh=2n—(n—1)=n+1.

Let T" be a discrete group of isometries of
an n-dimensional homogenous Riemannian mani-
fold (X, g) acting freely on X. Then the orbit space
X/T is called an X-space-form. By [11, Theorem
8.1.3], an X-space-form is an n-manifold.

Let (X/T,d,) be an X-space-form equipped
with the metric Jg that is induced by the path met-
ric dy derived from g, the metric of the homogenous
Riemannian manifold (X,g). Then md(X/T) =
md(X).

Sketch of the proof. Let F' be a fundamental
domain for I' in X. Since X is a homogenous Rie-
mannian manifold one can show that F' contains a
metric basis. Let {p1,p2,p3, ..., Pmacx) } be a metric
basis for (X, dg) such that all p; are in F'. Then we

show that {[p1], [p2], [p3]; .-, [Pmacx)]} is a metric
basis for (X/T,d,).

md(S') = md(R/Z) = 2 and md(RP") =
md(S™/Zy) =n+ 1.
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Abstract: Foliations with transverse metrics or Riemannian foliated cocycles can be regarded as one the

significant class of foliations mainly due to the fact that they are the natural setting to generalize Riemannian

geometry to foliated manifolds. In this paper, taking into account the point that the holonomy group Hol(g)

of a Riemannian manifold (M, g) demonstrates the geometrical structures on M compatible with g, we have

comprehensively analyzed the Riemannian foliated cocycles via the holonomy groups. As a main consequence,

a complete classification of this particular geometric structure is presented.
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1 INTRODUCTION

In mathematics, foliation theory can be regarded
as a powerful geometric device which is applied
in order to study manifolds, consisting of an in-
tegrable subbundle of the tangent bundle. In other
words, a foliation locally looks like a decomposi-
tion of the manifold as a union of parallel subman-
ifolds of smaller dimension. Such foliations of man-
ifolds occur naturally in various geometric fields
such as solutions of differential equations and inte-
grable systems or in differential topology. In fact,
the concept of a foliation first appeared explicitly
in the work of E.hresmann and Reeb in the 1940’s
[1], motivated by the question of existence of com-
pletely integrable vector fields on three-dimensional
manifolds. Since that time, the subject has enjoyed
a rapid undeniable development. Nowadays, folia-
tions are the focus of a great deal of research activ-
ity in various fields.

In 1959 B.Reinhart introduced a particular type

*Corresponding Author
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of foliations which is constructed via a particular
geometric structure called Riemannian foliated co-
cycle [2]. When for a given foliation there exists
a Riemannian metric ¢ on M which is transverse
for F, we say that (M, g,F) is a Riemannian foli-
ated cocycle. This notion is quite intutive. As it
will be demonstrated in the current paper, the exis-
tence of this geometric stucture leads to creation of
a particular metric for which the leaves of the folia-
tion remain locally at constant distance from each
other. This class of foliations, can be regarded as
a well candidate and a significant device for mod-
eling situations drawn from mechanics and physics
and particularly plays a fundamental role in gener-
alizing Riemannian geometry to foliated manifolds.
Consequently, Riemannian foliated cocycles form a
natural class of foliations that is worth investigat-
ing from different aspects [3, 4, 5].

The holonomy group Hol(g) of a Riemannian man-
ifold (M,g) is an area of Riemannian geometry

which demonstrates the geometrical structures on
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M compatible with g. The investigation of Rie-
mannian holonomy has led to a number of sig-
nificant developments. The notion of holonomy
was firstly introduced by Cartan (1926) in order
to study and classify symmetric spaces [6]. It
was not until much later that holonomy groups
would be applied as a powerful tool in order to
study Riemannian geometry in a more general set-
ting. The decomposition and classification of Rie-
mannian holonomy has important applications to
physics, and particularly to string theory. In this
paper, we have thoroughly investigated the Rie-
mannian foliated cocycles via the holonomy groups.
As a main consequence, some significant character-
izations of this geometric structure is obtained via
the mentioned approach.

2 Holonomy Groups and Rie-

mannian Foliated Cocycles

Let M be a manifold, P a principal bundle over
M with fibre G, and V a connection on P. For
p,q € P, if there exists a piecewise smooth hori-
zontal curve in P joining p to g, write p ~ ¢. It
is clear that ~ is an equivalence relation. For the
fixed point p € P, the holonomy group of (P, V)
based at p is defined as follows:

Hol,(P,V)={g€ G:p~ g.p}

Let (M,g) be a Riemannian manifold with Levi-
Civita connection V!. Then the holonomy group
Hol(g) of g can be defined as Hol(V'). Then Hol(g)
is a subgroup of O(n), defined up to conjugation in
O(n). We will refer to the holonomy group of a Rie-
mannian metric as a Riemannian holonomy group.
Let M be a manifold of dimension n which is
equipped with a foliation F of codimension gq.
The foliation F is called to be modeled on a g-
dimensional manifold Mg, if it is defined by a co-
cycle x = {U;, pi, ¥i;}1 modeled on Mg, i.e. the
following conditions are satisfied [7]:

(a) : {U;} is an open covering of M.
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(b)
nected fibres, and

(¢) : Yijp; = @ on U; N Uj.

According to above definition, the ¢-manifold
M* = [ UM:, MF = ¢i(U;), is denoted as the
transverse manifold corresponding to the cocycle x

s 0 Uy — MJ are submersions with con-

and the pseudogroup H of local diffeomorphisms of
M* generated by 1);; the holonomy pseudogroup
representative on M™* which is associated to the
cocycle x. It is noticeable that M™* is a complete
transverse manifold and the equivalence class of ‘H
is called the holonomy pseudogroup of (M, F). In
this paper, in what follows, it is assumed that F
is constructed via a cocycle x and the transverse
manifold and holonomy pseudogroup associated to
x are denoted by M* and H, respectively. The fo-
liation F is called (transversally) Riemannian, if it
is constructed via a cocycle x = {U;, ¢;, ;5 } 1 mod-
eled on a Riemannian manifold (Mg, go) and such
that the transformations ;; are local isometries of
the Riemannian structure gq.

The concept of holonomy is closely related to that
of a transverse Riemannian structure on the folia-
tion. For a given point x on a manifold equipped
with a foliation of codimension ¢, one may consider
how the leaves near that point intersect a small g-
dimensional disk which is transversal to the leaves
and contains the given point. The ways in which
these leaves depart from this disk and return to it
are encoded in a group, called the holonomy group
at x. It is a quotient group of the fundamental
group of leaf through x. This group is of special
importance, because it contains a lot of informa-
tion about the structure of the foliation around the
leaf through z.

A Riemannian metric gg on the transverse bundle
Q= % of a foliation F' is holonomy invariant if
Lxgg =0, for any X € X(F).

Theorem 2.1. Let M be a manifold of dimension
n which is equipped with a foliation F of codimen-
Then (M,g,F) is a Riemannian foliated
cocycle if and only if the induced metric on the

ston q.

transverse bundle is holonomy invariant.
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Proof: Let L, be a leaf of F, T a path in
L., and let F and K be transversal sections of F
with Y(0) € E and Y(1) € K. Then we must prove
that

Hol®® () : (E,T(0)) — (K, Y(1))

is the germ of an isometry, in other words H =
Hol®¥(T) preserves the metric. According to the
definition of holonomy, we can assume that Y is in-
side a surjective chart, Q = (2!, ...,2?,yt, ..., y9) :
U — RP x R? of F and E,K C U. Without
loss of generality, assume that Q(¢) C {0} x RY,
so that the vector fields aiyi
the tangent bundle of E. Furthermore assume
that the holonomy diffeomorphism H : £ — K
is defined on all of E. By definition of H we
have: y'oH = y'|g, for i =1,...,q. Therefore

a(y'oh .
(gytj) )(P) =65, for i,j7=1,...,¢q, so:

Mol 0)) € 5 (D) + Ty (), o € E.

Y
Here we view T (,)(F) as a subspace of Ty, (M).

g form a frame for

Particularly we have [5]:

915 (Hap (22 () Hop (5 (D))

— 952 (M(p)), 5% (H(D)))

= 9i5(H(p)) = 9:5(p) = 92 (5% (P), 52 (1))-
Consequently, for an arbitrary transversal section
T at x € L, we obtain the map:

Hol” = Hol?F : 71 (Lo, ) — Dif fo(E)

which is a group homomorphism from the funda-
mental group of the leaf L, at z to the group of
germs at x of local diffeomorphisms of E with re-
spect to the point . We will say that Hol” is the
holonomy representation of the leaf L, at x. Its

image is the holonomy group of L, at z.

Theorem 2.2. Let M be a manifold of dimension
n which is equipped with a foliation F of codimen-
sion q. Then (M,g,F) is a Riemannian foliated
cocycle if and only if for any X,Y,Z € T(TM) the
following relation satisfied:
X (9(7Y,7Z)) — g([n X, 7Y ], 72Z) (1)
—g([vX,7Z],7Y) = 0.
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Proof: Suppose that the tangent distribu-
tion T'(F) to the foliation is Riemannian. The
complementary orthogonal distribution T(F)L to
T(F) in TM is Riemannian too, and we take it as
transversal distribution to the folation F. Also, we
call T(F) the structural distribution of F. Here we
denote by the same symbol g the Riemannian met-
rics induced by g on T'(F) and T'(F)~*. The projec-
tion morphism of TM on T(F) and T(F)~+ with re-
spect to the decomposition: TM = T(F) @ T(F)+,
are denoted by 7 and 7 respectively. According to
theorem (5.1) of [8], there exists a unique connec-
tion V7T (resp. VZ J‘) with respect to above decom-
position. We call VZ and VZ * the intrinsic connec-
tions on T'(F) and T(F)* respectively. According
to [8], we have:

VizxnY = 77X, 7Y], @)
VI FY =7 [nX,7Y).
Now, According to metric isomorphism T'(F)* ~
;:F(—A]/;.[), the proof completes. <

On a Riemannian manifold M, the distance be-

tween two points p and g can be defined as follows:

d(p,q) == inf{L(y) : v :[a,b] = M}

where v is a piecewise smooth curve with y(a) = p
and y(b) = ¢q. We remark that any two points
p,q € M can be connected by a piecewise smooth
curve, and d(p, q) therefore is always defined.

As a consequence of the above theorem, we have:

Theorem 2.3. Let M be a manifold of dimension
n which is equipped with a foliation F of codimen-
sion q. Then the following assertions are equiva-
lent:

(1): (M,g,F) is a Riemannian foliated cocycle.
(2): The foliation F is locally defined by Rieman-
nian submersions and the transverse changes of co-
ordinates are isometries.

(3): The leaves of the foliation F locally remain at
constant distance.
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3 Conclusion

In this paper, we have presented a comprehensive
investigation of the Riemannian foliated cocycles
via the holonomy groups. The holonomy group of
a Riemannian manifold can be regarded as one of
the basic significant objects that one can associate
to a Riemannian manifold. This geometric struc-
ture interacts with and contains fundamental in-
formation regarding to a great number of geomet-
ric properties of the manifold. In this paper, we
have demonstrated that the existence of a Rieman-
nian foliated cocycle on a Riemannian manifold is
equivalent to the existence of a Riemannian metric
for which the length of tangent vectors or curves
which are transversal to the leaves is invariant un-
der the holonomy group. In this case, the holonomy
group can be interpreted as a group of isometries
of a transversal disk. Furthermore, some geometric
characterization of Riemannian foliated cocycles is

presented via the mentioned approach.
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that ¢-recurrent Sasakian manifolds are ¢-symmetric and a generalized ¢-recurrent Sasakian manifold has

constant curvature.
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1 INTRODUCTION

It is well known that almost contact manifolds are
classified by the sign of sectional curvature (¢) of
the plane section that contains the associated vec-
tor field £ [1].
¢ > 0 and is called Sasakian manifold. Sasakian

Here we study the case in which

manifolds are the normal contact metric manifolds
and these are the odd-dimensional analogs of kahler

manifolds.

Takahashi [8] introduced the notion of lo-
cally ¢-symmetric sasakian manifold. As its gener-
alization, ¢-recurrent Sasakian manifolds and gen-
eralized ¢-recurrent Sasakian manifolds are defined
and studied in many papers [2, 3, 4, 6]. In this
paper we investigate ¢-recurrent and generalized
¢-recurrent Sasakian manifolds. We show thata ¢-
recurrent Sasakian manifold is ¢-symmetric. This
means that there dose not exist any none trivial ¢-
recurrent Sasakian manifold. Moreover, here it has
been shown that generalized ¢-recurrent Sasakian
manifolds are of constant curvature and so they are

locally symmetric and ¢-symmetric.

*Corresponding Author
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2 ¢-RECURRENT SASAKIAN
MANIFOLDS

Let (M, ¢,£,m,9) be a 2n + 1 dimensional almost
contact metric manifold, where ¢ is a (1,1) ten-
sor field, & is a vector field, n is a 1-form and g
is a Riemannian metric which satisfy the following
conditions for any X € T(M)

P =0, n(¢X)=0, n¢) =1
P°X = —X +n(X)¢, g(&, X) =n(X).

(1)

(2)

If,
(Vx9)Y = g(X,Y)§ —n(Y)X, (3)

and
(Vx§) = X —n(X)¢, (4)
then (M, ¢,&,m, g) is called a Sasakian manifold [1].
In a Sasakian manifold the following relations hold
(Vx§) = —o(X), (Vxn)Y =g(X,¢Y), (5
R(X,Y, &) = —n(X)Y +n(Y)X,
S(X,8) = 2nn(X),

gW,9Y)X — R(X,Y)pW.
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for any X, Y, W € T (M), where R is the Rie-

mannian curvature tensor and S is the Ricei tensor.

Definition 2.1. A Sasakian manifold is called ¢-

symmetric [8] if its curvature tensor R satisfies
for any vector fields X,Y,Z and W in T (M).

Definition 2.2. A Sasakian manifold is called ¢-
recurrent [5] if there exists a 1-form A such that

the curvature tensor R satisfies
P (VwR)(X.Y.Z) = AW)R(X,Y)Z,  (10)

and a generalized ¢-recurrent [7] if there exist 1-
forms A and B such that

B(W)(g(Y,2)X — g(X, Z)Y),
for any vector fields X,Y,Z and W in T (M).

Definition 2.3. A Riemannian manifold (M, g) is
called Ricci symmetric if its Ricci tensor S satisfies

the condition

for any vector fields X, Y and W in T(M), and it
is called Ricci ¢-symmetric [5] if

¢*(VwS)(X,Y) = 0. (13)

2.1 MAIN RESULTS

Theorem 2.4. (M**l g) is a ¢- recurrent

Sasakian manifold if and only if it is ¢- symmetric.

Proof. Using (2) and (9) and contracting the equa-
tions, we have

~VwS(Y,Z) +9(VwR)(, Y, 2),§) = (14)
A(W)S(Y, Z).

Replacing Z and Y by ¢ implies

=2nn(¢pW) = —2nA(W). (15)
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Thus by (1) we have
2nA(W) = 0. (16)
Since n # 0, we get A(W) =0 and
¢*(VwR)(X,Y,Z)) = 0. (17)
The converse is clear by putting A = 0. O

Proposition 2.5. A ¢- recurrent Sasakian mani-

fold (M?"F1 g) is a Ricci symmetric manifold.

Proof. Because of (14) M is a Ricci recurrent man-
ifold. Since A(W) = 0, M is a Ricci symmetric
manifold. O

It has been proved [6] that the 1-forms A and
B are related as A = — B in generalized ¢-recurrent
Sasakian manifolds, so we can say that a Sasakian
manifold is generalized ¢-recurrent if and only if

$*(VwR)(X,Y, Z) = AW)[R(X,Y)Z
—9(Y, 2)X + g(X, 2)Y].

Theorem 2.6. Any generalized ¢- recurrent
Sasakian manifold, has constant sectional curva-
ture.

Proof. By using Definition 2.2, (2) and (6) we have
—(VwR)(X,Y)§ = AW)[R(X,Y)E 4+ (18)
n(Y)X —n(X)Y] =0.
Now, in view of (9) and (19), we get

(19)
From [5], we know

R(X,Y)¢W = ¢R(X, Y)W + g(¢X, W)Y — (20)
g(W,9Y)X —g(Y, 2)¢X + g(X, Z)¢Y.

So, (19) and (21) imply
PR(X, Y)W +g(X, W)Y —g(W,Y)oX = 0. (21)

Now, applying ¢ on (21) and using (3) and (6)
imlpy

RIX, V)W =g(X, W)Y — g(W,Y)X, (22
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ugust

for any X,Y and W. This means that M is of con-
stant curvature 1. O

Since the curvature is constant, we can con-
clude the following.

2.7. A

Sasakian manifold is locally symmetric.

Corollary generalized — ¢-recurrent
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1 INTRODUCTION

In recently years equivariant moving frame method
has been many promotions, can be found details
in[1] and [5].

P.J. Olver [4] explain how can obtain recur-
rence formula and structure of algebras of differ-
ential invariants for finite-dimensional Lie groups
with equivariant moving frame method. E.L.
Mansfeld [6] has obtained algebras of differential
invariants with out calculate Murrer - Cartan forms
and only with correction matrix, K and whole of

computations has briefed in matrix computations.

In this article we explain method of obtain-
ing recurrence formula and structure of algebras of
differential invariants with correction matrix, K;
on the other hand K matrix components are gen-

erators of differential invariants algebras so we can

*Corresponding Author
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classify solutions of KdV equation as surfaces under
symmetry groups of this equation.

2 Korteweg-deVries Equa-
tion and Their Symmetry

Groups
We celebrated Korteweg-deVries (KdV) equation,
Ut + Uggy + UUy =0 (1)

The total space M = R® has coordinates (¢, x,u),
and its solutions u = f(¢,x) define p = 2 dimen-
sional submanifolds of M. We want to consider
KdV equation and their symmetry groups, for more
details see [8],
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3 Equivariant Moving Frame

We start by explanation the equivariant moving
frame construction. Let G be an r-dimensional Lie
group acting smoothly on an m-dimensional mani-
fold M.

Definition 3.1. ([5]) A moving frame is a smooth,
G-equivariant map p : M — G. There are two

principal types of equivariance:

p(g-Z)Z{
1)

Theorem 3.2. ([5]) Moving frame exists in a
neighborhood of a point z € M if and only if G

acts freely and reqularly near z.

left moving frame

right moving frame

For existance of moving frame, G must be
act free and regular on M. Acting freely mean-
ing that isotropy subgroup G, = {g € G| g-x =
xz} = {e} or equivalently, the orbits all have the
same dimension, 7, as G itself. Regularity requires
that, in addition, the orbits form a regular foliation.
In practice these conditions satisfy respectively by
prolongation of group action sufficently larg and by

choice of a appropriate cross section.

Theorem 3.3. (/5]) Let G act freely and regularly
on M, and let K C M be a cross section. Given
z € M, let g =7(z) be the unique group element
that maps z to the cross section: g-z =7(z)-z € K.
Then p: M — G is a right moving frame.

In aplication, we use the following proce-
dure. We define the cross section K as a set of
equations ¥g(z) =0, k = 1,--- ;r. The number of
equations, r, equals the dimension of the group. In
order to KC obtain the group element that takes z to
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K, we solve the so called normalisation equations,
wk(z) = O,kz 1,"- ,T.

The frame p(z) therefore satifies ¥;(p(z) *
z)=0,i=1,--- 7. If the solution is unique on the
domain U, then p is a right frame, one that satisfies
p(g*z) = p(z)-g~'. One chooses the normalisation
equations to minimise the computations as much as
possible for the application at hand. ([6])

3.1 A moving frame for KdV equa-
tion

We compute moving frame by the explaine method

in pre-section for KdV:
a = (3tu — m)uglc/g,

c:—u/ui/‘g, d=1/31n(uy).

b= —tug,,

4  Invariantisation map, Rec-
curence Formulas and Dif-

ferential Invariant Algebra

4.1 Invariantisation map

Definition 4.1. ([6]) The map = — I(z) =

p(z) - z is called the invariantisation map.

Definition 4.2. ([6]) For any prolonged action in
(@i, u™, uf)-space, the specific components of 1(z),

the invariantised jet coordinates, are denoted

Ji:I(l‘i), Ia:I(ua), I,?ZI(U?)

Definition 4.3. ([6]) We define total differential

operator:

D; =

D 9 - 0 0
DiL’i - 8277, + ZZU}“@

a=1 k

that is an operator on the jet space of a manifold.

Definition 4.4. (/6]) Also we define:

~ p ~
Di = D[;':i - ; (Dx) ik Di
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such that:
0x1 Oxyp
(D:c) = ((Di«)—l)m ,Di = : :
01 Oxyp

Definition 4.5. ([6]) A set of distinguished invari-
ant operators is defined by evaluating the trans-
formed total differential operators on the frame.
They are Dj = bj lg=p(z) where the l~)j are given
in definition 4.4.

4.2 Recurrence Formulas

Definition 4.6. ([6/) The
Nij, My are defined by

correction terms

DjJi:(Sij +Nij7 Dj[](:ZII?j +M;:j, (2)

where §;; is the Kronecker delta.

Definition 4.7. (/6]) For & = ¢ (z,u?) we de-
fine: {f (I) = §f (J, Iﬁ) , also similarly for qﬁz (I) =
o1 (1.1°).

Theorem 4.8. ([6]) There exists a pXxr correction
matrizc K such that

s T
Ny =Y K& (1), Mg = Ko, (I).
=1 =1

3)
Theorem 4.9. ([6]) The correction matriz K,

which provides the error terms in the process of in-

variant differentiation in 3 is given by
K=-TJ(®J)", (4)

where T, J and ® are defined below:

Suppose the n variables actually occurring in
the ¥ (z) are (1, -+, G typically m of these will
be independent variables and n —m of them will be
dependent variables and their derivatives. Define

T to be the invariant p X n total derivative matrix

D
Ty =1 (D_m<j> )
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Also, let ® denote the r X n matrix of in-

finitesimals with invariantised arguments,

Furthermore, define J to be the n x r transpose
of the Jacobian matrix of the left hand sides of
the normalisation equations iy, ..., 1, with invari-
antised arguments, that is

o (1)

Jijz—

oI (Gi)
4.3 Differential Invariant Algebras

Definition 4.10. (/6]) We denote by I° the set of

zeroth invariants,
0 ={I(z;)=Jp, [ (u™)=1"|j=1,...

Theorem 4.11. (/6]) Suppose the normalisation
equations ¥, = 0, k = 1,...r yield a frame for
a regular free action on some open set of the pro-
Then

the components of the correction matriz K, given

longed space with coordinates (z;,u®,uy).
in Theorem 4.8, together with I°, given in defini-

tion 4.10, form a generating set of differential in-
variants.

5 Differential Invariants and

,pa=1,...

,q}-

Recurrence Formulas for

the KdV Equation
Infinitesimals table leads to:

r t u Ug Uy Ugg Ut Uty
all O 0 0 0 0 0 0
b0 1 0 0 0 0 0 0
clt O 1 0 —Uy  —2Ugy —3Ugr —2Ugt
dlxz 3t —2u —3u, —bur —4dug, —O6uz —Sus

By considering normalization equations we
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have:

F=0, i=o0,
(¢17¢2;¢37¢4)($,ta%uz) = (x,t7u7 Ugp — 1)7

=0, =1,

and
Cl =, C2 _ta <3 =u, <4 = Uy,
J*=0, J'=0, I“=0, I'=1,
so we find K matrix:
T t u Ug
af1l 0 0 O
o bl]o 1 0 O 7
cl0O 0 1 O
d\0 0 0 -3
Yvi(I) Y2 (1) ¢3(I) ¥a(D)
J* 1 0 0 0
j_ Jt 0 1 0 0
i 0 0 1 0o |
I 0 0 0 1

r t u UL
T:x 1 0 1 4 ’
t\0 1 I3 I3

a b c d

gt (r o1 ‘%1 '
t\0 1 Iy —*
Therefore with K matrix and definition 4.6

we can achieve recurrence terms:

D, 13 =17 — 51311 + 1,
4
Dm—’ﬂ = Ifu - g(Iﬂ)Qa
8
DIy = Iioy + 2175 — 51?11527
5

Dtl; = I;Q + I; - g }.LQI;?7

u u u u 8 u
Dylyy = Iny + I15(215 — 5122)7
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Ii‘2 = DII; + E’Igfll -1,

u u 4 u
Iy =D Ity + 5(111)27

u u u 8 u u
Iy = Dyliy — 2115 + 31111227

5
I3y = Dol — I + S IB 3,

u u u u 8 u
L35y = Dilyy — 112(212 - 5122%

So according to theorem 4.11 differential in-
variant generators for algebra of the action are:
Uy + Ut

(L
I2 - 5/3
Uy

—4/3

uo
Ill_uz ’

and also differential invariant operators are:

1— 1
Dz = 2—/:Dz, Dt = —Dt.
Uz Uy
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Invariant structures and gauge transformation of

almost contact metric manifolds

Abstract:In this paper we found a condition such that a K-contact structure , a Sasakian structure and a

cosymplectic structure be invariant under the gauge transformation. We have considered the gauge tranforma-

tion of 3-Sasakian manifolds, 3-almost contact manifolds and 3-cosymplectic manifolds with given conditions

that they are invariant under gauge transformation. Finally we see that an slant submanifold of an almost

contact manifold is invariant under the gauge transformation.

Keywords: Gauge transformation,almost contact manifold,3-almost contact manfold, 3-Sasakian manifold

,3-cosymplectic manifold.

1 INTRODUCTION

Gauge transformation of a contact metric mani-
fold was introduced by Tanno in .In section 3 we
take a condition that gauge transformation of a
K-contact (sasakian) manifold carry a K-contact
structure (resp sasakian).In section 4 we introduce
the gauge transformation of 3-Sasakian manifolds.
In section 5 we research about gauge transforma-
tion of Cosymplectic manifolds , almost contact
3-structures and 3-cosymplectic manifolds and we
see that an slant submanifold of an almost contact
manifold is invariant under the gauge transforma-

tion.

2 Preliminaries

An almost contact manifold is an odd-dimensional
manifold M which carries a field ¢ of endomor-
phisms of the tangent spaces, a vector field & ,
called characteristic or Reeb vector field, and a
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1-form 7 satisfying ¢? = —I +n ® ¢ and n(¢) = 1,
wherel : TM — TM is the identity mapping.
From the definition it follows also that @& = 0,
nop = 0 and that the (1, 1)-tensor field ¢ has
constant rank 2n . An almost contact manifold
(M, p,&,n) is said to be normal when the tensor
field N = [¢, ¢] 4+ 2dn ® £ vanishes identically, [, ¢]
denoting the Nijenhuis tensor of . It is known
that any almost contact manifold (M, ¢, &, n) ad-

mits a Riemannian metric g such that

g(pE,oF) = g(E, F) —n(E)n(F) (1)

holds for all E,F € I'(T'M). This metric g is
called a compatible metric and the manifold M
together with the structure (¢,7,&, g) is called an
almost contact metric manifold. As an immediate
consequence of 1, one has n = g(,£). The 2-form
® on M defined by®(E, F) = g(F,¢F) is called
the fundamental 2-form of the almost contact met-
ric manifold M.A normal almost contact manifold
that dn = 0 and d® = 0 is called a cosymplectic
manifold. Almost contact metric manifolds such
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that dn = ® are called contact metric manifolds.
Finally, a normal contact metric manifold is said
to be a Sasakian manifold. A contact metric man-
ifold is called K-contact if the tensor h = %,E cp is
vanishes.

An almost 3-contact manifold is a (4n
+ 3)-dimensional smooth manifold M en-
dowed with three almost contact structures

(01,81,m), (p2,82,m2), (03,&3,m3) satisfying the
following relations, for every a, 8 € {1,2, 3},

3
Papp — 1N Q& = Zeaﬁ’yﬁo‘y - 50&51

y=1

3 3
Palp = Z €apySys  Na0Pp = Z €aByThy

r=1 r=1

Ma(€p) =0 (2)

where €443+ is the totally antisymmetric sym-
bol. This notion was introduced by Kuo [4] and, in-
dependently, by Udriste[8]. In [4] Kuo proved that
given an almost contact 3-structure (pa,&q;Na),
there exists a Riemannian metric g compatible with
each of them and hence we can speak of almost
contact metric 3-structures. It is well known that
in any almost 3-contact metric manifold the Reeb
vector fields &7, &, €3 are orthonormal with respect
to the compatible metric g . Moreover, by putting
H= ﬂ2=1 kern, one obtains a 4n-dimensional dis-
tribution on M and the tangent bundle splits as the
orthogonal sum TM = H®S < &1,&,&3 > . When
the three structures (¢q, &, Mo, g) are contact met-
ric structures, we say that M is a ”3-contact met-
ric manifold” and when they are Sasakian, that is
when each structure (pq,&q, e ) is also normal, we
call M a ”3-Sasakian manifold”. Also a manifold
with an almost contact 3-structure is called a 3-
cosymplectic manifold if each almost contact struc-
ture is a cosymplectic structure. Indeed as it has
been proved in 2001 by Kashiwada [3], every con-
tact metric 3-structure is 3-Sasakian.kuo [4] proved
that there is a metric compatible with each struc-

ture.
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Let M be a submanifold immersed in M.We denote
by § the induced metric on M . Let TM be the Lie
algebra of vector fields in M and T L M the set
of all vector fields normal to M .For any X € TM ,
we write

eX =TX +NX

where T'X is the tangential components of the tan-
gent bundle and N is a normal-bundle valued 1-
form on the tangent bundle.according Lotta’s def-
inition , M is slant if #(X),the angle between pX
and T, M ,is a constant which is independent of the
choice of x € MandX € T,M— < Er >

A gauge transformation of a contact metric man-
ifold (M?"*1 5, g) is a contact metric manifold
(M?"+1 5, €,7,9) defined by

n=fé=fY%+Zo=p-10¢pZ

g=
fg+f(f+ 12212 =)nen—fn(Z,.)— f*9(Z,.)@n.

with Z = 1 f=2¢(/f),for f >0 on M

3 Gauge transformation of K-

contact manifolds

In this section we take a condition that gauge trans-
formation of a K-contact (resp Sasakian ) mani-
fold carry a K-contact (resp Sasakian)structure. In
following theorem we find condition when gauge
transformation of a sasakian manifold (K-contact
resp) is sasakian (K-contact resp) too.

Theorem 3.1. The gauge transformation of K-
contact manifold is again K-contact manifold
(M,n,g) iff (£zp)X = g(X,2)¢ for all X €
X(M).

Theorem 3.2. Let (M?"*! n,g) be a sasakian
manifold. The gauge transformation by f is also
sasakian iff o(£70)X =0 for all x € x(M).
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4 Gauge transformation of 3-

sasakian manifolds

Now let (M43 0, €4y N, g) be a 3-sasakian man-
ifold.If we put 7o, = fn, for a € {1,2,3}that f is a
positive function on M, we have three new contact
structures:

N :fnaag_a :filga‘kzou@_a = Qo — Mo @ Pala

Go=Fg+ F(f + [2Zal? = D)a @ Na — [P1a ®
9(Z,.) = f?9(Z,.) @ na.

with Z, = %f_Qcpa(gradf).
These new contact metric structures have a 3-
Sasakian structure if gradf € H.

Remark 4.1. If we put 7y, = fona,we will see
from 2 that this transformation of a 3-sasakian
structure can’t carry a 3-sasakian structure unless

f1 = fo = f3. Then we can use above calculations

Theorem 4.2. Compatible metric with the new 3-

Sasakian structure (7, &, @) is:

g(Xa Y) = g_l(X? Y) +g_2(X7 Y)
+g3(X,Y) - 2fg(X.Y)  (3)

So we can define the ”gauge transformation
of a 3-Sasakian manifold:

Definition 4.3. If we put 7 = fn for a €
{1,2,3}that f is a positive function on M and
gradf € H , we say that the new 3-Sasakian struc-
ture

n701 :fnoué._a :f_lga"i_ZaaSEa :QOQ—WE@(PaZa
g(X7Y) :g_l(X7Y)+g_2(X’Y)

with Zo, = 5[ 2pa(gradf) is "gauge transforma-
tion” of a 3-sasakian manifold.
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5 Gauge transformation of al-
most contact manifolds
Gauge transformation of an almost contact mani-

fold is

o

n=en, dij=e’(dn+dnAn)
E=e"(E+pd), p=p+n®A
27 (g —n(pA,.)

—g(pA,.)@n+g(A, Anen)

g=e

that o > 0 and A is a vector field that d(¢A, X) =
do(hX) that hX is the projection of X in kern.

A cosymplectic structure is invariant under this
transformation iff dj = 0 and d® = 0. With di-

rect computation we have

so we have

Theorem 5.1. A cosymplectic structure is invari-
ant under the gauge transformation iff do A ® =0
and do An = 0.

5.1 gauge transformation of a an al-
most contact 3-structure

Now we introduce ”Gauge transformation of an
almost contact 3-structure”.Let (M, nNa, & Pasg)
with @ € {1,2,3} be a manifold with an almost
contact 3-structure.If we put 7, = €77, then we
have three almost contact structures

Na = eanaa dﬁa = ea(dna +do A na)

éa :e_o(€a+90Aa)’ Pa :<,0a+77®Aa

Ja = 620(9 —Na @ g((,DAa, )
—9(pAa;.) ®Na + g(A;, A)a & 1a)

With direct computation we can see that these al-
most contact structures have an almost contact 3-
structures with each others iff A; = Ay = Asz.Also



108

The 45" Annual Tranian
Mathematics Conference

we can see that compatible metric with this new
almost contact 3-structure is

Gg=0g1+g2+7gs—2e%g
So we can define
Definition 5.2. Let (M,n4,8a,%a,9) with o €
{1,2,3} be a manifold with an almost contact 3-
structure. If we put Mo, = €1 that ¢ > 0 and

A1 = Ay = A3 then we have a new almost con-
tact 3-structure

Tlo = € Ney  dijo, = €7 (dNe + do A ,)

fa=€7(lat+@Aa), Pa=pat+tn® Ay
G=0g1+g2+7s—2g

We say that this new almost contact 3-structure
is "Gauge transformation 7 the almost contact 3-

structure (Na, &, Pasg) with a € {1,2,3}.

Now with direct computation we have fol-

lowing theorem

Theorem 5.3. Gauge transformaton of a 35-
cosymplectic carry a 3-cosymplectic structure iff

Va € {1,2,3}, doAn,=0, doAd,=0

5.2 Slant submanifolds and gauge
transformaton

Let M be slant submanifold of the almost contact
manifold (M, p,n,&,g) and 6(X) be the angle be-
tween X and T,M It can easily seen that the
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distribution D is invariant under the gauge trans-
formation. So we can see f(X), that the angle be-
tween X and T, M ,is a constant which is indepen-
dent of the choice of z € MandX € T,M— < &r >
and §(X) = 6(X). So slant submanifolds of an al-
most contact manifold is invariant under the gauge

transformation.
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Abstract: In this article we study the foliation space of complex and invariant umblic distribution on

isometric immersion from nearly Kéhler manifold M into Euclidean space. We show that, under suitable

condition this foliation space is a nearly Kéhler manifold and M can be decomposed as the product space

of a homogeneous 6-nearly Kéhler manifold and this foliation space.
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1 INTRODUCTION

Concept of nearly Kahler manifold is related to
the weak holonomy U (n) introduced by A. Gray in
1971[6] and many interesting theorems about topol-
ogy and geometry of nearly Kéhler manifolds were
proved by Gray using special equation on Rieman-
nain curvature tensor like Kéhler manifolds [5, 7].
Also nearly Kéhler geometry naturally arises as one
of the sixteen classes of almost Hermitian manifolds
appearing in the celebrated Gray-Hervella classifi-
cation [8].

One of the most important properties of nearly
Kahler manifolds is that their instinct Hermitian
connection is totally skew-symmetric and parallel
torsion. From this point of view, they naturally fit
into the setup proposed in [10] towards a weaken-
ing of the notion of Riemannian holonomy. The
same property suggests that nearly Kéhler mani-
folds might be objects of interest in string theory
[9].

*Speaker
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Maybe one of the important questions in
geometry of nearly Ké&hler manifolds is Butrulle
conjecture[2]: Every complete (compact) nearly
Kdhler manifolds is 3-symmetric or equivalently
is homogeneous. According to the Nagy decom-
position [1], this conjecture can be separated two

restricted questions:

Problem 1. FEvery complete (compact) G-
dimensional nearly Kdhler manifolds is homoge-

nous?

Problem 2. FEvery positive quaternion-Kdhler

manifolds is Wolf space?

In [11, 3], we partially answered this conjec-
ture by studing isometric immersions f : M?"? —
Q?"*P from a nearly Kihler manifold into a space
form (especially Euclidean space). We introduced
in [11] an umbilic distribution which is complex and

invariant by the torsion of intrinsic Hermitian con-
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nection, we showed that, this distribution is inte-
grable and each leaf of the generated foliation is a
6-dimensional homogeneous nearly kéhler subman-
ifold. Using this foliation we can parametrize iso-
metric immersions from a nearly Ké&hler manifold
into the Euclidean space and constract some exam-
ples of such submanifolds.[12, 4]

In this article, we focus on the foliation space of
the above integrable distribution.

2 Main results

Definition 2.1. The instinct Hermitian connec-
tion V is the orthogonal projection of V € SO on
U. FEquivalently, it is the unique Hermitian con-
nection such that V — YV is a 1-form with values in
u(M)*.

The difference n = V — V is known explic-
itly, nX = 1J o (VxJ) for all X € TM, and mea-
sures the failure of the U(n)-structure to admit a
torsion-free connection. It can be used to classify
almost Hermitian manifolds. For example, Kahler
manifolds are characterized by V being a Hermi-
tian connection: V = V.

Definition 2.2. Let M be an almost Hermitian
manifold. The following conditions are equivalent
and define a nearly Kdhler manifold:

(1) the torsion of V is totally skew-symmetric,

(2) (VxJ)X =0 for all X € TM,

(8) Vxw = sixdw for all X € TM,

(4) dw is of type (0,3) + (3,0) and the Nijenhuis
tensor N is totally skew-symmetric.

Definition 2.3. Let f : M?"(<>,J) — Q*FP
be an isometric itmmersion from a nearly Kdhler
mamnifold into a space form with second fundamen-
tal form o and 0 #n € TJ{-M s a non-zero normal

vector field on M. Umblic distribitaion of f defined
by Ve € M x — A, where

A, ={X e, MuoX,)Y)=<X,Y >
vY e T, M}
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comlexification of this distribution described by
AN A; = A, NjA, where

A, ={X e T,M|a(JX,Y) 4+ a(X,JY) =0
VY e T,M}

Now we put

A, ={X € T,M|a(T(X,Y),Z) +
a(X,T(Y,Z)) =0 VY,ZeT,M}

where T is the torsion of intrinsic Hermitian con-
nection and specified by T(X,Y) = (V,JJ)Y .(V is
Levi-Civita connection on M ).

We define by Dy = A, N AL NA, umblic distribu-
tion which is complex and invariant by the torsion

of intrinsic Hermitian connection.

It is easy to show that

D, ={X e T,M|X,JX,T(X,Y) € A,
VY e T, M}

For a ”saturated” open connected subset U € M
(meaning each leaf of complex and invariant um-
bilic foliation in U is maximal in M) we consider
the quotient space U/D of leaves in U with the
projection map 7 : U?" — V?2"=6 = U?"/D. In
general case V' is not a manifold. (it could fail to
be Hausdorff). But if each leaf of the complex and
invariant umbilic foliation in U?" is complete then
V becomes a manifold.[4]. V is called the foliation

space of complex and invariant umbilic foliation.

Theorem 2.4. Fach leaf of complex and invariant
umbilic foliation N in M is minimal and second
fundamental form of each leaf is formed by VX,Y €
X(N); B(X,JY) = JB(X,Y). Alson = 3H where
H is the mean curvature of N < M?" — Q*n+p
and ¢+ ||n|| = £ (S is scalar curvature of each
leaf)

(S is constant for each leaf because each leaf is G-
nearly Kdher manifold and therefore is Einstein)

Theorem 2.5. Let f : M?" — R>™*P be an iso-

metric immersion from a nearly Kahler manifold
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into Fuclidean space. If each leaf of the complex
and invariant umbilic foliation is complete then
leaf space is an almost complex manifold such that
top cohomological group of this space in non-trivial.
When V' (leaf space) is compact and M is complete
with chosing a suitable metric on V , the projective
map ™ : M — V is Riemannian submersion such
that mo JM = JV o M

(this means that 7 is an almost Hermitian submer-
sion from nearly Kdhler manifold M)

therefore V is almost Hermitian and finally is a
nearly Kdhler manifold.

Theorem 2.6. Let f : M?" — R*™*P pe an iso-
metric immersion from a nearly Kahler manifold
into Buclidean space. Orthogonal complement of
complex and invariant umbilic distribution with re-
spect to a Riemannian metric is an integrable dis-
tribution and each integral submanifold of this dis-
tribution is totally geodesic in manifold M.

Corollary 2.7. Let f : M?>® — R?"P be an
isometric immersion from a complete and simply
connected nearly Kdhler manifold into Euclidean
space. on manifold M there exist two integrable
distributions D, D such that each leaf of gener-
ated foliations by D and DL is minimal and to-
tally geodesic in M respectively. Moreover, if VX €
D+,U € D, we have

R(X,JX,U,JU) =0 (1)

then M s product space of the foliation space of
complex and invariant umbilic foliation and a 6-
dimensional homogeneous nearly Kahler manifold
which is isometric with the corresponding factor in
Nagy decomposition.

Remark 2.8. Note that 6-dimensional factor in
Nagy decomposition is not necessarily homogeneous
therefore this is a positive answer to the problem 1

under assumption of Corollary 2.7.
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One of the most important problem in the Einstein’s theory of the relativity is the causality. The causal

curves connecting points of the space-time determine the causal structure and have a fundamental role in the

study of the structures of space-times. Much of information of causal structure of space-times is corresponded

to the topological properties of the space of causal curves. Furthermore, by the space of null curves and a

family of skies of the events in the space-time, structures of the space-time can be reconstructed.

Keywords: Lorentzian geometry, Causal structure of the space-time, Null geodesic.

1 INTRODUCTION

In the theory of the general relativity, a space-time
is a smooth differentiable manifold M equipped
with a smooth Lorentz metric g. A path is a con-
tinuous map I' : I — M, where I is a connected
open subset of R. The term ”curve” will be used
either for the image of such a map or (more cor-
rectly) for an equivalence class of paths up to a
parameter change. In the space-time, the causal re-
lations of two events are depended on the set of the
causal curves which connects these to each other.
Using the space of causal curves of a space-time
rather than the space-time itself provides a surpris-
ingly simpler framework for the study of the causal
structure. The space of null geodesics can be con-
sidered as a subspace of the topological space of
causal curves and the causal structure of a space-
time is uniquely determined by the space of its
null geodesics. Indeed, the conformal structure of

*Corresponding Author
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a space-time can be reconstructed from the topol-
ogy and geometry of its space of future oriented,
unparametrized null geodesics N[1]. So, space-
times might be characterized by either the topo-
logical properties or the smoothness of the space
of their null geodesics. There are some studies on
this idea R. J. Low described how the information
on the various aspects of the causal structure of
a space-time can be stated in terms of the prop-
erties of the corresponding space of null geodesics
[4]. Similar incidences can be seen in [3], [5] and [6]
in which the geometry and topology of the space
of null geodesics and the space of causal curves
are proven to be more helpful than the underlying
space-time. For example, the T>-separation axiom
of the space of causal geodesics of a space-time de-
termines the existence of the naked singularities of
the space-time.

In this paper, we attempt to investigate some re-

lations between the causal structure of a space-
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time M and separation axioms of the topological
space C(M) of its causal curves. Our study is
based on the separation axioms of the 7%-topology
on C(M) introduced in [5]. Here, the problem of
reconstructing a space-time M from A will be ad-
dressed. In this problem a paramount role is played
by the space of skies Y of the space-time M where
the sky S(p) of a given point p € M is the con-
gruence of light rays passing through it. Low’s
conjecture that states that two events in a time-
oriented Lorentzian manifold are causally related
iff their corresponding skies, which are legendrian
knots with respect to the canonical contact struc-
ture in the space of null geodesics,are linked, con-
stitutes one of its most salient outcomes [2]. Thus
the exploration of the relation between the causal
properties of a conformal class of Lorentzian met-
rics and the topological properties of skies in the
manifold of null geodesics opens a new and excit-
ing relation between the topology and causality re-
lations of Lorentzian space-times and the topology

of contact manifolds.

2 The space of causal curves

First, we recall the 7°-topology on C(M) defined
in [5]. A member of the sub-basis of the desired
topology consists of the class of all causal curves
v € C(M) passing through an open subset U of M.

Definition 2.1. A curve v in M is said to be a
”somewhere dense curve” if it is a somewhere dense
subset of M, i.e. its closure has a nonempty inte-
0T

A somewhere dense causal curve in M is a causal

curve which is somewhere dense in M.

We obtain some conditions for which C(M)
is T1-topological space. In fact, we prove the exis-
tence of an inseparable pair of causal curves; that
is, we prove the existence of a pair of causal curves
such that at least one of them is in the closure of
the other. If exactly one of these curves has this

property, Tj-axiom is violated (but Tp-axiom may
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still hold) and it occurs, if M contains a somewhere
dense causal curve. If each of these curves lies in
the closure of the other, Tp-axiom is violated and

we shall investigate this case later.

Theorem 2.2. If there exists a causal curve which
is dense in an open subset of M, then 1° fails to
satisfy the Ty -aziom.

Example 2.3. Consider the two dimensional
space-time Mo given by the quotient of two-
dimensional Minkowski space under the action of
Z x Z given by (m,n).(x,t) = (x + mv/2,t + n).
Each null geodesic of this space is dense in Mo,
and any neighborhood of a rightward moving null
geodesic contains every other rightward moving null
geodesic. Thus C(My) is not Ty.

In the following theorem, we find a condition
for a space-time M to guarantee the existence of a
somewhere dense causal curve in M.

Definition 2.4. A causal curve is said to be a

"proper causal curve” if it is not a null curve.

Theorem 2.5. The space-time M contains a
somewhere dense causal curve if and only if M has

a proper causal closed curve.

Corollary 2.6. The space-time M contains a
somewhere dense causal curve if and only if it con-

tains a timelike closed curve.

We are now in the position to state and
prove the following result, which provides a suf-
ficient condition for the Ty-separation axiom of the

79-topology.

Theorem 2.7. If the space C(M) of causal curves
does not satisfy in Ty-axiom, then there exists a

somewhere dense causal curve in M.

Corollary 2.8. If M is a chronological space-time,
then C(M) is a To-space.

Theorem 2.9. If M is a distinguishing space-time,
then C(M) is a Ti-space.
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The null geodesics are fundamental to the
causal structure of space-time M. Motivated by
this observation, we can consider the space of all
null geodesics as a subspace of topological space of
C(M) and investigate the relationship between its
topology and the causal structure of M.

Corollary 2.10. If M is a distinguishing space-
time, then the space of null geodesics of M satisfies

the Ty -separation axiom.

We have seen that the existence of a proper
causal closed curve or, equivalently, the existence of
a somewhere dense causal curve in M violates the
T, -separation axiom of the 70-topology. Hence, a
model for a space-time is preferred to be without a

causal somewhere dense curve.

3 The space of null geodesics

Let us denote by T'M the tangent bundle of M
and by 7y : TM — M the corresponding canoni-
cal projection.

The set NT = {£ € TM : g(£,€) = 0,6 #
0,¢ future} € TM defines the sub bundle of fu-
ture null vectors over M. Any element £ € NT de-
fines a unique future oriented null geodesic v in M
such that v (0) = 7 (§) and +' (0) = £. Consider
the quotient space of N T with respect to positive
scale transformations, i.e., the quotient space with
respect to the dilation, or Euler vector field A on
NT, that is the space of leaves of the vector field
whose flow is given by e'¢, t € R. In this way, we
obtain the bundle PN of future null directions

PNT ={[f]:uelf] etu=2{,0£ 1€ RT £ € N}

Now, any [] € PNT defines an unparametrized
future oriented null geodesic, i.e., a light ray, in
M which is the image in M of the null geodesic
defined by £ € N*. We denote by 7: PT™ — M
the canonical projection of the bundle PNt over
M. The fibre 771(p) is diffeomorphic to the stan-
dard sphere S™~2. We observe that the bundle
PNT is foliated by the lifts of these light rays to
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PNT, which are projections to PNt of integral
curves of the geodesic spray X, restricted to N*t.
We will call F' to this foliation. Then, the space
of null geodesics A/ can be defined too as the quo-
tient space PNT/F or, equivalently, as the quo-
tient space of N1 by the foliation K whose leaves
are the maximal integral sub manifolds lying in N
of the integrable distribution defined by A and X,
this is N = PNT/F = NT/K. We will denote by
o the canonical projection o: PN*T — PN*1/F [1].

The quotient space PNT/F is not a differ-
entiable manifold in general. The next Proposi-
tion that guarantee that N inherits a differentiable
structure.

Theorem 3.1. Let M be a strongly causal space-
time of dimension m. Then PNT/F inherits a
canonical differentiable structure from PN of di-
mension 2m — 3 such that o is a smooth submer-
sion. Moreover, if M is not nakedly singular, then
PN™/F is Hausdorff.

Hence, for any strongly causal space—time
M without naked singularities, the space of null
geodesics N inherits the structure of a Haus-
dorff smooth (2m — 3)-dimensional differentiable
manifold via the natural identification of N with
PN*/F and 0 : PNt — N is a submersion. Thus
in what follows we will assume that M is a strongly
causal not nakedly singular space-time and we call
the space of null geodesics A equipped with the
smooth structure above.

Definition 3.2. Given a point p € M, the set of
null geodesic passing through p will be called “the
sky of” p and it will be denoted by S(p), i.e.

S(p)={vyeN:peyC M}

Notice that the geodesics v € S(p) are in one—to—
one correspondence with the elements in the fiber
7~ (p) € PN*, hence the sky S(p) of any point
p € M is diffeomorphic to the standard sphere
S™=2. Now, it is possible to define the “space of
skies” as

Y={XCN:X=S5(p) for somepe M}



115

and the sky map as the application S : M — X
that maps every p to S(p) € X. This sky map
S is, by definition of ¥, surjective. If the sky
map S is a bijection, its inverse map denoted by
P =5"1:% 3 M will be called the "parachute

map”.

4 Recovering of the Space-

Time

A natural question to ask is how the causal struc-
ture of M is reflected in N. We equip ¥ with
topological and smooth structure and then recover
space-time by this space. We will start by defining
a natural topology on the space of skies ¥ induced
by the topology of N.

Lemma 4.1. The collection of sets T ={U C X :
U= | X is open in N} is a topology in 3.
Xeu
The next theorem give a smooth structure
to the space of skies and reconstruct the smooth

structure of the space-time.

Theorem 4.2. Let V C M be a globally hyperbolic
convex normal open set such that U = S(V) C &
is a regular open set. Then U has a canonical dif-
ferentiable structure depending only on N'. More-
over, There exists a unique differentiable structure
in X compatible with the differentiable structure of
U C X such that the sky map S: M — % and the
parachute map P: ¥ — M are diffeomorphisms.

Definition 4.3. Let (M,C) and (M,C) be
two strongly causal manifolds and (N,X) and
(N, %) theirs corresponding pairs of spaces of null
geodesics and skies. We say that a map ¢ : N = N
"preserves skies” if $(X) € X for any X € X.
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Moreover, (M, C) is said to be "recoverable” if for
(N,E) corresponding to (M, C) another strongly
causal manifolds and ¢ : N' — N a diffeomorphism
preserving skies,then the map

p=Po¢poS:M— M

is a conformal diffeomorphism on its image, where
P :Y — M is the parachute map to M.

Theorem 4.4. Let (M, C) be a strongly causal
manifold, then M is recoverable.
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